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Abstract

In many economic contexts, it is of interest to know whether one set of random variables dis-
plays a greater degree of interdependence than another. Orderings of interdependence are useful
in the assessment of ex post inequality under uncertainty; in comparisons of multidimensional
inequality; in assessments of the degree of conformity of behavior in social learning situations;
in comparisons of the efficiency of matching institutions; in the valuation of portfolios of assets
or insurance policies; and in assessments of systemic risk. This paper explores five orderings
of interdependence for multivariate distributions: greater weak association, the supermodular
ordering, the convex-modular ordering, the dispersion ordering, and the concordance ordering.
We show that for two dimensions, all five orderings are equivalent, whereas for an arbitrary num-
ber of dimensions n > 2, the five orderings are strictly ranked. For the special case of binary
random variables, we establish some equivalence results among the orderings. We conclude by
illustrating the application of our orderings to the comparison of interdependence in behavior in

a model of learning in networks and to the assessment of ex post inequality under uncertainty.
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1 Introduction

1.1 Motivation

In many economic contexts, it is of interest to know whether one set of random variables displays
a greater degree of interdependence than another. This paper explores several orderings of interde-
pendence for multivariate distributions, establishes the relationships among the orderings, both in

general as well as in important special cases, and illustrates their application to economic problems.

Orderings of interdependence are applicable in several welfare-economic contexts. In many group
settings where individual outcomes (e.g. rewards) are uncertain, members of the group may be
concerned, ex ante, about how unequal their ex post rewards will be (Meyer and Mookherjee,
1987; Ben-Porath et al, 1997; Gajdos and Maurin, 2004; Kroll and Davidovitz, 2003; Adler and
Sanchirico, 2006). (This concern is distinct from concerns about the mean level of rewards and
about their riskiness.) Comparisons of reward schemes then require comparisons of the degree of
interdependence of the random rewards. Another welfare-economic example concerns comparisons
of inequality when separate data are available on attributes such as income, health, and education
(Atkinson and Bourguignon, 1982; Bourguignon and Chakravarty, 2002; Atkinson, 2003; and De-
cancq, 2007). As long as the function aggregating the different attributes into an overall measure of
welfare or deprivation is not additively separable across attributes, comparisons of multidimensional

inequality will necessitate comparisons of the degree of interdependence among the attributes.

In studies of social learning, where the goal is to understand the degree and determinants of confor-
mity of behavior, interdependence orderings can be used to assess how the degree of conformity of
(ex ante random) behavior varies with time and with changes in social structure (Choi, Gale, and
Kariv, 2005). Interdependence orderings are also useful for comparing the efficiency of matching
mechanisms. In many matching contexts, perfectly assortative matching would be efficient—such
matching would correspond to a “perfectly positively dependent” joint distribution of the ran-
dom variables representing quality in each category (dimension). When, however, matches are
formed based only on noisy or coarse information (McAfee, 2002), or when search is costly (Shimer
and Smith, 2000), or when signaling is constrained by market imperfections such as borrowing
constraints (Fernandez and Gali, 1999), perfectly assortative matching will generally not arise.
Fernandez and Gali (1999) and Meyer and Rothschild (2004) apply bivariate dependence orderings

to compare the performance of different matching institutionsﬂ

Tn a related application, Prat (2002) explores how the composition of employee teams affects interdependence in

(ex ante random) decisons of team members and shows how properties of the the production function translate into



In finance and insurance, valuing portfolios of assets or insurance policies requires assessing the
degree of interdependence among asset returns or insurance claims (Miiller and Stoyan, 2002,
and Denuit et al, 2005). Financial economists and macroeconomists are, moreover, increasingly
interested in measures and comparisons of “systemic risk” in financial and economic systems to
capture the interdependence in the returns of different institutions, sectors, or regions (Hennessey
and Lapan, 2003, Adrian and Brunnermeier, 2009, and Acharya, 2009).

For the special case of bivariate distributions, economists and statisticians have shown that two
intuitive concepts of greater interdependence are in fact equivalent. Suppose we are comparing
the degree of interdependence between (Y7, Y2) with that between (X, X2), where for each i, Y;
and X; have the same marginal distribution. The first concept is “lower orthant dominance”,
which requires that for all points in the support of the random vectors Y and X, the cumulative
distribution function of Y be at least as large the c.d.f. of X: this captures the requirement
that the components of Y are more likely than those of X to both be “low” together, for any
thresholds determining the precise meaning of “low”. Given the assumption of identical marginal
distributions, lower orthant dominance is equivalent to “upper orthant dominance”, which requires
that the components of Y be more likely than those of X to both be “high” together. The second
concept of greater interdependence is “supermodular dominance”, which requires that Ew(Y’) be
at least as large as Fw(X) for all objective functions that are supermodular in their two arguments.
Supermodularity (see Topkis, 1978, and Section 2.3 below) is a natural property of an objective
function with which to capture a preference for interdependence, since it captures the idea that
its arguments are complements, not substitutes: When an increasing function of two variables is
supermodular and the variables are increased together, the resulting increase in the function is larger
than the sum of the increases that would result from increasing each variable separately. It has
been shown by Levy and Parousch (1974), Epstein and Tanny (1980), Tchen (1980), and Atkinson
and Bourguignon (1982) that for two-dimensional random vectors with identical marginals, lower-
orthant dominance of Y over X is equivalent to Ew(Y) > Ew(X) for all supermodular objective

functions.

Economists have, nevertheless, made very little progress in the development of orderings for com-
paring interdependence in multivariate, as opposed to bivariate, distributions. On the one hand,
this is surprising, given the wide variety of applications for such orderings in both theoretical and
empirical work. On the other hand, though, this lack of progress is less surprising given that, as
we now argue, the n-dimensional case is substantially more difficult than the 2-dimensional case,

for several reasons.

preferences over team composition.



First, whereas positive and negative interdependence are “mirror images” of each other in two
dimensions, this symmetry breaks down for more than two dimensions. In two dimensions, for any
plausible concept of positive dependence, if Y7 and Y5 are positively dependent, then —Y7 and Y5
are negatively dependent. Moreover, for Y7 and Ys with identical uniform marginal distributions
on [0, 1], perfect positive dependence corresponds to Yo = Yj, while perfect negative dependence
corresponds to Yo = 1 — Y;. For more than two dimensions, however, there is in general no
simple way to convert a positively interdependent random vector (Y1, Ya,...,Y,) into a negatively
interdependent one. And even for {Y;}!",; with identical uniform marginals on [0, 1], while ¥; =
Yo = ... = Y, represents perfect positive dependence, there is no obvious definition of perfect
negative dependenceﬂ Since multivariate concepts of greater and lesser interdependence should be
applicable to distributions displaying either positive or negative dependence, the lack of symmetry
between positive and negative dependence in n > 2 dimensions complicates the development of

orderingsﬂ

Second, for more than two dimensions, there are more distinct notions of greater interdependence
than there are for two dimensions. Section 2 below presents five dependence orderings, three
previously defined and two new to this paper. Whereas for two dimensions, all five orderings are
equivalent, for an arbitrary number of dimensions n > 2, the five orderings are strictly ranked. Thus,
the selection of orderings of interdependence is more complicated for multivariate distributions than

for bivariate ones.

Finally, even for a given ordering of greater interdependence, determining whether two multivari-
ate distributions can be ranked according to the ordering may be more difficult than for bivariate
distributions. For two dimensions, it is straightforward to determine whether one distribution dom-
inates another in the sense of “lower orthant dominance”: this requires comparing the cumulative
distribution functions at every point in the common support. For more than two dimensions, some
of the dependence orderings we study below can be implemented in an analogous fashion, by de-
termining, for each point in the support, whether a given set of inequalities is satisfied. However,

for other orderings, there exists no set of criteria that can be applied in a pointwise fashion; for

2For the set of all distribution functions with given marginals Fi, F», ..., F,, there exist upper and lower bounds
for the distribution function, termed “Fréchet bounds”. The “upper Fréchet bound” is the natural candidate for the
distribution exhibiting maximal positive dependence. However, while the “lower Fréchet bound” might seem like a
natural candidate for the distribution displaying maximal negative dependence, the lower Fréchet bound is not in
fact a proper distribution function except in very special cases (which do not include the uniform example described

in the text). See Joe (1997) and Miiller and Stoyan (2002) for more details.
3Unfortunately, this lack of symmetry between positive and negative dependence for more than two dimensions is

not always recognized. See, for example, the discussion in Galeotti et al (2010, p.229, fn. 12).



implementing these orderings, more sophisticated techniques or algorithms need to be developed.

1.2 Outline

In the next section, we present five orderings of greater interdependence for multivariate distribu-
tions. We begin with an ordering inspired by the dependence concept of “association”, a concept
originally proposed by Esary, Proschan, and Walkup (1967) and widely used in the statistical
1iteratureE| E| Since the definition of (positive) association cannot be meaningfully reversed to
define a concept of negative association, we turn to the concept of “weak association”, originally
defined by Burton, Dabrowski, and Dehling (1986). Based on this notion, we define a concept of
greater interdependence: A random vector (Y7i,...,Y,) displays greater weak association than a
random vector (X7i,...,X,) if the random vectors have identical marginals and, for all disjoint
subsets A, B of {1,...,n} and nondecreasing functions r,s, Cov(r(Y;, i € A),s(Y;, j € B)) >
Cov(r(X;,i € A),s(Xj, j € B)). This ordering has been defined in the actuarial literature (see

Denuit et al (2005)), where it has been (somewhat confusingly) termed the “correlation order”.

We then present the (multivariate) supermodular ordering, according to which (Y1, ...,Y},) displays
greater interdependence than (X7, ..., X,,) if for all supermodular objective functions, Fw(Y1,...,Y,) >
Ew(Xy,...,X,). This is the natural multivariate generalization of the concept of supermodular
dominance discussed above for bivariate distributions. Levy and Parousch (1974) and Epstein and
Tanny (1980) proposed this ordering in the context of asset allocation, while Atkinston and Bour-
guignon (1982) proposed it for the assessment of two-dimensional inequality. Meyer and Mookherjee
(1987) and Meyer (1990) contain early proposals to use it as a multivariate dependence ordering,
focusing on the assessment of ex post inequality under uncertainty. In the statistical literature, the
supermodular ordering was initially studied by Tchen (1980) in the bivariate case and then formal-
ized for the multivariate case by Shaked and Shanthikumar (1997). Meyer and Strulovici (2010)
use duality methods to characterize the supermodular ordering and develop several constructive

methods to implement this characterization.

In Section 2.4, we introduce a new dependence ordering, which we term the “convex-modular or-

4 Association, though a strong concept of dependence, is strictly weaker than “affiliation”, which is familiar to
economists from the work of Milgrom and Weber (1982), who used it to formalize positive interdependence among
bidders’ valuations in auctions. De Castro (2009) also notes that affiliation is strictly stronger than other concepts

of positive dependence.
5Though association has not been widely used in economics, in a pair of recent papers, Calvo-Armengol and

Jackson (2004, respectively 2007) show that the employment statuses (respectively, wages) of individuals connected

by a social network are positively dependent in the sense of association.



dering”. We say an objective function is convex-modular if it has the form ¢(> " | 75(2;)), where
¢(-) is convex and {r;}" ; are nondecreasing. (Y1,...,Y},) is said to be more interdependent than
(X1,...,X,) in the sense of the convex-modular ordering if for all convex-modular objective func-
tions, Fw(Y1,...,Y,) > Ew(Xy,...,X,). Greater interdependence for Y than for X corresponds
here to greater riskiness, in the sense of Rothschild and Stiglitz (1970), of any aggregate Y ;" , r;(Y;)
compared to > ", r;(X;), for any choice of {r;}?" ; nondecreasing. Convex-modular objective func-
tions are a natural way of capturing insurance companies’ preferences over the degree of dependence

in the claims arising from portfolios of insurance policies.

Section 2.5 introduces another new dependence ordering, which we term the dispersion ordering.
Consider a random vector (Y7,...,Y,,) such that, with probability 1, Y; = Y5 = ... =Y,,. For this
perfectly positively dependent distribution, all of the order statistics of (Y1,...,Y,,) are, with prob-
ability 1, equal, so the cumulative distribution functions of the order statistics are equal everythere.
For any other random vector (X7i,...,X,) with a distribution symmetric across dimensions and
the same univariate marginal as (Y1,...,Y,), the order statistics of (Xi,...,X,) will in general
not all be equal, so their cdf’s will diverge from one another. This observation suggests comparing
interdependence in random vectors by comparing the dispersion of the cdf’s of the order statistics,

with lower dispersion representing greater interdependence.

For random vectors with symmetric distributions, Shaked and Tong (1985) proposed a dependence
ordering along these lines, using the majorization ordering of vectors to compare dispersion of the
cdf’s of the order statisticsﬁ We reformulate their ordering in a manner which suggests a new
ordering that is both stronger and naturally applicable to asymmetric distributions. To each point
(s1,-..,8p) in the support of a random vector (Y1,...,Y,), there corresponds a binary coarsening
of Y, Y? defined by Y = 0if V; < s; and ¥;? = 1if Y; > s5;. We say that Y displays greater
interdependence than X according to the dispersion ordering if, for each point s in the support, the
distribution functions of the order statistics of Y'® are less dispersed than the distribution functions

of the order statistics of X?®, where lower dispersion is assessed with the majorization ordering.

Finally, we present the concordance ordering, which was formalized for multivariate distributions
by Joe (1990). A random vector Y is more concordant than X if, for any point in the support, the
components of Y are more likely to be all higher than at that point, relative to those of X, and also
more likely to be all lower than at that point, relative to those of X. The concordance ordering

combines the requirement of upper-orthant dominance with that of lower-orthant dominance—with

SA vector a is said to be majorized by a vector b, written a < b, if i) the components of the vectors have the same
total sum, and ii) for all k, the sum of the k largest entries of a is weakly smaller than the sum of the k largest entries
of b (see Hardy, Littlewood, and Polya (1952)).



more than two dimensions, even if Y and X have identical marginal distributions, upper-orthant

dominance and lower-orthant dominance are no longer equivalent.

