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Abstract

This paper compares two procedures for allocating multiple oligopoly licenses
to firms with independent marginal costs: a simultaneous “pay-your-bid” auction
and a sequential first-price auction, where the winning bids are announced at the
end of each round. When the winners’ marginal costs are truthfully revealed after
the auction, so that the information their bids convey cannot affect the market
competition, the two schemes are allocation and revenue equivalent. In the se-
quential auction, however, the firms bid in a more informed manner. As a result,
the weaker (ex post) of the two oligopolists can win his license at a lower price
than the one he would pay in the simultaneous auction. Conversely, the stronger
oligopolist pays a higher price. Hence, the sequential auction results in a more
equal distribution of the wealth generated by the oligopolistic market. In addition,
it eliminates the possibility of winner’s regret, that is, of gaining a license at a
price that exceeds its eventual value. When the winners’ marginal costs have to be
inferred from their bids in the auction, it is possible for the firms to enhance their
market profits by signaling a different type. In this case, our results extend only
in the case of the Cournot oligopoly, in which the firms are better-off overstating
their strength. In the Bertrand oligopoly, in which the firms’ signaling incentives
are negative, a separating equilibrium exists only in the simultaneous auction.
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1 Introduction

Many important auctions have aimed at creating new markets or at expanding markets
that already exist. For example, the radio spectrum auctions conducted by the Federal
Communications Commission in the United States (and by similar government agencies
elsewhere in the world) have allowed the wireless communication companies to expand
their services. In the same manner, the auction of other state-owned resources, such as
oil fields or timber tracts, have enabled the related companies to expand their opera-
tions. In addition, in several regulated markets, companies need to compete periodically
for the acquisition or renewal of the license to supply their product. Finally, the devel-
opment of new technologies often forces those companies that can benefit from them to
compete for the acquisition of the right to use them.!

Such auctions are typically characterized by the presence of allocative and informational
externalities. In particular, the value of the resources or of the licenses that are sold,
that is, the market profit that these assets may generate, depends on the entire outcome
of the auction. First, it depends on the characteristics of the bidders against which a
firm will compete in the market. In addition, it may depend on the identities of the
winning and the losing bidders. Finally, when the bidders’ characteristics are privately
known, their bids convey information about them, in a manner that allows for the pos-
sibility of signaling. For example, an oligopoly license is more valuable for its recipient
when the firms that gain the other licenses are weaker. Similarly, an oligopolist’s overall
benefit from acquiring the rights to use a new technology increases when his market
competitors, which are prevented from accessing this technology, can derive a greater
benefit from it. Finally, in both examples, a firm can profit from exaggerating or from
understating its private information during the auction. Hence, because of these ex-
ternalities, the value of the assets sold is determined endogenously, by the types of the
bidders, the final allocation and the information that the auction reveals.?

In this paper, we study a particular environment in which such externalities are present:
an auction of two licenses to supply in a Cournot oligopoly or in a Bertrand oligopoly
for differentiated products.? For each of the competing firms, the value of the auctioned

For a survey of the FCC auctions, see Cramton [5, 6]; for a survey of similar auctions in Europe, see
Jehiel and Moldovanu [21] and Klemperer [32]. For information regarding the auctions of oil sources or
of timber tracts, see, respectively, Cramton [7] and Hendricks and Porter [15] as well as the references
therein. For the relation between an auction and the market created by it, see Dana and Spier [8].
Regarding patent licensing schemes, see Kamien [27], Kamien et al. [28] and Kamien and Tauman [29].
Finally, for a general survey of auctions of public assets and the issues that typically arise in them, see
Janssen [18].

2This environment differs from that of an auction with symmetric interdependent valuations, such
as the one studied in Milgrom and Weber [35]. There, the value of the assets sold depends on the
bidders’ private information only. It is independent of the outcome of the auction; in particular, it does
not depend on who wins the auction or on the information that the auction may reveal.

3For simplicity, we have assumed that the sale of the licenses results in the creation of a new market.
Our results, however, easily extend to an auction of two licenses to enter an already existing oligopoly
or monopoly. In such an auction, the structure of the firms’ payoffs and incentives is identical to that
in our model. Similarly, one can modify our model so as to describe the auction of two licenses to use
a process innovation. Again, the structure of the firms’ incentives will not change.



licenses depends, primarily, on its own production costs. In addition, it depends on the
production costs of the winner of the other license, that is, of the firm with which it will
compete in the market. Finally, when the firms’ production costs cannot be revealed
otherwise, there is the possibility of signaling through bidding. In a Cournot oligopoly,
a firm can increase its market profit by signaling, during the auction, a stronger type,
so as to beguile its opponent into supplying a smaller quantity. Similarly, in a Bertrand
oligopoly, a firm can increase its profit by signaling a weaker type, so as to lure its
opponent into setting a higher price.