Section 3 is devoted to the relationships among the five orderings just described. Whereas for two
dimensions, all five orderings are equivalent (Theorem 1), Theorem 2 shows that for an arbitrary
number of dimensions n > 2, the five orderings are strictly ranked: Greater weak association is
strictly stronger than the supermodular ordering, which is strictly stronger than the convex-modular
ordering. In turn, the convex-modular ordering is strictly stronger than the dispersion ordering,
which is strictly stronger than the concordance ordering. (If the number of dimensions is exactly

three, then the dispersion and concordance orderings are equivalent.)

Section 4 focuses on binary random variables. Binary random variables, besides being common in
theoretical, experimental, and empirical applications, also help to illuminate the structure of and
relationships among the interdependence orderings. We study a variety of special cases with binary
random variables and highlight i) equivalences among the dependence orderings that arise in these
special cases and ii) easily checkable and easily interpretable necessary and sufficient conditions for

the orderings to hold.

Section 5 presents two applications of our orderings. In Section 5.1, we study the influence of
network structure on the degree of conformity of behavior in social learning situations. We adapt
the theoretical approach of Gale and Kariv (2003) and its experimental implementation, with binary
actions, in Choi, Gale, and Kariv (2005). We illustrate how our orderings, and in particular our
results in Section 4 for binary random variables, can be applied to compare interdependence in

behavior as network structure varies.

In Section 5.2, we illustrate the use of our orderings in the assessment of ex post inequality under
uncertainty. When groups dislike ex post inequality, tournament reward schemes would appear to
be particularly unappealing, since they generate a form of negative correlation among rewards: if
one individual receives a higher reward, another person must receive a lower one. We use our inter-
dependence orderings to formally compare tournaments with schemes that provide each individual
with the same marginal distribution over rewards but determine rewards independently. We show
that a symmetric tournament generates a very strong form of negative interdependence in rewards
but that arbitrarily asymmetric tournaments do not dominate their corresponding independent
counterparts even according to the weakest of our dependence orderings. This is a reflection of
the subtleties of negative interdependence in more than two dimensions. Nevertheless, we show
that if we adopt an ordering which treats individuals symmetrically with respect to the assessment

of interdependence, such as the symmetric supermodular or symmetric convex-modular ordering,



then in three dimensions, any tournament, no matter how asymmetric, does display more negative

interdependence than its independent counterpart.

We offer a brief conclusion in Section 6.

2 Orderings of Greater Interdependence

2.1 Preliminaries

We consider multivariate distributions with the same number, n, of variables and identical, finite
support. Focusing on finite supports simplifies notation, avoids some uninteresting technical issues,

and clarifies the underlying structure of the orderings and the relationships between them.

Formally, let L; denote the finite, totally ordered set of values taken by the i*” random variable,
and let L denote the cartesian product of the L;’s. L; is a finite subset of R, and L is a finite lattice
of R" with the following partial order: z < v if and only if z; <wv; for all i € N ={1,...,n}. If |;
denotes the cardinality of L;, then L has d = [[;-, l; elements.

All of the interdependence orderings we consider below will be invariant to monotonic relabelings
of the elements of the support for each component. To state this invariance property formally:
If the random vector (Y7,Y3,...,Y,) dominates the random vector (X1, Xo, ..., X,) according to

some ordering >=o, denoted Y =p X, then

(r1(Y1),m2(Y2), ..., m(Ya)) =o (ri(Xa),r2(X2), ..., rn(Xn)) (1)

whenever r; : R — R, i € {1,...,n}, are all nondecreasing. Given that the orderings all satisfy this
invariance, it is without loss of generality, and convenient notationally, to assume henceforth that

the sets L; of values taken by the i'® random variable each have the form {0,1,...,1; — 1}.
Such an invariance property is a natural desideratum for an ordering of interdependencem

Note, though, that most orderings of variability, such as Rothschild and Stiglitz’s (1970) ordering

of greater riskiness, will fail to satisfy this invarianceﬁ

"See, for example, the discussion in Joe (1997, p. 39).
8For the support {0,1,2,3,4,5}, suppose that the difference between two distributions ¢ and f is

{€,—2¢,€,€,—2¢, €}, for some € > 0. Then g is derived from f by two mean-preserving spreads, one on {0,1,2}
and the other on {3,4,5}. If, however, the support is transformed to {0, 2,3,5} by relabeling 1 as 0 and 4 as 5, keep-

ing all other labels unchanged, then on this relabeled support, the difference between the distributions is {—e, €, €, —€},



For any z € L, let z 4 ¢; denote the element v of L, whenever it exists, such that v; = z; for all
j € N\ {i} and v; is the smallest element of L; greater than but not equal to z;. For example, if
L=0,12,(0,0) +e; = (1,0) and (1,0) + e2 = (0,0) + ey + ez = (1,1).

The lattice structure of the support L and its corresponding order are useful for comparing distri-
butions. One may label the d elements (or “nodes”) of L and view real functions on L as vectors of
R?, where each coordinate of the vector corresponds to the value of the function at a specific node
of L. Similarly, a multivariate distribution whose support is L can be represented as an element
of the unit simplex Ay of R, For any function w : L — R and distribution f € Ay, the expected

value of w given f is then the scalar product of w with f, seen as vectors of R%:

Elwl|f] =Y w(z)f(z) =w- f,

z€L

where - denotes the scalar product of w and f in R%.

Suppose the random vectors Y and X have distributions g and f, respectively, and the former
distribution dominates the latter according to some ordering “O”. We will use the phrases “Y
dominates X according to the ordering O” and “g dominates f according to the ordering O”

interchangeably, and we denote the former by Y >=o X and the latter by g =¢ f.

Most (though not all) of the orderings we consider in this paper are what we term “difference-based
orderings”, in that whether or not two distributions g and f satisfy the ordering depends only on
0 = g — f, the difference between their distributions. We will frequently exploit this convenient

property of difference-based orderingsﬂ

2.2 Greater Weak Association

We begin with an ordering of greater interdependence that is inspired by the dependence concept

of association. Esary, Proschan, and Walkup (1967) defined association as follows:

DEFINITION 1 (Association) A random vector Y with support L is associated if for all nonde-
creasing functions r,s : L — R, Cov(r(Y),s(Y)) > 0.

so now f is a mean-preserving spread of g, and hence the ranking of riskiness is reversed.
9Some of the orderings of interdependence considered in this paper can be modified so they are responsive not

only to the interdependence of the elements of a random vector but also to the levels of the elements. For clarity of

focus, we will not explicitly consider these modifications of the orderings or the relations between them.



Note that if one tried to define a concept of negative association by reversing the inequality in the
definition above, this concept would be uninteresting: Y could only be negatively associated in
this strong sense if it were constant (to see this, consider functions r = s). This is one motivation
for studying a less stringent version of association, as defined by Burton, Dabrowski, and Dehling
(1986). In contrast to “association”, which allows the functions r and s both to depend on the

entire vector Y, “weak association” restricts them to depend on disjoint components of Y.

DEFINITION 2 (Weak Association) A random vector Y with support L = x},L; is weakly as-

sociated if for any pair (A, B) of disjoint subsets of {1,...,n} and nondecreasing functions
r: Xieal; = R and s : xjepLj — R, Cov(r(Y;, i € A),s(Y;, j € B)) > 0.

It is clear from the definition that association is a stronger concept than weak association. Hu,
Miiller, and Scarsini (2004) have shown that it is strictly stronger, even for two dimensions. A
meaningful concept of negative association (Joag-Dev and Proschan (1983)) is defined by reversing

the inequality in the definition of weak association.

DEFINITION 3 (Negative Association) A random vector Y with support L = xI'_| L; is negatively
associated if for any pair (A, B) of disjoint subsets of {1,...,n} and nondecreasing functions
r: Xjeali = R and s : xjepL; — R, Cov(r(Y;, i € A),s(Yj, j € B)) <O0.

We can now define an interdependence ordering corresponding to weak association and negative

association as follows.

DEFINITION 4 (Greater Weak Association) Y displays greater weak association than X, de-
noted Y =gwa X, if they have identical univariate marginal distributions and for all disjoint

subsets A, B of {1,...,n} and nondecreasing functions r : X;caL; — R and s : xjepL; — R,

Cov(r(Y;, i € A),s(Yj, j € B)) > Cov(r(X;, it € A),s(X;, j € B)).

In the insurance literature, this ordering has been (somewhat confusingly) termed the “correlation
order”— see Denuit et al. (2005). Note that the definition of greater weak association assumes that
the random vectors being compared have identical univariate marginals; this is not an implication

of the condition of greater covariance per se.

In the next section, we show that for n > 3, greater weak association is not a difference-based
ordering, though Theorem 1 in Section 3 implies that for n = 2, it is difference-based. To verify the

claim for n = 2 directly, note that in this case, the only non-trivial partition of {1,2} into disjoint

10



subsets is {1}, {2}. Then the definition’s requirement that ¥ and X have identical univariate
marginals ensures that Cov(r(Y71),s(Y2)) — Cov(r(X1), s(X2)) = E[r(Y1)s(Ya)] — E[r(X1)s(X2)],
and the sign of the right-hand side depends only on the difference between the distributions of Y
and X. That greater weak association is invariant to monotonic coordinate relabelings is apparent

from the definition.

The greater weak association ordering has the desirable feature that (Y7,...,Y},) are weakly associ-
ated if and only if Y displays greater weak association than its “independent counterpart”, defined
as the random vector X such that (X3,...X,,) are independent and, for each i, X; and Y; have
the same distributionm It might seem tempting to define Y as displaying “greater association”
than X if Y and X have identical marginals and for all non-decreasing functions r and s defined
on L, Cov(r(Y),s(Y)) > Cov(r(X), s(X)). However, such a definition would have the unappealing
consequence that an associated random vector Y would not necessarily display greater association

than its independent counterpartﬂ

2.3 The Supermodular Ordering

For any z,v € L, denote by z A v the component-wise minimum (or “meet”) of z and v, i.e., the
element of L such that (z A v); = min{z;,v;} € L; for all i € N. Let z V v similarly denote the
component-wise maximum (or “join”) of z,v. A function w is said to be supermodular (on L) if
w(z Av) +w(z Vo) > w(z)+w) for all z,v € L. Supermodular functions are characterized by

the following property (see Topkis, 1978):
weS & wlzte+e)+w(z)>wiz+e)+w(z+e)) (2)

for all i # j and z such that z + e; + e; is well-defined (i.e., such that z; is not the upper bound of
L; and z; is not the upper bound of Lj)H

DEFINITION 5 (Supermodular Ordering) Let the random vectors Y and X have distributions g and
f, respectively. The distribution g dominates the distribution f according to the supermodular

ordering, written g =spnyr f, if and only if Elw|g] > E[w|f] for all supermodular functions w.

10Gimilarly, (Y1,...,Y,) are negatively associated if and only if the independent counterpart of Y~ displays greater
weak association than Y.

"For the support {0,1,2}% let Pr(Y1 = Yo =0) = Pr(Y1 = Yo = 1) = Pr(Y1 = Y2 = 2) = i and Pr(Y1 =
0,Y2=2)=Pr(Y1 =2,Y2=0) = é. Then it can be checked that Y is associated, but for the increasing functions
r(Y1,Y2) = Ity >1,v,>13 and s(Y1,Ya) = I(y, —20rvy=2}, Cov(r, s) is strictly smaller for Y than for its independent
counterpart.

12For functions w defined on R™ and twice differentiable, an equivalent characterization is: w is supermodular if

and only if afjau;j >0 for all z € R™ and all 7 # j.

11



It is clear from the definition that the supermodular ordering is a difference-based ordering.

To see most clearly the appeal of the supermodular ordering as an ordering of greater interde-
pendence, consider two distributions g and f such that, for some z € L such that z 4 ¢; 4 ¢; is

well-defined, the difference 6 = g — f satisfies
(5(2):(5(2"_67,_{'6]):—6(Z+€Z):—5(Z+€]):a (3)

for some o > 0, and such that d(v) = 0 for all other nodes v of L. In such a case, we say the
distribution g is obtained from f by an elementary transformation (ET) of size o on L which leaves
unchanged the probability of all nodes other than z, z + ¢;, 2 + ¢, and z + ¢; + ¢; and which
raises the probability of nodes z and z + e; + e; by the common amount o, while reducing the
probability of nodes z + ¢; and z 4 e; by the same amount. Intuitively, such ET’s increase the
degree of interdependence of a multivariate distribution, as for some pair of components 7 and j,
they make jointly high and jointly low realizations more likely, while making realizations where one
component is high and the other low less likely. Furthermore, they raise interdependence without
altering the marginal distribution of any component. From , a function w is supermodular if and
only if w -4 > 0 for any J of the form . Hence the class of supermodular functions is precisely
the class for which the expectation is raised by any ET as defined in (3)).

Meyer and Strulovici (2010) use duality methods to characterize the supermodular ordering and
develop several constructive methods to implement this characterization. In their characterization,
the elementary transformations defined above play a similar role to that of mean-preserving spreads
in Rothschild and Stiglitz (1970) and Pigou-Dalton transfers in Atkinson (1970) and Dasgupta, Sen,
and Starrett (1973)[]

A necessary condition for g =gpas f is that g and f have identical univariate marginal distributions.
To see this, note that for any dimension i € {1,...,n} and any k € L;, the functions w(z) = I{;,>x)

and w(z) = It;,<ky are both supermodular. Therefore g =gpys f implies that, for all i € {1,...,n}

13Elementary transformations of bivariate distributions were also used by Epstein and Tanny (1980) and Tchen
(1980) to prove the equivalence, in two dimensions, of the supermodular and lower-orthant orderings for distributions
with identical marginals. Our definition of ET’s in the text is more restrictive, as it requires that the four points
affected by the ET be adjacent points in the lattice; this more restrictive definition allows a much simpler proof
of the two-dimensional result and, more importantly, greatly facilitates the constructive methods for multivariate

distributions developed in Meyer and Strulovici (2010).

12



and any k € L;,

0<E[lg - E@|f] = Y ga)- Y f)

r:x; >k r:x; >k
and 0<Elwlg — Elulf] = 3 g@)— Y f), (4)
iz <k Tz <k

and these inequalities together imply that g and f have identical univariate marginal distributions.

Since for any supermodular function w(z1,...,2,), the function w(r1(z1),...,mn(2n)) is also su-
permodular whenever all the functions {r;}} ; are nondecreasing, the supermodular ordering is

invariant to monotonic relabelings of coordinates.

2.3.1 The Symmetric Supermodular Ordering

In many contexts, it is natural to assume that the supermodular objective functions being used to
compare distributions are symmetric with respect to the components of the random vectors. For
example, when the function w is an ex post welfare function defined on the realized utilities of
n individuals, as in the assessment of ex post inequality under uncertainty (see Section 5), it is
natural to assume that welfare is invariant to permutations of a given n-vector of utilties over the

individuals. We now formally define the symmetric supermodular ordering.

Call a lattice L = xj-;L; symmetric if L; = L; for all 7 # j. For a symmetric lattice, let the
cardinality of L; equal [, so the lattice has d = " nodes. Let 6 denote a real function on a
symmetric lattice L, or equivalently a vector of R?. Depending on the context, # can represent an
objective function w or a probability distribution f. We will say that the function 6 is symmetric

on L if 0(z) = 6(c(z)) for all z € L and for all permutations o(z) of z.

DEFINITION 6 (Symmetric Supermodular Ordering) Let the random vectors Y and X have distri-
butions g and f, respectively, on a symmetric lattice. The distribution g dominates the distribution
f according to the symmetric supermodular ordering, written g =sspym f, if and only if

E[wlg] > Elw|f] for all symmetric supermodular functions w.

For an arbitrary (not necessarily symmetric) function 6, the symmetrized version of 6, 05Y™™  is

defined as follows: for any z,

vz = 13 Blo(2) (5)

" oeX(n)
where ¥(n) is the set of all permutations of {1,...,n}. Importantly, if w is a supermodular function,
then w*¥™™ is supermodular. For a symmetric supermodular function w, let W™ (w) denote the
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set of supermodular functions w on L such that the symmetrized version of w is w, i.e., W™

= w.
Note that {W*¥™™(w)} is a partition of the set of all supermodular functions on the symmetric

lattice L.
We can now state the following useful result:

PROPOSITION 1 Given a pair of distributions g, f defined on a symmetric lattice L, the following

three statements are equivalent:

i) g =sspm [

ZZ) gsymm = 99PM fsymm’.

iii) gsymm ~spM fsymm'

Proof. To show that i) = ii) = iii): If for all symmetric supermodular w, w- f < w - g, then for
all symmetric supermodular w, w - f¥™™ < - ¢g*¥™™_ This is ii). In turn, if for some symmetric
supermodular w, w- fY™M < w-g*¥™™ then w- fYMM < w-gsY"™™ for all w € W™ (w). Therefore,
since {W*Y™™ ()}, partitions the set of all supermodular functions on L, w - fS¥™" < q . g5V
for all symmetric supermodular w implies that w- f*¥"™" < - ¢g%¥"™™ for all supermodular w, which

is ii).

To show that iii) = i): If for all supermodular w, w- f¥™™ < w-g¥"™™ then for all supermodular
w, WY fSYTIN Ly SYMIM . gSYMIM - Thig is equivalent to wSY™7 . UMM L qySYMI . gSYMIM for all
symm

)

symmetric supermodular w*¥™", This in turn implies that for all symmetric supermodular w

wsYmm f < qsymm . qg. [

Proposition [ states that one can characterize the symmetric supermodular ordering in terms of the
supermodular order applied to symmetric distributions. Furthermore, when attention is restricted
to symmetric distributions, the supermodular order is equivalent to the symmetric supermodular
one. Proposition (1| will be used frequently in what follows to simplify the analysis of the symmetric

supermodular ordering by focusing on symmetric distributions.

For random vectors for which each component has a common binary support, say {0,1}, so the
lattice L = {0,1}", the symmetric supermodular ordering has a very simple form. For a random
vector Y with support L = {0,1}", define ¢(Y) = > i, Ity,—1}, the number of components of Y
for which the realization takes the value 1. To state the result, we first recall the definition of the

univariate convex ordering: For random variables Z and W with support S C R, Z dominates V'
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according to the convex ordering, written Z =¢cx V, if Fw(Z) > Ew(V) for all convex functions
w: S — R. Since w(z) = z and w(z) = —z are both convex functions, Z >¢x V implies that
EZ = EV. The convex ordering is equivalent to the ordering of greater riskiness studied by
Rothschild and Stiglitz (1970).

PROPOSITION 2 For random vectors Y and X distributed on L = {0,1}", Y =gspm X if and only
Zf C(Y) iCX C(X)

Proof. Any symmetric function w defined on L = {0, 1}" can be written as

w(Xy,..., Xn) = ¢(c(Xq, ..., Xn)), (6)
for some function ¢ : {0,1,...,n} — R. Furthermore, a symmetric function w on {0,1}" is
supermodular if and only if the function ¢(-) in @ is convex. |

In Sections 2.4 and 2.5, we propose two new orderings of greater interdependence.

2.4 The Convex-Modular Ordering

In many contexts, the objective functions that are used to evaluate the degree of interdependence
of multivariate random variables have the form w(z) = ¢(r1(21) + ... + mn(2n)), where ¢(+) is
convex and {r;}!' ; are nondecreasing. We will term such functions “convex-modular”, as they
take a convex transformation of a modular (i.e. additively separable) aggregate, > " | 7;(z;). It is
easy to see that any convex-modular function is supermodular, and therefore the expectation of
any convex-modular function is increased by any elementary transformation of the form defined
in . The proof of Proposition 2 rested on the observation that any symmetric supermodular
function w defined on L = {0,1}" is convex-modular, with > | ri(2) = > i I{;,=1}. Convex-
modular functions arise naturally in an insurance context, where Z represents a vector of losses
incurred by individuals 1, ..., n, all of whom are insured by a given insurer, and where the insurance
contract of individual ¢ obliges the insurer to pay compensation r;(Z;), which would take the form
ri(Z;) = min{m;, max{(1 — 5;)(Z; — d;),0}} for a policy with a deductible d;, a copayment rate j3;
for the insured, and a compensation limit m;. The total compensation paid out by the insurer is
then > | 7(Z;), and the insurer is concerned with the riskiness of this total, so evaluates the cost

of this payout using a convex objective function d)E

This motivates us to define the following ordering:

14See Denuit et al (2005) for more details.

15



DEFINITION 7 (Convex-Modular Ordering) Let the random vectors Y and X have distributions
g and f, respectively. The distribution g dominates the distribution f according to the convex-
modular ordering, written g =cxnop f, if and only if E[w|g] > Ew|f] for all convex-modular

functions w.

This definition is equivalent to the requirement that E[w|g] > Efw|f] for all functions w that are
nonnegative weighted sums of convex-modular functions. The convex-modular ordering is clearly
difference-based and invariant to monotonic coordinate relabelings. It follows from the definition
that Y =cxwmop X if and only if, for all nondecreasing {r; }7 1, > i, (Vi) =ox Yoiq ri(Xa).

Since W(Z) = I;z,>ky and w(Z) = —I;z,>py are both convex-modular functions, it follows, from
the same logic as for the supermodular ordering, that Y =cxyop X implies that Y and X have

identical marginals.

By analogy with what we did for the supermodular ordering, it is natural to define a symmetric
counterpart of the convex-modular ordering. It is clear from our definition in (5)) of the symmetrized
version of a function, that if w is a convex-modular function , then w¥" is a nonnegative weighted
sum of convex-modular functions. Let CM™* denote the set of nonnegative weighted sums of convex-
modular functions (where the dependence on a given L is implicit). It follows from the above
observation that CM™* is closed under symmetrization (although the set of convex-modular functions

itself is not). As a consequence, we define the symmetric convex-modular ordering as follows:

DEFINITION 8 (Symmetric Convez-Modular Ordering) Let the random vectors Y and X have distri-
butions g and f, respectively, on a symmetric lattice. The distribution g dominates the distribution
f according to the symmetric convex-modular ordering, written g =scxmop f, if and only

if Elwlg] > Ew|f] for all symmetric functions w € CM*.

As noted above, Y =cxymop X if and only if E[w|g] > Efw|f] for all w € CM*. Using this
equivalence, it is then straightforward to adapt the proof of Proposition [I| to show:
PROPOSITION 3 Given a pair of distributions g, f defined on a symmetric lattice L, the following

three statements are equivalent:

i) g =scxmobp f;
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2.5 The Dispersion Ordering

Another notion of greater interdependence in Y than in X reflects the idea that the distribution
functions of the order statistics of Y should be “closer together” or less dispersed than the dis-
tribution functions of the order statistics of X. To understand the link between dispersion of
order statistics and interdependence, consider the following distributions for (Y7, Y2) and (X7, X2)
on support {0,1}2, where each of Y1, X1, Y2, and X, takes each of the two values 0 and 1 with
probability % Let Y7 and Y> be perfectly positively dependent: each of the realizations (0,0) and
(1,1) occurs with probability % Let X; and X5 be perfectly negatively dependent: each of the
realizations (0,1) and (1,0) occurs with probability 5. For the order statistics of ¥, min{Y7, Y2}
and max{Y1, Y2}, Pr(min{Y1,Y2} = 0) = Pr(max{Y7,Y2} = 0) = 3, so the two order statistics
have the same distribution. On the other hand, for those of X, Pr(min{X;, X2} = 0) = 1 while
Pr(max{X;, Xo} = 0) = 0, so the two order statistics have distributions as different as possible
in this context. The qualitative lesson of this example is that for the more positively depedent

random vector Y, the distribution functions of the order statistics are more similar (less dispersed)
than for X.

The majorization ordering of vectors can be used to formalize the notion of lower dispersion. A
vector a is said to be majorized by a vector b, written a < b, if i) the components of the vectors
have the same total sum, and ii) for all k, the sum of the k largest entries of a is weakly smaller

than the sum of the k largest entries of b (see Hardy, Littlewood, and Polya (1952)).

Let Y{;) denote the 4t order statistic of Y, i.e. the j¥ smallest value from (Y7,...,Y;), and
define X(;) similarly. Let Fy(j) and F' Xi5) denote the c.d.f.’s of these order statistics. For random
vectors with symmetric distributions, Shaked and Tong (1985) suggested the following dependence

ordering.

DEFINITION 9 (Symmetric Dispersion Ordering) For random wvectors Y, X with symmetric dis-
tributions on a symmetric lattice L, the distribution of Y dominates that of X according to the
symmetric dispersion ordering, written Y =gprsp X, if the distribution functions of the order

statistics of Y are less dispersed than the distribution functions of the order statistics of X, that is,
(Fy(l)(bo),...,FY(n)(bo)) =< (FX(I)(bo),. ..,FX(n)(bo)) Vb = (bo,. ..,bo) € L. (7)

We now reformulate this dependence ordering in a manner which suggests a new ordering which is
both stronger and naturally applicable to asymmetric distributions. Each vector b = (by,...,by) €

L can be seen as generating a (componentwise) binary coarsening of the support of the random
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vector Y from L to {0,1}" and a corresponding coarsened version of Y, Y such that Yib =0 if

Y; < by and Yib =1ifY; > by. Let Y(l}) denote the jth order statistic of Y and Fy, the distribution
J

function of this order statistic. Then a condition equivalent to is

(s (0),--, Fyp (0)) < (Fys, (0).... Fyp (0) Vb= (by,....bo) € L. (8)

For asymmetric multivariate distributions, there is no particular reason to confine attention to
binary coarsenings generated by wvectors with equal components b = (by,...,by). Given a lattice
L = x" L, with L; = {0,1,...,l; — 1}, define L; = {-1,0,1,...,l; — 1} and L = x" ;L;. We
propose a new dependence ordering, which strengthens condition by requiring that it hold for
every vector s = (s1,82,...,5,) € L. For a random vector Y, define its coarsening corresponding
to the vector s € L, Y*, by YP=0ifY;<s;and Y’ =11ifY; > s; . Let Y‘;.) denote the jth order

(
statistic of Y¥ and Fy(s,) the distribution function of this order statisticﬁ
J

DEFINITION 10 (Dispersion Ordering) For random vectors Y ,X distributed on L, consider the set
of all binary coarsenings of Y and X, Y*® and X?, respectively, corresponding to some s € L. The
distribution of Y dominates that of X according to the dispersion ordering, written Y =prsp X,
if for all s € L, the distribution functions of the order statistics of Y° are less dispersed than the
distribution functions of the order statistics of X*, that is,

(Fys,(0), ..., Fye

5, (0) = (Fxg, (0),..., Fxs (0)) Vs € L. (9)

The following proposition provides insight into the dispersion ordering by presenting some equiva-

lent formulations. To state it, we define, for any s € L,

W)= Iy = ) Iviss)s
=1 =1

which counts the number of components of Y* that equal 1, or equivalently, the number of compo-

nents of Y that strictly exceed the corresponding component of s.

PROPOSITION 4 The following three conditions are equivalent:

5Considering coarsenings corresponding to every s in the extended lattice L allows us to include coarsened variables
Y® for which Y;® = 1 with probability 1 for some component i. This makes the treatment of such coarsened variables
analogous to the treatment of coarsened variables Y for which Y;® = 0 with probability 1 for some 7. Since the
definition of the SDISP ordering requires (]Z[)7 or equivalently , to hold only for vectors b with equal components,
requiring it to hold for all b = (bo, ...,by) € L would leave the definition effectively unchanged, since it would add
only the trivial condition corresponding to b = (—1,...,—1), for which both vectors of distribution functions in
are (0,...,0).
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i) For'Y, X with support L, Y =prsp X;
ii) For all s € L, Y® =gspy X°.
i) For all s € L, ¢5(Y®) =cx c*(X*).