We compare two procedures for allocating the oligopoly licenses, a simultaneous “pay-
your-bid” auction* and a sequential first-price auction. We assume that in each auction
scheme, the seller reveals the same information, namely, the two winning bids. The two
schemes differ, however, in the timing of revelation of that information. In the simulta-
neous format, all information is revealed at the end of the entire procedure, prior only
to market competition. On the other hand, in the sequential format, some information,
the bid that won the first license, is revealed during the bidding process, in between the
two auction rounds. As a result, in the sequential auction, the firms can bid in a better-
informed manner, as some of the strategic uncertainty present in this environment is
eliminated.

When the winners’ production costs are truthfully revealed after the auction®, so that
the information conveyed by their bids does not affect the ensuing market competition,
then for each auction scheme there exists a symmetric equilibrium in strictly monotone
bidding strategies. The two licenses are therefore allocated to the two strongest firms.
The difference in the information structure, however, affects the degree by which the
firms shade their bids and, therefore, the prices that they eventually pay.

In the first round of the sequential auction, the firms know that they will win the license
only if they have the strongest type. Therefore, since they do not take into account
the possibility of having to compete against a stronger market opponent, they shade
their bids less than they would do in the simultaneous auction. Consequently, the
stronger of the two market competitors, as revealed by the outcome of the auction, pays
a higher price in the sequential auction than in the simultaneous one. Similarly, the
firms participating in the second round know that, by winning the second license, they
will necessarily have to face a stronger market competitor. Therefore, on average, they
shade their bids more than they would do in the simultaneous auction. As a result, the
weaker of the two market competitors pays a higher price in the simultaneous auction.®

4In Krishna [33] and elsewhere, this auction is referred to as a discriminatory auction.

5The revelation of the two oligopolists’ production costs can be the consequence of the actions that
they need to take in the time period between the end of the auction and the beginning of the market.
Truthful revelation can also be assumed when the effects of false signaling are negligible, for example,
when the oligopolists can quickly adjust their market strategies. This assumption is present in much
of the literature on auctions with externalities, for example, in Jehiel and Moldovanu [20].

61n addition, in the simultaneous auction, the weaker of the two oligopolists may gain his license at
a price that exceeds its revealed value, thus, regretting his participation to the market. Such a negative
outcome, however, cannot occur in the sequential auction.



Despite the differences in the bidders’ behavior, the two auction schemes turn out to be
revenue equivalent.” The excess of aggression that the bidders show in the first round
of the sequential auction, which stems from the good news that a victory in this round
will convey, is balanced, on average, by the excess of restraint that the bidders show in
the second round, in reaction to the bad news they have received. Therefore, without
incurring any cost to the seller, the sequential auction results in a more even distribution
of the wealth generated by the introduction of the new market.®

When the oligopolists’ production costs are not automatically revealed after the auc-
tion, but have to be inferred from their bids, the possibility of signaling is introduced.
In this case, the firms adjust their valuations by incorporating the informational rents
that they can extract. In each auction scheme, there are two incentive trade-offs, the
signaling and the non-signaling one. Since the firms’ market profit functions are sepa-
rable in their real and signalled production costs, the two trade-offs can be separated
and treated independently. Therefore, the firms’ non-signaling incentives can always be
balanced, as in the case in which their costs are truthfully revealed. On the other hand,
the possibility of balancing the signaling incentives depends on the auction scheme as
well as on the type of the market.

In the simultaneous auction, the firms can adjust their strategies so that any gains from
false signaling can be offset by an increase in the expected payment, in the case of the
Cournot market, or by a decrease in the probability of winning a license, in the case of
the Bertrand market. In the sequential auction, a similar trade-off is possible only in the
Cournot oligopoly. In the Bertrand oligopoly, a firm can always profit from mimicking
a weaker type in the first round, as this would increase its expected market profit and
decrease its expected payment, without changing its overall probability of winning one
of the two licenses. Therefore, in this case, no symmetric monotone equilibrium exists.

Hence, in the Cournot oligopoly, the non-signaling results remain valid under signaling.
The two auction schemes are revenue equivalent, even though the sequential auction
favors the weaker (ex-post) of the two oligopolists. On the other hand, in the Bertrand
oligopoly, a comparison between the two auction schemes is not possible, since a sepa-
rating equilibrium exists only in the simultaneous auction.”

"Since we assume that the firms’ production costs are independent, the intuition of the Linkage
Principle for auctions with interdependent valuations (cf. Milgrom and Weber [35]) does not apply to
our setting. For this principle to impose a revenue ranking in favor of the auction scheme that reveals
more information during the bidding procedure, in this case, in favor of the sequential auction, the
firms’ production costs must be affiliated.