Proof. Part a): Since for any s, Y* and X* have support {0, 1}", the equivalence of ii) and iii)
follows from Proposition [2|in Section 2.2.1. To show that ii) implies i), rewrite @D as

k k
E ZI{Y(}):O} <E ZI{X&):O} Vke{l,...,n}, Vse L, (10)
j=1 J=1
with equality required for £k = n. Now observe that
k k k

D Ive =0y = D Lo = D (1= Lerza--1y)

j=1 j=1 j=1
= k—max{c’(Y*) — (n—k),0}. (11)

Since for any s € L, ¢*(Y®) is a symmetric function of Y*, and max{z — a, 0} is convex in z for any
a € R, max{c*(Y*®)—(n—k),0} is a symmetric supermodular function of Y* for all k € {1, ... ,n}m
Therefore, ii) implies that holds for all k € {1,...,n}. Setting k =n in () gives

n

o AS(VS
Z;I{Y(L;):O} =N C (Y ),
J:

and since both ¢*(Y*) and —c*(Y®) are symmetric supermodular functions of Y*, ii) implies that
for k = n, holds with equality, as required.

To show that i) implies iii), first note that for random variables Z and V' with support {0, 1,...,n},
Z dominates V according to the convex ordering if and only if F(Z) = E(V) and E[max{Z —
a,0}] > Elmax{V — a,0}] for all a € {1,...,n — 1}[] Given (2.5), the equality in for k =n
implies that E(c*(Y?®)) = E(c*(X?)), and the inequality in for k € {1,...,n — 1} implies that
Emax{c*(Y?®) — a,0}] > E[max{c*(X®) —a,0}] for all a € {0,1,...,n — 1}. [ ]

It is apparent from Proposition [4] that the dispersion ordering is a difference-based ordering and
is invariant to monotonic relabelings of coordinates. If Y =prgp X, then Y and X have identical
univariate marginals. To see this, first take s € L to be a vector with ¥ component equal to a € L;

and all other components equal to -1. Then for £k =1, can be rewritten as

E[I{Cs(ys)<n}] < E[I{CS(XS)<n}] = PT’(Y; < a) < PT(Xz < a).

Ymax{c*(Y*) — (n — k), 0} is also a symmetric convex-modular function of Y.

17See, for example, Jewitt (1987) and Hardy, Littlewood, and Polya (1929).
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Now take s to be a vector with i component equal to a € L; and all other components equal to

l; — 1. Then it follows from the equality in for £ = n and the inequality for Kk = n — 1 that
E[I{y(an):(]}] > E[I{X(sn):()}} <~ P’I"(YZ < (1) > PT(XZ < a).

It follows, therefore, that for all i and for all a € L;, Pr(Y; < a) = Pr(X; < a), and hence Y and

X have identical marginals.

2.6 The Concordance Ordering

Another intuitively appealing notion of greater interdependence, the concordance ordering, has

been formalized for multivariate distributions by Joe (1990).

DEFINITION 11 (Concordance Ordering) Let the random vectors Y and X have distributions g and
f, respectively. The distribution g dominates the distribution f according to the concordance

ordering, written g =conc [, if and only if

Pr(Y >2z)>Pr(X >z) and Pr(Y <z)>Pr(X <z) Vz € L.

For any node in the support, the concordance ordering requires that the components of ¥ be more
likely to be all higher than at that node, relative to those of X, and also more likely to be all lower
than at that node, relative to those of X.

It is easy to see from the definition that the concordance ordering, like the supermodular ordering, is
a difference-based ordering and that it satisfies invariance to monotonic relabelings of coordinates,
as defined in . It is also straightforward to confirm, as is well known, that Y =conc X implies

that Y and X have identical univariate marginals@

3 Relationships among the Orderings

We are now in a position to establish the relationships among the orderings of interdependence
defined in Section 2

18First take z € L to be a vector with i** component equal to a and all other components 0. Then Pr(Y >z) >
Pr(X > 2) becomes Pr(Y; > a) > Pr(X; > a). Similarly, taking z to be a vector with ‘" component equal to a — 1
and all other components equal to l; —1, Pr(Y < z) > Pr(X < z) becomes Pr(Y; <a—1) > Pr(X; < a—1). Hence,
for all ¢ and a € L;, Pr(Y; > a) = Pr(X; > a), so Y and X have identical marginals.
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THEOREM 1 (ORDERINGS: TwO DIMENSIONS) For two dimensions, the following orders are equiv-
alent: greater weak association, supermodular ordering, convexr-modular ordering, dispersion order-

ing, and concordance ordering.

The equivalence for n = 2 between greater weak association, the supermodular ordering, and the
concordance ordering is well known (see Meyer (1990, Prop. 2) and Miiller and Stoyan (2002, The-
orem 3.8.2) for references). That the convex-modular and dispersion orderings are also equivalent

then follows from this, combined with part a) of Theorem [2| below.

THEOREM 2 (ORDERINGS: THREE OR MORE DIMENSIONS)  a) For n > 3, greater weak asso-
ciation s strictly stronger than the supermodular ordering, which is strictly stronger than the
convezr-modular ordering, which is strictly stronger than the dispersion ordering, which is at

least as strong as the concordance ordering.

b) For n = 3, the dispersion ordering is equivalent to the concordance ordering, whereas for

n > 3, the dispersion ordering is strictly stronger than the concordance ordering.

Proof. The proof that Y >gwa X implies Y =gpys X is in Appendix A. To prove that this

implication is strict, consider Example 1:

EXAMPLE 1: Let L = {0,1}3 and let X and Y have symmetric distributions f and g, respec-
tively. Let f(z) = % if Z?:1 xz; = 1 and f(x) = 0 otherwise. Let g(y) take the values é—g, a2 &
when Zle y; takes the values 0,1, 2,3, respectively. For these symmetric distributions, Propo-
sitions 1 and 2 together imply that g =gpas f on L = {0,1}3 if and only if ¢(Y) =cx c(X)
on {0,1,2,3}. It is easily checked that Ec(Y) = Ec¢(X), Pr(c¢(Y) = 3) > Pr(¢(X) = 3), and
Pr(c(Y) = 0) > Pr(c¢(X) = 0), establishing that ¢(Y) =¢x ¢(X) and hence that g =spy f.
However, for 7(z1) = Ip,,—1y and s(22,23) = I;—py—1y, Cov(r(Y1),s(Y2,Y3)) = g6 — 3 - 17 < 0,
while Cov(r(X1),s(X2,X3)) =0, so g =gwa [ does not hold.

Since every convex-modular function is supermodular, the supermodular ordering implies the
convex-modular ordering. We show that the implication is strict by providing, in Appendix B,
an example of a supermodular function on L = {0,1,2}3 which cannot be written as a nonnegative

weighted sum of convex-modular functions.

The fact that the convex-modular ordering implies the dispersion ordering follows from the proof
of Proposition |4 and the facts that the functions max{c*(Y) — (n — k),0}, for k € {1,...,n}, and

—c*(Y') are both convex-modular.
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To show that the dispersion ordering implies the concordance ordering, observe that, for k = 1, the
left-hand side of can be rewritten as

E[I{Y(Sl)zt)}] =1- E[I{CS(Y):n}] =1- PT’(E > 8 Vl)

Therefore, implies that for all s € L, Pr(Y > s) > Pr(X > s). Similarly, it follows from the
equality in for k = n and the inequality for k = n — 1 that, for all s € L,

Ellyye —oy] = Bllix; ~pl,
which implies that for all s € L, Pr(Y <s) > Pr(X <s). Hence Y »conc X.

Now we show that for n =3, Y =conc X implies Y =prsp X. First, for any s € L, showing that
holds with equality for k = n = 3 is equivalent to showing that

3 3
Z I{Yiﬁsi} = Z I{XiSSi}7
=1 =1

and this is true, since Y =conc X implies that Y and X have identical marginal distributions.
Given the equality in for k = 3, it remains to show that for all s € L,

Elltys =oy] < Bllixg =0yl and Bl —oy] > Ellixg, —oyl-

The first of these inequalities is equivalent to Pr(Y > s) > Pr(X > s) and the second to Pr(Y <
s) > Pr(X <'s), as shown in the proof that Y =prsp X implies Y =conc X, and both inequalities
therefore follow from Y =conc X.

Example 2 shows that the convex-modular ordering is strictly stronger than the dispersion ordering;:

EXAMPLE 2: Let L = {0, 1,2} x{0,1} x{0,1}. Since both the convex-modular and the dispersion
ordering are difference-based orderings, it is sufficient to specify § = g — f, the difference between
the distributions of Y and X. Let 0(z1, 29, 23) = € > 0 if Z?Zl z; is even and 0(z1, 29, 23) = —e < 0 if
Z?Zl z; is odd. It is easily checked that Y >cone X and, since n = 3, it follows that Y >prsp X.
However, for the convex-modular function w(z) = max{(zg’zl zi) — 2,0}, we have w- (g — f) =

—e< 0,50 Y =oxmop X does not hold.

To show that for n > 3, the dispersion ordering is strictly stronger than the concordance ordering,

consider Example 3:

EXAMPLE 3: Let L = {0,1}*, and let §(21,20,23,24) = g — f = € > 0 if 37| 2 is even and
§(z1,22,23,24) = —€ < 0 if Ele z; is odd. Again, it is easily checked that Y >conc X. Let
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s =1(0,0,0,0) and consider the convex function of ¢*(z) defined by w = max{c®(z) —2,0}. We have
w-(g—f)=—2e<0, so by Proposition Y »=prsp X does not hold. |

Example 1, which we used in the proof to show that, while Y =gwa X implies Y =gpys X, the
converse is not true, can be extended to show that greater weak association is not a difference-based

order.

EXAMPLE 1: Replace f and g from Example 1 with f’ and ¢/, respectively, where f'(z) = 3

if Z?:l x; =0, fl(z) = % if Z?:l x; = 1, and f'(x) = 0 otherwise, and ¢'(y) takes the values
%,0, %, & when 2?21 y; takes the values 0,1, 2, 3, respectively. By construction, ¢’ — f' = g — f,
and we’ve shown above that g =gwa f does not hold. Yet we can show (details are in Appendix

C) that ¢ =gwa f’. Hence for n > 3, greater weak association is not a difference-based order.

4 Binary Random Variables

In many economic contexts, the random variables whose interdependence is to be assessed are bi-
nary. Theoretical models often focus on binary action spaces or binary outcome spaces for tractabil-
ity. For example, Calvo-Armengol and Jackson’s (2004) study of the effects of social networks on
interdependence in individuals’ employment outcomes suppressed wage variation among employed
workers and focused only on whether workers were employed or unemployed. Experimental studies
often focus on binary choice spaces to simplify the subjects’ decision problems as well as to sim-
plify the data analysis. For example, Choi, Gale, and Kariv (2005), in their experimental study of
the effect of network structure on social learning and the resulting interdependence among agents’
decisions, focused on a decision environment with only two states of the world, two signals, and
two possible actions. In empirical work, for example on multidimensional inequality, binary classi-
fications, such as whether or not income is below the poverty line or whether or not an individual

is literate, are often inevitable features of the data.

Binary random variables, besides being common, also help to illuminate the structure of and
relationships among the interdependence orderings. This section studies a variety of special cases
with binary random variables. Our aims are to highlight i) equivalences among the dependence
orderings that arise in these special cases and ii) easily checkable and easily interpretable necessary

and sufficient conditions for the orderings to hold.
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4.1 Symmetric Distributions or Symmetric Objective Functions

The following result is valid for any number n of dimensions.

PROPOSITION 5 a) For random vectors Y and X with symmetric distributions on L = {0,1}",

the following conditions are equivalent:

i)Y =spu X;

i) Y =cxmop X;
1) Y =prsp X;
w) Y =sprsp X;

v) c(Y) =ox e(X).

b) For random vectors Y and X distributed on L = {0,1}", the following conditions are equiva-

lent:
i) Y =sspm X
i) Y =scxmop X;

iii) C(Y) EC’X C(X)

Proof. a) It is clear from Definitions 9 and 10 that Y >=prsp X implies Y =gprsp X. It follows
from Definition 9 and Proposition [4] that for symmetric distributions on L = {0,1}", Y >sprsp X
if and only if ¢(Y) =cx ¢(X)—the only non-trivial choice of b = (by,...,bp) in Definition 9 is
(0,...,0), in which case coincides with ¢(Y) »=¢cx ¢(X). But Propositions || and 2 together
imply that for symmetric distributions on L = {0,1}", Y =gpys X if and only if ¢(Y) =cx ¢(X).

The remaining equivalences then follow from Theorem 2.

b) The equivalence of Y =gspy X and ¢(Y) =cx ¢(X) on L = {0,1}" is shown in Proposition
Since every symmetric w € CM™* is supermodular, i) implies ii). Since ¢(Y') is symmetric and

convex-modular, ii) implies iii). [

Proposition [ showed that there is a close relationship between, on the one hand, the symmetric
supermodular ordering of Y and X and the convex ordering of ¢(Y') and ¢(X) for random vectors
with binary components and, on the other hand, the dispersion ordering. It might, therefore, seem
surprising that in part b) of Proposition 5, Y =prsp X is not equivalent to the conditions listed.

The reason is that, for asymmetric distributions, neither Y =ggpas X nor ¢(Y) =cox ¢(X) implies
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that Y and X have identical marginals, whereas as shown in Section 2.5, identical marginals is
a necessary condition for Y >prgp X. Consequently, on L = {0,1}", the dispersion ordering is
strictly stronger than the SSPM ordering and the convex ordering of ¢(Y") over ¢(X )E

4.2 Three Dimensions

PROPOSITION 6 For random vectors Y and X distributed on L = {0,1}3, the following conditions

are equivalent:

i)Y =spu X;

i) Y =cxmop X;
i) Y =prsp X;
w) Y =conc X;

v) ¢(Y) =cx ¢(X); Y and X have identical marginals; and for alli # j, Pr(Y; =Y;) > Pr(X; =
X;).

Proof.  All of the orderings in the proposition are difference-based orderings, so it is sufficient
to work with 6 = g — f. For L = {0,1}3, § is represented in Figure la. Each of conditions i)-v)
implies that Y and X have identical marginals, and this in turn implies that once the values of
5(1,1,1) = a, 6(0,1,1) = by, §(1,0,1) = be, and 6(1,1,0) = b3 are specified, the remaining values
are determined. Given identical marginals, Y =conc X if and only if

3
a>0, a+b,>0 Vke{1,2,3}, and 2a+ ) b >0. (12)
=1

In , the first and third inequalities are equivalent, respectively, to
Pr(c(Y)=3) > Pr(c(X) =3) and Pr(c(Y)=0) > Pr(c(X) =0).

The inequality a + by > 0 is equivalent to Pr(Y; = Y; = 1) > Pr(X; = X; = 1), which, given
identical marginals, is equivalent to Pr(Y; =Y;) > Pr(Y; = Y;). Hence conditions iv) and v) are

equivalent. We now provide a simple constructive proof that:

For L=1{0,1}3, Y conc X implies Y =gpu X. (13)

YWhen Y and X have symmetric distributions on {0,1}™, though, then ¢(Y) =cx ¢(X), which implies Ec(Y) =
Ec(X), furthermore implies, given the symmetric distributions, that Y and X have identical marginals, so under the

hypotheses of part a), Y =prsp X and ¢(Y) »=cx ¢(X) are equivalent.
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Figure la: d=g-f for L={0,1¥ Figure 1b: Labels for the nodes of L={0,1F

This, in conjunction with Theorem 2, will complete the proof.

Our constructive proof of decomposes § into 6 elementary transformations (ET’s) of the form
defined in : for each of the 6 faces of the cube L = {0, 1}?, there is one ET involving the 4 nodes
on that faceF_GI Using the labels for the nodes in Figure 1b, let the ET involving nodes A, B;, Bj,
and Cj have size @;;, and the ET involving nodes By, C;, Cj, and D have size a,;. It is easily
checked that these 6 ET’s sum to ¢ if and only if

a=a12+ a3+ ag and Vi, j, ke {1,2,3},i#j#k, a+ by = a;; + Q. (14)

Now set 5
o a + bk a+ bk
aj;=a|l ——— and o;; = 2a+ ) b)| ——— |- (15)
“ (3(1 + Z?:l bl> " ZZ; ! (3(1 + Z?:l b;
It is apparent by inspection that the equations are satisfied and that, if the inequalities ((12)
defining the concordance ordering here hold, then for all ¢« # j, @;; > 0 and o;; > 0. Thus,
g ~conc f implies the existence of a sequence of nonnegative ET’s that sum to g — f. Since each

ET raises the expectation of any supermodular function, it follows that ¢ =gpa f. |

20Hu, Xie, and Ruan (2005, pp. 188-9) proved in a very indirect manner using the tool of “majorization with

respect to weighted trees”.
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4.3 Four Dimensions and “Top-to-Bottom” Symmetry

The equivalence demonstrated in Proposition [6] for the three-dimensional cube between the super-
modular ordering and the concordance ordering breaks down if we increase either i) the number of
dimensions, as shown by Example 3 in the proof of Theorem 2, or ii) the number of points in the
support for any random variable, as shown by Example 2, used in the same proof. Nevertheless,
some interesting equivalences do persist in higher dimensions, and can be demonstrated using a

similar constructive method of proof.

Consider four-dimensional random vectors with support L = {0,1}*, and assume now that their
distributions satisfy a symmetry condition we term “top-to-bottom symmetry”. We say that the
distribution of a random vector Z satisfies top-to-bottom symmetry if for any a € {0,1}*, P(Z =
a) = P(Z = 1—a). Top-to-bottom symmetry arises naturally in a variety of settings. We give two

examples: matching with frictions and social learning in networks.

In a matching context, suppose the four dimensions represent managers, supervisors, workers,
and firms, and suppose that for each dimension, there is one representative (individual or firm)
with high quality (z; = 1) and one with low quality (z; = 0). Production requires forming a
“team” consisting of exactly one manager, one supervisor, one worker, and one firm, and the
output of such a team is a supermodular function of the qualities of each of its four components.
Supermodularity of the production function implies that it would be output-maximizing for the
four high-quality individuals/firm to be matched and for the four low-quality individuals/firm to be
matched. However, informational frictions may prevent such an outcome being reached and cause
the matching process to be stochastic. Nevertheless, as long as the stochastic process is certain
to generate two teams, each consisting of one representative from each dimension, the distribution

over teams satisfies “top-to-bottom symmetry”.

In the next section, we illustrate how our orderings can be used to examine the influence of network
structure on the degree of interdependence of behavior in social learning situations. In the scenario
we analyze (based on Choi, Gale, and Kariv, 2005), the symmetry of the environment with respect
to the two possible states of the world, signals, and actions generates distributions over agents’

actions which satisfy “top-to-bottom symmetry”.

PROPOSITION 7 For random vectors Y and X with distributions on L = {0,1}* that satisfy “top-

to-bottom symmetry”, the following conditions are equivalent:

i)Y =spm X
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i) Y =cxmop X;
iii) Y =prsp X;

i) c¢(Y) =cx c(X) and for all i # j, Pr(Y; =Y;) > Pr(X; = Xj).

The proof, which is in Appendix D, has a similar structure to that of Proposition[6] For § = g — f,
we apply the definition of the dispersion ordering, for each s € L, and show that when L = {0, 1}*
and the distributions satisfy top-to-bottom symmetry, Y =prgp X if and only if the two conditions
listed in iv) hold. (Top-to-bottom symmetry itself ensures that ¥ and X have identical marginal
distributions.) We then adapt the construction used to prove Proposition |§| to show that if the
conditions in iv) hold, then there exists a sequence of nonnegative ET’s that sum to g — f. Since
each ET raises the expectation of any supermodular function, it follows that ¢ =gpas f and hence,

by Theorem 2, conditions i)-iv) in Proposition [7| are all equivalent.

Even though, in the environment of Proposition [7, the SPM, CXMOD, and DISP orderings are

equivalent, the GWA ordering is strictly stronger and the concordance ordering strictly Weakerg

5 Applications

5.1 Interdependence of Behavior in Networks

Our first application illustrates how our orderings of interdependence can be used to study the
influence of “social structure” on the degree of conformity of individual beliefs or choices in social
learning situations. We adapt the theoretical approach of Gale and Kariv (2003), who model social
structure by means of a social network and who assume that agents can observe only the actions
of agents to whom they are directly connected by the network. A simplified version of Gale and
Kariv’s model has been studied experimentally by Choi, Gale, and Kariv (2005). Our orderings

can in principle be applied to the theoretical predictions, the experimental data, or a combination

21To show that the GWA ordering is strictly stronger, let X have a uniform distribution on {0,1}* and let YV
be obtained from X by two ET’s as defined in , each of size a € (0, %), one involving (0,0,1,1), (1,0,1,1),
(0,1,1,1), and (1,1,1,1) and the other involving (0,0,0,0), (1,0,0,0), (0,1,0,0), and (1,1,0,0). Both ¥ and X
satisfy top-to-bottom symmetry, and by construction, Y >spa X. However, for r(z1,22,23) = I{z,125425>2) and
s(za) = Iz,=1y, Cov(r(Y1,Y2,Y3),s(Ys)) < 0 = Cov(r(X1, X2, X3),5(X4)), so Y =agwa X does not hold. To show
that the concordance ordering is strictly weaker, note that in Example 3, in which Y >conc X holdsbut Y =prsp X

does not, § = g — f satisfies top-to-bottom symmetry.
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of the two. Here, we use the orderings to compare the degree of interdependence in actions in the

theoretical model, as we vary the structure of the social network.

Our economic environment matches that of Choi et al (2005), except that we study networks of
four agents rather than three, in order to generate more variation in the predicted distributions.
There are two equally likely states of the world, w = 0 and w = 1. Before period 1, each agent,
independently and with probability ¢, observes a private signal which, with known probability,
matches the state of the world. Conditional on the state, the signals are i.i.d. In each of periods
1,2,..., each agent i € {A, B,C, D} simultaneously chooses an action i; € {0,1} to maximize his
current-period expected payoff, which is 1 if his action matches w and 0 otherwise. After each
period, each agent observes the actions of those agents to whom he is directly connected by the
network and updates his beliefs using Bayesian reasoning. If an agent is indifferent between two
actions, he chooses the action that matches his signal, if he received one; if he did not receive a

signal and is ever indifferent, then randomizes symmetrically.

We use the orderings studied in Sections 2 through 4 to compare the degree of interdependence in
agents’ actions as the network structure varies. Because the environment is completely symmetric
with respect to the two states of the world, it follows that for any value of ¢ and for any precision
of the private signals, the distributions of actions under any network structure always satisfy “top-
to-bottom symmetry”: letting Z denote the vector of action choices, Pr(Z =a) = Pr(Z =1—a)
for any a € {0,1}*. The easily checkable conditions in iv) of Proposition [7|can therefore be used to
compare interdependence in agents’ actions according to the SPM, CXMOD, and DISP orderings.

As Choi et al (2005) demonstrate, when networks are incomplete, so agents do not observe the
actions of all of their neighbors’ neighbors, Bayesian reasoning can become very complex. Since
our purpose here is to illustrate the application of our dependence orderings, not to conduct an
exhaustive analysis, we make two assumptions that significantly simplify the computations. First,
we focus on actions in period 2. Second, we focus on the limiting distributions of actions as the
probability ¢ of each agent receiving a signal goes to zero. For any level of precision of the private
signals, letting ¢ go to zero maximizes the impact of the network structure (relative to correla-
tions in private signals) on interdependence@ In this limit, each agent in period 1 randomizes
symmetrically between the two actions and, in period 2, he copies the period-1 action chosen by

a strict majority of his neighbors, if such a strict majority exists; if it does not, he randomizes

22Tn this limit, the distributions of actions are independent of the precision of the signal.
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symmetrically

The four network structures we compare are illustrated in the left-hand column of Figure 2@ In
the complete network, each agent is connected to all other agents. In the diamond network, agents
A and C are both connected to both B and D but not to each other; similarly, B and D are both
connected to both A and C but not to each other. The line network is similar to the diamond
network except that there is no link between A and D. In the star network, agents B, C, and D are

each linked only to A.

Figure 2 also presents, for each network structure, the ex ante distribution (computed before the
start of the game) of the period-2 actions of the four players, shown as probabilities (expressed
in units of g;) for the 16 nodes of the four-dimensional cube L = {0,1}*. The diagram at the
bottom left shows which of the four axes measures each agent’s action. The bottom row of the
figure presents, as a benchmark, the distribution of actions if each agent independently chooses

each of the two actions with probability %

Before applying the dependence orderings formally, we briefly interpret the behavior summarized
by the distributions in Figure 2. In the complete network, if three or four agents choose the same
action in period 1 (which happens with probability g), then all agents will see that action chosen
by a strict majority of their neighbors, so in period 2 all agents will choose that action. If two
agents choose 0 in period 1 and the other two choose 1 (which happens with probability %, then
those who chose 0 will see a majority of their neighbors choosing 1, so will choose 1 in period 2,
while those who chose 1 will, by the same logic, choose 0 in period 2. The probabilities in Figure
2 then follow from the above observations, combined with the symmetry across agents and states

of the world.

In the diamond network, if the period-1 actions of B and D match, then A and C will both copy
this action, so the period-2 actions of A and C will match. A and C will also match in period 2 if

B and D do not match in period 1 but A and C randomly choose the same period-2 action. Thus,

23These limiting distributions are approximations to the distributions arising when ¢ is very small; when g is very
small, though any number of agents between 0 and 4 may end up receiving signals, the state in which no agent

receives a signal is much more likely than the others and is thus the dominant influence on the outcome.
24 Another limiting case which also highlights the impact of network structure on interdependence is that in which

q = 1 and the probability that the private signal matches the state goes to % In this case, too, the random vector of
period-1 actions has a uniform distribution over the 16 nodes of {0, 1}*; in period 2, each agent chooses the period-1
action chosen by a strict majority of those he observes, including himself, if such a strict majority exists; if it does

not, he follows his signal.
%5Tn our networks, in contrast to Choi et al (2005), if agent i is linked to (and hence can observe the action of)

agent j, then agent j is linked to 3.
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the overall probability of A and C matching in period 2 is %, and similarly for B and D matching.

However, period-2 actions of A and C are independent of the period-2 actions of B and D.

In the limiting case we are considering, the distribution of period-2 actions is the same for the
line network as for the diamond network, even though in the line network, agents A and D cannot
observe each other’s actions. In the line network, it remains true that if B and D match in period
1, then A and C will match in period 2. If in period 1, B and D do not match, C will randomize
symmetrically (as in the diamond network), but A will copy B’s period-1 action. The overall
probability of A and C matching in period 2 is therefore still %, as is the probability of B and D
matching. A and C’s behavior also remains independent of B and D’s behavior.

Finally, in the star network, in period 2, B, C, and D all make the same choice, because they all
copy A’s period-1 action. In period 2, A copies the period-1 action of the majority of his three
neighbors, so A’s period-2 action is independent of the period-2 choice of B, C, and D.

CLAIM 1 In the limit as the probability of each agent receiving a signal goes to zero:

i) the distributions of period-2 actions in all four networks (complete, diamond, line, and star)
display greater weak association than the benchmark distribution arising when all agents ran-

domize independently and symmetrically;

it) the distribution of period-2 actions in the complete network displays greater weak association

than the corresponding distribution in the diamond or line network;

i11) no other pairs of distributions in Figure 2 can be ranked, even when the criterion of greater

interdependence is weakened to the dispersion ordering.

Claim 1 is proved in Appendix E. The benchmark distribution when all agents randomize indepen-
dently and symmetrically describes the distribution of actions in period 1 as the probability ¢ of
each agent receiving a signal goes to 0, and it also describes the distribution of period-2 actions in
the degenerate network with no connections between agents. Therefore, part i) of the claim shows
that, when greater interdependence is assessed using the GWA ordering, interdependence in actions
increases from period 1 to period 2 and also increases, in period 2, when a degenerate network is
replaced by any of the four structures considered. Part ii) of the claim shows that interdependence
in period-2 behavior increases when two extra links are added to transform the diamond network
into the complete network. However, part iii) shows that, even with a weaker ordering, adding three

extra links to transform the star network into the complete network does not raise interdependence.
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The proof of greater weak association in parts i) and ii) is quite involved. In contrast, proving
that the same rankings hold for the weaker supermodular ordering is, in this setting, extremely
straightforward in light of Proposition [7} since using Figure 2 it is simple to confirm that condition

iv) is satisfied for each pair of distributions compared in parts i) and ii) of the claim.

Part iii) of the claim is also proved using Proposition The second part of condition iv) of
Proposition [7] says that for any two agents, the probability of their period-2 actions matching must
be at least as high under one distribution as under the other. Consider first the probability that the
period-2 actions of A and C match. This probability is strictly higher in the complete, diamond,
and line networks than in the star network, because in the complete, diamond, and line networks,
A and C observe at least one individual in common in period 1, so their period-2 choices match
with probability greater than %, whereas in the star network, A and C have no common neighbors,
so their period-2 choices are independent. On the other hand, the probability that the period-2
actions of B and C match equals 1 in the star network, where B and C both copy the period-1
action of A; in the complete, diamond, and line networks, the probability that B and C match in

period 2 is strictly less than 1@

If, in comparing interdependence, we are prepared to adopt an ordering which treats agents sym-
metrically (even if asymmetrically positioned in the network), then we can apply Proposition

part b) to show:

CLAIM 2 In the limit as the probability of each agent receiving a signal goes to zero, both the
distribution of period-2 actions in the star network and that in the complete network are more
interdependent according to the SSPM and SCXMOD orderings than the corresponding distribution

under the diamond or line network.

By Proposition |5 checking the SSPM and SCXMOD orderings in this setting with binary actions
merely requires checking whether the distributions of the number of agents choosing action 1 can
be ranked according to the convex ordering. Since the number of agents here is four, and the
distributions display “top-to-bottom symmetry”, ¢(Y) =cx ¢(X) reduces to the following two

inequalities:
4 4

Prd Yi=4)=Pr(d_Xi=4),

i=1 i=1

25In fact, even the concordance ordering is too weak to rank the star network against the complete, diamond,
or line networks, because in this environment with “top-to-bottom symmetry”, the second part of condition iv) in

Proposition m is also a necessary condition for the concordance ordering.
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4 4 4 4

2Pr(} Yi=4)+Pr(d_ Y, =3)>2Pr(>_X;=4)+Pr()_Yi=3).

i=1 i=1 i=1 i=1
It is easy to confirm, using Figure 2, that these inequalities are satisfied when Y has the distribution
of actions under the star or complete networks and X the distribution of actions under the diamond
or line networks. However, when Y has the distribution under the complete network and X the
distribution under the star network, then the first inequality above is satisfied strictly, while the
second is violated. Hence, the distributions of actions under the complete and star networks cannot
be ranked according to their interdependence, even when we weaken our ordering to one such as

SSPM or SCXMOD which treats agents symmetrically.

5.2 Ex Post Inequality under Uncertainty: Tournaments vs. Independent

Schemes

This section illustrates how our orderings of interdependence can be applied to the assessment of ex
post inequality under uncertainty. In many group settings where individual outcomes (e.g. rewards)
are uncertain, members of the group may be concerned, ex ante, about how unequal their ex post
rewards will be. Meyer and Mookherjee (1987) argued that a group or a planner’s aversion to ex
post inequality can be formalized by adopting an ex post welfare function that is supermodular in
the realized utilities of the individuals, and thus that the supermodular ordering be used to rank
multivariate distributions according to their degree of ex post inequality. More generally, we can
use any of the orderings studied in Sections 2 through 4 to compare reward schemes according to

the degree of interdependence of the uncertain utilities of the members of a group.

Tournament reward schemes, which distribute a prespecified set of rewards among individuals, one
to each person, are a pervasive form of reward scheme in practice. There are many reasons for this,

relating to incentives and the cost of implementation ]

However, when groups dislike ex post inequality, tournament reward schemes should be particularly
unappealing, since they generate a form of negative interdependence among rewards: if one indi-
vidual receives a higher reward, this must be accompanied by another person’s receiving a lower

reward. This intuitive reasoning motivates us to use our interdependence orderings to formally

2"Tournaments can in some environments with agent moral hazard relax the incentive-insurance tradeoff facing
the principal. Also, by committing the principal to distribute a prespecified total level of rewards, they deter the
principal from underreporting agents’ performances. The set of rewards is often determined by exogenous factors
and hence difficult to alter, as with promotion contests in firms, and tournament reward schemes require only ordinal

information about performances, so are cheaper to implement than schemes requiring cardinal information.
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compare tournament reward schemes with schemes that provide each individual with the same
marginal distribution over rewards but determine rewards independently. Besides shedding light on
tournaments, these comparisons will also illuminate some of the subtleties associated with concepts

of negative interdependence for distributions in more than two dimensions.

Since our interdependence orderings are invariant to monotonic relabelings of coordinates, we will
focus henceforth on n-agent tournaments for which the prespecified set of prizes is the set L, =
{0,1,...,n — 1}. With probability 1, a tournament distributes each of the n prizes, one to each
individual. Thus, for any tournament, the n-dimensional ex ante distribution of prizes assigns
strictly positive probability to at most n! nodes in L = L, X ... X L,, where these nodes are the
permutations of L,. Our discussion here suppresses consideration of incentives and, in order to

focus purely on rankings of interdependence, compares only multivariate distributions with identical

marginals@

A symmetric tournament assigns equal probability to each of the n! possible prize allocations.
Symmetric tournaments generate a very strong form of negative interdependence in rewards, as

shown by the following proposition:

PROPOSITION 8 For any number of individuals n, the distribution of prizes in a symmetric tourna-
ment is dominated according to the greater weak association ordering by the independent distribution

with identical (uniform) marginal distributions.

Proof. Joag-Dev and Proschan (1983) showed that the prize distribution under a symmetric tour-
nament (termed by them a “permutation distribution”) displays negative association, as defined in
Section 2.2. The proposition then follows from this result and the definitions of negative association

and greater weak association. |

Symmetric tournaments are, however, non-generic in the class of tournaments, so it is natural to
ask: For what orderings of interdependence is it the case that any tournament, no matter how
asymmetric across individuals, displays less interdependence (i.e. more negative interdependence)
than the corresponding independent distribution with identical marginals? The following simple
example, for n = 3, shows that none of the five orderings compared in Theorem 2 will always rank

a tournament as less interdependent than the corresponding independent distribution.

Consider a tournament which assigns probability % to each of the outcomes (0,1,2) and (1,2,0).

28Thus, tradeoffs between interdependence and risk, or between interdependence and ex ante fairness, are sup-

pressed.
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The independent distribution with identical marginals gives individual 1 each of the prizes 0 and
1 with probability %, individual 2 each of the prizes 1 and 2 with probability %, and individual 3
each of the prizes 2 and 0 with probability % Let (X1, X2, X3) have the distribution under the
tournament and (Y7, Y2, Y3) have the corresponding independent distribution. Then for z = (1, 2,0),

1 1
PT(YZZ):Z<§:PT(XZZ),

so Y >conc X does not hold and hence, by Theorem 2, the tournament does not display less
interdependence than the independent distribution according to the dispersion, convex-modular,
supermodular, or greater weak association orderings either. In this example, the outcome (1,2,0)
is better than the outcome (0, 1, 2) for both individuals 1 and 2, though it is worse for individual 3.
Thus, under the tournament distribution, while the rewards of individuals 1 and 3 are negatively
interdependent, as are the rewards of individuals 2 and 3, the rewards of individuals 1 and 2
are positively interdependent. The five interdependence orderings in Theorem 2 all fail to rank
the independent distribution above the tournament in this example because for each ordering to
hold, it is a necessary condition that each pairwise joint distribution be rankable according to the

ordering.

Nevertheless, if we adopt an ordering which treats individuals symmetrically with respect to the

assessment of interdependence, then we can show

PROPOSITION 9 For three individuals, given any (arbitrarily asymmetric) tournament, the prize
distribution under the tournament displays more negative interdependence according to the sym-
metric supermodular and symmetric convex-modular orderings than the corresponding independent

distribution with identical marginals.

A crucial role in the proof of Proposition |§| (which is provided in Appendix F) is played by the
following explicit characterization of the SSPM and SCXMOD orderings on L = {0,1,2}3. Since

this characterization is of interest in its own right, we present it as a proposition.

ProproSITION 10 For random vectors Y and X with distributions g and f, respectively, on L =
{0,1,2)3, let §° denote the symmetrized version of 6 = g — f. The sets of conditions 1), ii), and

iii) below are equivalent:

i) g =sspm [
i) g =scxmop f;
symm

ii) g and 5™ have identical marginals, and 0% satisfies the following inequalities:
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1) 6°(2,2,2) > 0;

2) 6%(0,0,0) > 0;

3) 26°(2,2,2) + 36%(2,2,1) + 3min{0,0°(2,2,0)} > 0;

4) 26%(0,0,0) + 36°(1,0,0) + 3min{0, §°(2,0,0)} > 0;

5) 26°(2,2,2) + 46°(2,2,1) + 265(2, 1, 1) + 26°(2,2,0) + 26%(2,1,0) + min{0, 5%(2,2,0)} +
min{0,6°(2,0,0)} > 0.

~— ~—

N =

Proposition 10 is proved in Appendix F. To prove that iii) implies i), we adopt a constructive
approach analogous to the proofs of Propositions 6 and 7. We show that if the conditions in iii)
hold, then there exists a sequence of nonnegative ET’s that sum to §° and hence convert f%¥™™ to

g¥¥™ ™ Therefore, V™™ =gppr Y™™, which by Proposition 1 is equivalent to g =gsspa f-

One might, at first glance, suppose that when we adopt an ordering, such as SSPM or SCXMOD,
which treats individuals symmetrically with respect to the assessment of interdependence, then the
comparison of an asymmetric tournament with its corresponding independent distribution should
just reduce to the comparison of a symmetric tournament with its corresponding independent distri-
bution. This reasoning, however, is flawed. It is true that, as Propositions 1 and 2 show, comparing
two distributions according to the SSPM or SCXMOD orderings is equivalent to comparing the sym-
metrized versions of the distributions according to the supermodular or convex-modular orderings,
respectively. And it is also true that, for any (arbitrarily asymmetric) tournament, the symmetrized
version of the distribution of prizes it generates matches the distribution under a symmetric tour-
nament. However, as we vary the degree of asymmetry across individuals in the tournament we are
considering, we vary not only the corresponding independent distribution with identical marginals,
but also the symmetrized version of this distribution and the degree of interdependence it displays.
To see this, consider at one extreme a symmetric tournament; its corresponding independent dis-
tribution is clearly also symmetric, so the symmetrized version of this independent distribution is
independent. Consider at the other extreme a degenerate tournament which with probability 1
generates the outcome (2,1,0). The corresponding independent distribution is also degenerate and
coincides with the tournament distribution; hence its symmetrized version coincides with the dis-
tribution under a symmetric tournament, which we know from Proposition [§ displays a strong form
of negative interdependence. Thus, even when using orderings that treat individuals symmetrically,
comparisons of arbitrary tournaments against their corresponding independent distributions do not
reduce to the comparison made in Proposition 8: Proposition 9 does not follow from Proposition

829

29Using very different methods, Meyer and Strulovici (2010) show that the conclusion of Proposition 9 holds for

any number of individuals n. However, they do not provide an analog of Proposition 10.
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6 Conclusion

In this paper we examined five orderings of interdependence for multivariate distributions. While
greater weak association, the supermodular ordering, and the concordance ordering have received
some attention in the statistics and economics literatures, this paper introduces the dispersion
ordering and the convex-modular ordering. While in two dimensions, all five orderings are equivalent
(Theorem 1), for an arbitrary number of dimensions n > 2, Theorem 2 showed that the five orderings
are strictly ranked. In general, the dispersion and concordance orderings are easier than the others
to work with, since for any multivariate support, checking whether or not two distributions can be
ranked reduces to checking, for each point in the support, whether or not a fixed set of inequalities
holds. For a range of multivariate special cases, involving binary variables and/or various forms of
symmetry, we demonstrated some equivalences among the orderings and provided easily checkable

and easily interpretable necessary and sufficient conditions for the orderings to hold.

We briefly illustrated the application of our orderings to the assessment of interdependence of
behavior in a model of learning in networks and to the assessment of ex post inequality under
uncertainty. However, multivariate dependence orderings have many more potential applications
in economics and finance, including to comparisons of multidimensional inequality; assessments of
the efficiency of matching institutions; valuations of portfolios of assets or insurance policies; and

assessments of systemic risk.
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Appendices

A Proofthat Y =cw4 X implies Y =gpur X

This proof builds on Cristofides and Vaggelatou’s (2004) proof that if (Y1,...,Y,) is weakly as-
sociated, then (Y7,...,Y}) dominates its independent counterpart according to the supermodular
ordering. First, we define a new random vector Z that has the same distribution as X and is

independent of Y. We then show by induction that Y >gpas Z and hence Y =gpyr X.

For n = 2, the result is proved in the references cited after Theorem 2. Suppose that it is true for

n =m — 1, so that for all supermodular w, Ew(Y2,...,Yy) > Bw(Zs, ..., Zy). Then

li—1
Bw(Z1,Ya,...,Ym) = Y Ew(i,Ys,...,Yn)|Z1 = i|Pr(Z1 = i)
1=0

= Y Ew(i,Ys,...,Yn)Pr(Z =) (16)

= Y Ew(i,Ys,...,Yn)Pr(Y1 = i) (17)

[V
\'M
&=
&
N

= > EBw(i, 2, ... Zm|Y1 = 0)|Pr(Yi = i) (18)
= Ew(Yl, ZQ, ey Zm)

The equality in (16) uses the independence of Z from Y, and that in (17) the assumption that Y and
X, hence Y and Z, have identical marginal distributions (along with the fact that E[w(7, Ya, ..., Yn)]
is a univariate function of 7). The inequality follows by applying the induction hypothesis for each

value of i. The equality in (18) uses the independence of Z from Y.
Now we show that for all supermodular w,
Ew(Yl, YQ, ce ,Ym) - Ew(ZI, ZQ, ceey Zm) > E’LU(Zl,YQ, ce 7Ym) - Ew(Yl, ZQ, ey Zm)7

which combined with the previous steps yields the desired result. First observe that we can write

li—1

w(Y1,Ya, .., Vi) =w(Z1, Yo, . Vo) = > (Iyvisiy—Izisi) (w(i+1,Ya, . Vi) —w(i, Ya, ..., V).
=0
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Hence

Ew(Yl,}@, ,Ym)—Ew(Zl,YQ,...,Ym)
l;—1
— Z{E Ivysip(w(i+1,Ya,. . V) —w(i, Ya, ..., V)]
=0

-F [I{Z1>z}(w(’5 +1,Y, ..., Ym) — ’w(i,YQ, - ,Ym))]}
Ii—1

= D AE Iy (wl(i+ 1,Ys, ..., Vi) = w(i, Ya,..., V)]
=0

—E [Iz,50) Elw(i+1,Y2,...,Yn) —w(i,Ya,...,Yn))]} (19)
l;i—1

= D AE Iy (wli+ 1,Ys, ..., Vi) = w(i, Ya,..., V)]
=0

—E Iy, > Elw(i4+1,Ys, ..., Y) —w(i,Ya, ..., )]} (20)
l;i—1

= > CovlIpyysip,wli+ 1,Ya, ..., Vi) —w(i, Yo, ..., Yn)))
i=0
lLi—1
2 Z COU(I{Z1>7J}7 ZU(’L + ]-a ZZa sy Zm) - U}(Z, ZQ’ SRR Zm)))
i=0
= Bw(Z1,Zs,...,Zm) — Ew(Y1, Zs, ..., Zm). (21)
The equality in (19) uses the independence of Z from Y, and that in (20) the assumption that Y
and X, hence Y and Z, have identical marginal distributions. The inequality holds since i) I (Yi>i)
is an increasing function of Y1; ii) (w(i+1,Ya,...,Ys) —w(i, Ya,...,Y),)) is an increasing function
of (Ys,...,Y,,) since w is supermodular; and iii) by hypothesis, Y =gw4 X and hence Y =gwa Z.
The equality in (21) follows from the logic of the first four equalities. [

B  Proof that for n > 3, the supermodular ordering is strictly stronger than the convex-

modular ordering

Since every convex-modular function is supermodular, the supermodular ordering implies the
convex-modular ordering. To show that the implication is strict, we provide here an example
of a supermodular function on L = {0,1,2}3 which cannot be written as a nonnegative weighted

sum of convex-modular ones:

Define w as follows: w(2,2,2) = 3, w(2,2,1) = w(2,1,2) = w(1,2,2) = 2,w(2,2,0) = w(2,0,2) =
w(0,2,2) =1, w(2,1,1) = w(1,2,1) = w(1,1,2) = 1, w(0,2,1) = 1, and w(z) = 0 for all other
nodes z € L. We first show that this function w(z) is not itself convex-modular. Suppose it were.

Then clearly the function ¢(-) would have to take values in {0,1,2,3}. If 337 #%(x;) were strictly
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larger at (0,2,2) than at (0,2,1), then ¢(-) would not be convex, since ¢(-) would rise from 0 to 1
but then remain constant at 1 even though S77_ 7¢(x;) increased. If, instead, 35, 7*(z;) took on
the same value at (0,2,2) as at (0,2, 1), then since Z?Zl ri(x;) is modular (additively separable) in
the z;’s, it would follow that S22, r#(z;) took on the same value at (1,2,2) as at (1,2,1). However,
w(1,2,2) =2 > 1= w(l1,2,1). Thus, we reach a contradiction, so w(z) as defined above is not

convex-modular.

In Meyer and Strulovici (2010), we show how, for any finite support L, the “double description
method”, conceptualized by Motzkin et al (1953), can be used to determine the extreme rays of the
cone of supermodular functions on L. For L = {0, 1,2}3, we show there that the function w defined
above is an extreme ray of the cone of supermodular functions and hence cannot be non-trivially
expressed as a nonnegative weighted sum of supermodular functions. This, combined with the fact
that it is not itself convex-modular, shows that it cannot be expressed as a nonnegative weighted

sum of convex-modular functions.

C  Proof that in Example 1', ¢ =qwa [’

Since f’ and ¢’ are symmetric distributions, all partitions of {Z1, Z2, Z3} into disjoint sets {Z;} and
{Z;, Zx} will yield the same covariances. As is well known, any increasing functions on L = {0,1}?
can be written as nonnegative weighted combinations of indicator functions, so it is sufficient to
focus on functions r, s that are increasing indicator functions. Take 7(21) = Iy, —1y. If s(22,23) is
a function of only 2o or only z3, then Couv(r(Y7),s(Ya,Y3) > Cov(r(X1),s(X2,X3)) follows from
the facts that i) ¢ — f' = g — f, where g, f are defined in Example 1; ii) ¢ =spy f and the
supermodular ordering is a difference-based order, so ¢’ =gps f’; and iii) by Theorem 1, for n = 2,

the greater weak association and supermodular orderings are equivalent.

It remains only to consider s(zg,23) = Ij,,—.,—1y and s(22,23) = [y 12>1). For s(22,23) =

I{Z2:23:1}7
Cov(r(Y1), s(Y2,Y3)) — Cov(r(Xy), s(X2, X3)) =0,

while for s(22,23) = I{.p42,>1},
Cov(r(Y1), s(Ya, ¥3)) > 0 > Cov(r(X1), s(Xa, X3)).

Therefore, ¢ =awa [’
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B = 5(0,1,1,1) a=6(111)

5(0,0,1,1) = ¢ b, = 8(1)0,1,1)
oy = 400,1,1,0) 5, = 5(1,1,1,0) e = 4(0.1,0, 1) A Sl )
§(0,0,1[0) = &, ¢3¢ = 9 (140.1.0) ¢ = 6(1,0,0,1)

5(0,0,0,1) = b,

by 6(0,1,0,0) ey B0

§(0,0,0,0) = a B = 5(1,0,0,0)

Figure3: §=g- f for £={01}
and with "top-to-bottom symmetry"
(which implies ¢, = oy,

Cog =013 O = Cu)

D  Proof of Proposition

Since the SPM, CXMOD, and DISP orderings are all difference-based orderings, it is sufficient to
work with § = g — f, which for distributions on L = {0,1}* satisfying top-to-bottom symmetry
is depicted in Figure 3. In terms of the components of §, as defined in Figure 3, ¢(Y) =¢x ¢(X)
corresponds to a > 0 and 2a + Z?Zl b > 0, and Pr(Y; =Y;) > Pr(X; = Xj) for all i # j
corresponds to a + b; +bj + ¢;; > 0 for all 7 # j. Note that top-to-bottom symmetry of 4 implies

that c1o0 = ¢34, c13 = c24, and co3 = c14.

We first show that conditions iii) and iv) in the proposition are equivalent. For s = (0,0,0,0),
Y =prsp X implies a > 0 and 2a + Z?Zl b; > 0; for s = (1,0,0,0) and all permutations thereof, it
implies a+b; > 0 for all 4; for s = (1, 1,0,0) and all permutations thereof, it implies a+b;+bj+c;; > 0
for all i # j; and for s = (1,1,1,0) and all permutations thereof, it implies that X and Y have

identical marginal distributions. That X and Y have identical marginals is already implied by top-
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to-bottom symmetry. Moreover, top-to-bottom symmetry, in conjunction with a +b; +0b; +¢;; > 0

for all ¢ # j, implies a + b; > 0 for all 4. To verify this last claim, observe that

a+bi+bj—|—cij > 0

\%
o

a—+b; + br + cik

a+b+b+cg; > 0

together imply
4

3a + 2b; + Z bj + ¢+ cip ey > 0. (22)
j=1

Since identical marginals and top-to-bottom symmetry imply
4
a+zbj+0ij+czk+0¢l > 0,
j=1
thus reduces to a + b; > 0. Therefore, under the hypotheses of the proposition, Y =prgp X
is equivalent to a > 0, 2a + Z?:l b; > 0, and, for all ¢ # j, a + b; + b; + ¢;; > 0. Since, as
indicated above, these three inequalities are together equivalent to condition iv), we have shown

that conditions iii) and iv) are equivalent.

We now decompose § into 24 elementary transformations (ET’s) of the form defined in (3): for
each of the 24 faces of the hypercube L = {0,1}*, there is one ET involving the 4 nodes on that
face. We will abuse notation slightly and let the value of § at a given node also serve as the label
for that node. Let the two ET’s involving the nodes a, b;, b;, and ¢;; (there are two such ET’s
because of the top-to-bottom symmetry of 6) have size §;; = ;. Let the two ET’s involving the
nodes b;, ¢, cit, bj (once again, there are two such ET’s because of the top-to- bottom symmetry)
have size o;; = aj;. There are 6 distinct values of 3;; and 6 distinct values of ;. For the 24 ET’s

so defined to sum to 4, it is necessary and sufficient that 3;; and «a;; satisfy

> B = a

i<j
bi + Bij + Bix + B = i+ o+ oy Vitj#k#I
—Cij + ﬁz‘j + B = oyt oyt Qi + Vi 7'é J 7§ k 7§ l. (23)

These three (sets of) equations ensure that each of the (sets of) nodes labeled a, b;, and c¢;j,

respectively, in Figure 3 is transformed from its values under the distribution f to its values under
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the distribution g by the sequence of ET’s just defined. The equations can be rearranged to

Z/Bij = a

i<j
bi+ B+ B+ B8 = qijtoaptag  NViFjFEEFI
20 + 20 = a+bi+bj+c; ViFjFEk#L (24)

Noting the similarity between the equations and the equations for the three-dimensional

cube, set

a(a + b; + b + cij) L,
= , Vi k#£1
Bri wrston FiFk#

2 2 b b 4 bj + i
= ( Q+Zz:1 )(a_z + ]-I-C]), VZ#] (25)

Recalling that top-to-bottom symmetry of § implies that ci1o = ¢34, €13 = ca4, and cog3 = c14, it is
easily checked that with these choices for fj; and «;j, equations are satisfied. Furthermore, if
a >0, 2a+ Z?Zl b; > 0 and for all i # j, a + b; + b; + ¢;; > 0, then Bi; and a;; as defined in
are all nonnegative. Thus, condition (iv) in the proposition implies the existence of a sequence of
nonnegative ET’s that sum to § = g— f. Since each ET raises the expectation of any supermodular
function, it follows that g >gpas f. By Theorem 2, it then follows that conditions i)-iv) are all

equivalent.

E Proof of Claim 1

The four agents are denoted A, B, C, and D, and we also use these letters to denote the action

choice, which is either 0 or 1, of the corresponding agent.

We first prove Part ii) of the claim, that the distribution of actions in the complete network displays
greater weak association than the distribution of actions in the diamond (or line) network. First
consider the case of (A, B) and s(C, D). (The case of r(A4, D) and s(B, () is symmetric.) Each
function r and s takes four possible values. By bilinearity of the covariance, we can scale these
functions and translate them without affecting inequalities. Without loss of generality, thus, set
700 = Sg0 = 0 and r11 = s11 = 1@ Since r, s must be increasing, the remaining four values rg1, 710,

s10 and sg; may take any values between 0 and 1.

Using the above values, it is easy to show, given the probability distributions induced by the

301f either r1; = ro0 Or S11 = Soo, then the claim is trivially true.
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complete and diamond networks, as shown in Figure 2, that the difference in covariances satisfies

Cov®™[r(A, B), s(C, D)] — Covdiam[T(A7 B),s(C, D)]

1
= &1 {6 — 2(r10 + o1 + So1 + s10) — 2(10510 + T01501) + 6(r01510 + T10501) } -

This expression has the sign of
2+ 2(ro1 — r10) (510 — S01) + 2(1 — 701)(1 = 510) + 2(1 — 710) (1 — 501),

which is nonnegative, since the second term is bounded by 2 in absolute value, and the third and

fourth terms are nonnegative.

Now consider the case of r(A,C) and s(B, D). Since A,C and B, D are independent under the
diamond distribution, the covariance for that distribution is zero, and we need only show that
r(A,C) and s(B, D) have non-negative covariance for the distribution under the complete network.

Using the same normalization and notation as above, we can compute, using Figure 2,
Cov®™r(A,C),s(B,D)] =
6i4 {20 + 4(7r10 + 701) (510 + S01) — (3 + 710 + 701) (3 + 510 + 501) } -
This expression has the sign of
5+ 3(1 —701)(1 = s10) + 3(1 —7r10)(1 — S01) + 3710810 + 3701501,
which is clearly nonnegative.

Finally, consider the case of (D) and s(A, B,C). (For partitions of the set of agents into a set of
3 agents and a set of 1, the problem is symmetric under all permutations of the agents.) Again,

without loss of generality, suppose that 7(0) =0 and r(1) = 1. Then,
E®“™[r(D),s(A,B,C)] = Prom™?(D = 1)E“™P[s(A, B,C)|D = 1].
Therefore,
Cov®™(r(D),s(A,B,C)) = Pre™?(D = 1) {E“"™[s(A,B,C)|D = 1] — E“™[s(A, B,C)|},

with a similar expression for the diamond distribution. Therefore, since the complete and diamond
distributions have equal marginals, Prc®™P(D = 1) = Prdi“m(D = 1), and it suffices to show that

for any increasing function s,
EP[s(A, B,C)|D = 1]+ E%™[s(A, B,C)] > E“™[s(A, B,C)]+ E%™[s(A, B,C)|D = 1]. (26)
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To show , we sum the two probability distributions on the left-hand side (the conditional distri-
bution for the complete network and the unconditional one for the diamond) and, separately, sum
those on the right-hand side (the unconditional one for the complete network and the conditional
one for the diamond). Then we show that the difference, A(A, B, C), between these sums makes a

nonnegative scalar product with any increasing function s. We compute (in units of 6—14)

A(1,1,1) = 14, A(1,1,0) = —6, A(1,0,1) = 2, A(0,1,1) = —6, A(1,0,0) = 6,
A(()? 170) = _27 A(0,0, 1) = 67 A(O,O,O) = —14.

Observe that i) A(1,1,1) > 0; A(1,1,0) < 0, A(0,1,1) < 0, and A(0,1,0) < 0; and A(1,1,1) +
A(1,1,0) + A(0,1,1) + A(0,1,0) = 0. Similarly, observe that ii) A(1,0,1) > 0, A(1,0,0) > 0, and
A(0,0,1) > 0; A(0,0,0) < 0; and A(1,0,1) + A(1,0,0) + A(0,0,1) + A(0,0,0) = 0. Tt follows
from i) and ii) that for any increasing function s on {0,1}%, A -s > 0, and therefore (26) holds.
This completes the proof that the distribution under the complete network displays greater weak

association than the distribution under the diamond (or line) network.

Part i): In the benchmark case when all agents randomize independently and symmetrically, the
covariance of r and s is always zero since r and s are defined on disjoint subsets of agents. Thus we
need only confirm that for all increasing functions r and s, Cov(r, s) > 0 for the complete, diamond
(and line), and star networks. Moreover, given the proof of Part ii) (above), once we show that the
distribution under the diamond network displays greater weak association than the independent

benchmark, it will follow that the same is true for the complete network.

For the diamond network, we have already observed that A,C and B, D are independent, and
hence Cov(r(A,C),s(B,D)) = 0. Consider therefore the case of (A, B) and s(C, D). (The case of
r(A,D) and s(B,C) is symmetric.) Using the same normalization and notation as above, we can

compute, using Figure 2,
Cov®™™[r(A, B), s(C, D)] =
é {9+ 3(r10 + 7101 + S01 + 510) + 9(r10810 + T01801) + (T01501 + T10810) — 4(1 + 710 + 701) (1 + S10 + S01) } -
This expression has the sign of
3+ 3(r10 — 701) (510 — s01) + 10510 + 701501 + (1 — 701)(1 — s01) + (1 — 710)(1 — 510),

which is nonnegative, since the second term is bounded by 3 in absolute value, and all subsequent

terms are nonnegative.

49



Now consider the case of (D) and s(A4, B,C). (All permutations of the agents will leave Cov(r, s)
unchanged.) Normalizing r(0) = 0 and r(1) = 1, we have

Cov™™(r(D), s(4, B,C)) = Prie™(D = 1) { E¥"[5(A, B,C)|D = 1] - E"™[5(4, B,C)]},
so it suffices to show that
E%m[5(A, B,C)|D = 1] — E“™[s(A, B,C)] > 0 (27)

for all increasing functions s. The difference, A(A, B, C), between the conditional and unconditional

distributions on the left-hand side of 1) satisfies (again using units of 6%1)
A(1,1,1) =6, A(1,1,0) = 2, A(1,0,1) = -6, A(0,1,1) =2, A(1,0,0) = —2,
A(0,1,0) =6, A(0,0,1) = =2, A(0,0,0) = —6.

Since for each (A4,C) € {0,1}2, A(A,1,0) > 0 and A(A,1,C) + A(A,0,C) = 0, it follows that
for any increasing function s on {0,1}%, A -s > 0, and therefore (27) holds. This completes the
proof that the distribution under the diamond network displays greater weak association than the

independent benchmark.

We now turn to the star network and consider the case of 7(A, B) and s(C, D). (All permutations
of the agents will leave Cov(r, s) unchanged.) Using the same normalization and notation as above,

we can use Figure 2 to compute
star 1 1 1
Cov [T(A, B), S(C, D)] = 1(1 + 7“01) — g(l + ro1 + 7“10) = g(l + (7’01 — 7”10)),
which is nonnegative.

For the star network, A is independent of B,C, D, so Cov(r(A),s(B,C,D)) = 0. Now consider
r(D) and s(A, B,C). (All remaining permutations of the agents will leave Cov(r, s) unchanged.)

Following the logic used for the diamond network above, it suffices to show that
B [s(A, B,C)|D = 1] — E*'*"[s(A,B,C)] > 0 (28)

for all increasing s. The difference, A(A, B, ('), between the conditional and unconditional distri-

butions on the left-hand side of l) satisfies (again using units of 6%1)

A(1,1,1) = A(0,1,1) = 16, A(0,0,0) = A(1,0,0) = —16
A(1,1,0) = A(1,0,1) = A(0,1,0) = A(0,0,1) = 0.
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It is easy to see for this A that for any increasing function s on {0,1}?, A-s > 0, and therefore
holds. Therefore the distribution under the star network displays greater weak association than

the independent benchmark.

Part iii) of Claim 1 is proved in the text following the statement of the claim.

F  Proofs of Propositions |§| and

We first prove Proposition [I0] and then use this proposition to prove Proposition [0

Proof of Proposition We proceed in three steps. Step 1 shows that the conditions in iii)
imply that ¢*¥™" >=gppr fY"™™ and hence, by Proposition 1, that ¢ =ggspas f. Step 2 is simply
to note that it follows from the definitions of the symmetric supermodular and symmetric convex-
modular orderings that g >gspnys f implies g =soxnmop f. Step 3 shows that ¢ =soxmop f

implies the conditions in iii).

Step 1: For convenience, we let the values taken by %) the symmetrized version of § = g — f,
on L = {0,1,2}3 be as represented in Figure 4. As in the proof of Proposition [7, we will abuse
notation slightly and let the value of 6° at a given node in Figure 4 also serve as the label for that

node.

The condition that ¢*¥™™ and f%¥""" have identical marginal distributions is equivalent to

a+2b+c+2d+2+ f=b+2c+g+2e+2h+i=d+2+h+2f+2i+j=0. (29)

We now decompose §° into 36 elementary transformations (ET’s) of the form defined in (3], and we
show that the conditions in iii) of Proposition [10|are sufficient for the existence of a decomposition
of 4% in which all E'T’s have nonnegative sign. We construct a sequence of E'T’s simultaneously from
the “top” of L, i.e., the node (2,2,2), and the “bottom”, i.e., the node (0,0, 0), since the structure
of L (though not the actual values of ¢%) is similar viewed from the top and from the bottom. We

proceed in several stages, representing progression from the top and bottom of L towards its center.

Since there does not exist a unique decomposition of 4% into a sequence of ET’s, at some stages below
we need to introduce undetermined variables to describe the sizes of the ET’s. After describing
the sequence of ET’s, we show how to assign values to these undetermined variables to identify

sufficient (and also necessary) conditions for the sizes of all ET’s in the sequence to be nonnegative.
First stage: Assign to the 3 ET’s involving nodes (a, b, b, ¢) size a/3 each. Similarly, assign to the
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3 ET’s involving nodes (j,1,1,h) size j/3 each. This guarantees that the sum of these ET’s will
match §° at (2,2,2) and (0,0,0).

Second stage:
e For each node b, assign to the 2 ET’s involving nodes (b, ¢, d, e) size A\, each, and assign to
the 1 ET involving nodes (b, ¢, ¢, g) size b+ 2a/3 — 2\, each.
e For each node ¢, assign to the 2 ET’s involving nodes (i, h, f, e) size)\; each, and assign to the

1 ET involving nodes (i, h, h, g) size i + 25/3 — 2); each.

Ap and \; are the undetermined variables.

Third stage:

e For each node d, assign to the 1 ET involving nodes (d, e, e, h) size d + 2.

e For each node f, assign to the 1 ET involving nodes (f, e, e, c) size f + 2\;.

Fourth stage: For each node ¢, assign to the 2 ET’s involving nodes (¢, e, g, h) size a + 2b+ ¢ +
d+e— (A + \;) each.

It is easily checked, using the equations corresponding to identical marginal distributions for

g¥¥™M and fSY™™ that the sequence of ET’s defined above sums to 6°.

Set
Ay = max{0,—d/2} >0 and Ai = max{0,—f/2} > 0.

Then the following conditions are sufficient to ensure that every ET in the sequence defined above

has nonnegative size:

1. a > 0;

2. 7=20;

3. 2a + 3b+ 3min{0,d} > 0;

4. 27 + 3i + 3min{0, f} > 0;

5. 2a 4 4b + 2¢ + 2d + 2e + min{0, d} + min{0, f} > 0.
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These 5 conditions correspond to the 5 conditions on §° listed in iii) of Proposition Hence iii)

implies g% =gppr Y™™ and therefore, by Proposition 1, ¢ =sspar f, which is i).

Step 3: Since for k € {0, 1,2}, the symmetric functions w(z1, 22, 23) = Zf’zl It>ky and w(z1, 22, 23) =
— 23:1 I, >y are both convex-modular, g =scxmop f implies that for all k € {0, 1,2}, Zf‘zl Pr(Y; =
k) = Z?:l Pr(X; = k), which in turn implies that ¢*¥™™ and f*¥""™ have identical marginal dis-
tributions. Hence equations hold.

The 5 conditions above can be expanded and simplified, using , to yield:

3. 2a+3b > 0;

4. 2a 4 3b+ 3d > 0;

5. 2j +3i > 0;

6. 27+ 3i+3f >0

7. 3a+ 6b+ 3c > 0;

8. 3j+6i+3h>0;

9. 3a + 6b + 3c+ 3d > 0;

10. 6a + 12b + 6¢ + 6d + 6e > 0.
For each of these 10 inequalities, we list below a symmetric w € CM* such that the correspondingly
numbered inequality is equivalent to EFw(Y) > Ew(X). (Recall that CM* was defined in Section

2.4 as the set of nonnegative weighted sums of convex-modular functions.) This establishes that

g =scxmop [ implies the conditions in iii). The 10 symmetric functions are:
1. wl(z) = max{O, (Z?:l I{ziZQ}) - 2};
2. w2(z) = ma’X{()? 1- (Z?:l 1{2121})};
3. w(2) = 2max{0, [C (Izm2) + 5142,-1)] — 2};
4. w4(z) - maX{O? (Z?:l I{ZZZQ}) - 1};
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5. w(z) = 2max{0,1 — [0 (Irzi—oy + 3 e}

6. w(z) = max{0,2 — (37, I>1) )

7. w'(2) = 4max{0, 30 (Tzimoy + §1(z—1})] — 2.25};
8. wh(2) = 4max{0,.75 — [0 (Izm0) + § =1y}
9. w?(2) = 2max{0, 37, (Igz,—2y + 31(z=1)] — 1.5};

10. w'%(z) = 6™ (), where @Y™ (2) is the symmetrized version of @(z) = max{0, (Zg’zl I>imny)—

2).

To confirm the equivalence between, for example, inequality 9. above and Ew®(Y) > Ew’(X),
observe from the definition of w?(2) that w%(2,2,2) = 3, w%(2,2,1) = 2, w?(2,1,1) = w?(2,2,0) =
1, and w?(2) = 0 if 2?21 z; < 3. Now use the fact that w?(2) is a symmetric function, and Figure
4, to write

E[w?(Y) —w®(X)] = 6° - w® = 3a + 6b + 3¢ + 3d.

Similarly, for w!%(2), note that @ (z) = max{0, (2?21 It.>im1y) = 2} = I120,20 1,252}, and there-

fore, since wl%(z) = 6w*Y™™(z),
Elw®(Y) —w®(X)] =6 w® =6(a+2b+c+d+e).
The equivalences for w(z), i € {1,...,8}, can be verified similarly. [

Proof of Proposition @: Let f denote the distribution of prizes under any (arbitrarily asym-
metric) tournament, and let g denote the corresponding independent distribution in which each
individual faces the same marginal distribution over prizes as in the tournament. We will prove
the proposition by showing that, given any tournament, the corresponding f and g satisfy the

conditions in iii) of Proposition from which it follows that g =gsspas f and g =soxnmop f-

By construction, g and f have identical marginal distributions, and therefore g®¥"™ and f%¥™"
have identical marginals. For any tournament, the distribution f assigns positive probability to at
most 6 outcomes, the 6 permutations of (2,1,0). Therefore, for any tournament, the distribution
[PV assigns probability % to each of these 6 outcomes. For deriving g, and thence ¢*¥™", from
f, observe that all of the relevant information about f is summarized by a 3 x 3 bistochastic
matrix T, where the i*" row of T' describes individual i’s marginal distribution over the 3 prizes
under the tournament, and therefore also under the corresponding independent distribution g. The

symm

distribution ¢ is obtained from g by the symmetrization operation defined in .
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The proof of Proposition showed that the 5 inequalities in iii) of that proposition can be ex-
panded, and simplified using the identity of the marginals of f*¥™™ and ¢g*¥"™, to the 10 numbered
inequalities above involving a, b, ¢, etc. Observe that only one of these inequalities, the tenth one, in-
volves the variable e, which as Figure 4 shows represents 6°(2,1,0) = ¢*¥™™(2,1,0) — f5¥™™(2,1,0).

Since f5¥""(z) = 0 for any z which is not a permutation of (2,1,0), it follows that ¢* = ¢g*¥™™ —
f5vmm > 0 for any z which is not a permutation of (2,1,0). Therefore, for any tournament we
consider, all of the variables in Figure 4 other than e are nonnegative, and hence the first nine

inequalities above are automatically satisfied.

To verify that the tenth inequality is satisfied, for any tournament, we parameterize the 3 x 3

bistochastic matrix 7" summarizing the tournament as follows:

t 1—t—r T
1—-t—-10l t+r+1l+b—-1 1—7r—9
l 1—-1-0b b

Using this parameterization to compute ¢g*¥"""  and thence ¢g*¥"™"™ — fSU™" we find that
6a + 12b + 6¢ + 6d + 6e > 0 < F(t,1,b,7) > 0,

where F(t,l,byr) =2rt+2bl +1lr +bt+1—1r—1t—b.

We need to show that F(t,l,b,7) > 0 for all feasible 3 x 3 bistochastic matrices T, where the

feasibility constraints are

t+r

IN

L t+1<1; r+b<1; [+b< 1
t > 0 r>0; 1>0;, b>0; t+r+I1+b>1. (30)

There is a unique stationary point of F, t =l=r=0b= %, and at this point, F' = %, but this point
is not a local minimum of F', since F'(1,0,b,0) = 0 for any b. Therefore, since F' is continuous and
differentiable, the minimum of F' is attained on the boundary of the feasible set defined by .
It is a straightforward exercise to confirm that everywhere along the boundary of the feasible set,
F(t,1,b,7) > 0. This establishes that for any tournament, f and the corresponding ¢ satisfy the
conditions in iii) of Proposition and therefore g >=sspyr f and g =scoxmobp f- |
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