8The seller’s concern for a more even distribution of the oligopolists’ overall profit may stem from
a desire to maintain balance, over time, among the competing firms. In this case, therefore, the choice
of a sequential auction can be thought off as an indirect subsidy to the weaker market participant. For
a discussion of this issue, see Maasland et al. [34].

9In light of the results regarding information sharing in oligopoly (cf. Gal-Or [11, 12]), our signaling
results are hardly surprising. In particular, when signaling is possible, a separating equilibrium exists
only in the oligopoly in which the firms are willing to share information about their production costs.
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Overall, our results regarding the comparison of the two auction schemes are based on
the ability of the sequential auction to generate implicitly, by the characterization of
the equilibrium, information about the two winners’ relative strengths. This information
enables the firms to modify their interim valuations for each of the auctioned licenses.
The first license becomes more valuable, relative to a license won in a simultaneous
auction, since its acquisition implies a stronger presence in the market. On the other
hand, the second license becomes less valuable, since its recipient will have a weaker
market presence. As a result, the licenses (and the information that accompanies their
acquisition) are sold at different prices than the ones paid in the simultaneous auction.

The early study of auctions with externalities'® assumed that the externalities depend
only on the number of allocated objects (and not on the bidders’ types and identities).
In their study of the persistence of a monopoly, Gilbert and Newbery [13] show that
a monopolist who faces a potential entrant may bid for a technological innovation for
which he has no use, in a preemptive manner. Within the context of patent licensing
and vertical contracting, Katz and Shapiro [30], Kamien and Tauman [29] and Kamien
et al. [28] compare some typical licensing mechanisms, such as auctions, fixed fees and
royalties, and show the superiority of auctions.

Optimal selling mechanisms in the presence of type-dependent externalities were first
studied by Jehiel et al. [25, 26]. If the agents’ private information is multi-dimensional,
then it is optimal for the seller to employ identity-dependent “threats”, which exploit
the negative allocative externalities in order to extract surplus from bidders that do not
acquire the license. For very strong negative externalities, the bidders may even pay
the seller not to allocate the license at all. Clearly, this mechanism is not efficient. In
fact, Jehiel and Moldovanu [22, 23] show that, with multi-dimensional signals, efficiency
cannot be implemented. If the agents’ private information is single-dimensional, how-
ever, efficiency is feasible. Figueroa and Skreta [10] show that sometimes the optimal
mechanism is efficient; at other times, though, it allocates the auctioned objects in a
random manner.

Since the application of the optimal mechanism, in particular, the differential treatment
of the bidders, may not be possible, Jehiel and Moldovanu [19, 20] examine relatively
simpler selling schemes, such as auctions with fixed reserve prices or entry fees. They
find that some bidders may prefer to abstain from the auction, if their participation can
have an adverse effect on bidding or on the winner’s identity. Conversely, to encourage
participation, the seller may set a reserve price below his own reservation value. In a
multi-unit setting, in particular, in the sale of the rights to use a cost-reducing inno-
vation in an oligopoly, Schmitz [37] and Bagchi [2] examine simultaneous auctions of
a predetermined number of licenses. As the bidders’ information is single-dimensional,
the licenses are allocated efficiently. In addition, the seller can be better off auctioning
multiple licenses rather than the exclusive rights to use the technology. Finally, in an
auction of multiple licenses to enter an already existing oligopoly, Hoppe et al. [16] show
that the resulting market can be less competitive if more licenses are made available.

0For an extensive survey of the literature on this subject, see Jehiel and Moldovanu [24].
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Signaling in auctions with externalities was introduced in Goeree [14], who examined the
auction of a single license to compete against a monopolist with known marginal cost.
Das Varma [9], in a problem of bidding for the acquisition of a cost-reducing patent,
identified conditions for the existence of equilibrium in the presence of negative infor-
mational externalities. Katzman and Rhodes-Kropf [31] extended the study of signaling
to more general schemes of information revelation, showing the revenue equivalence of
the auction schemes that result to the same allocation and reveal the same information.
Finally, Molnar and Virdg [36] determine the revenue maximizing allocation and infor-
mation mechanism in environments with post-auction interaction.

The present work contributes to the existing literature on auctions with externalities
by extending the analysis of the multi-unit case to sequential auctions. When there is
no signaling, we show that both the simultaneous and the sequential scheme lead to
an efficient allocation of the licenses'! while they raise the same revenue for the seller.
In addition, we demonstrate the effects of the better-informed bidding that is allowed by
the sequential format, showing that it favors the weaker, ex-post, of the two oligopolists.
Hence, in the absence of informational externalities, we conclude that the sequential auc-
tion can be recommended as a policy device to an auctioneer who wishes to achieve a
more even distribution of the wealth generated by the creation of the oligopoly. Finally,
we explore the implications of signaling, showing that the incentive to understate one’s
strength, which is present in the case of the Bertrand oligopoly, eliminates the possibility
of efficient allocation.

In the next two sections, we present the model describing our problem and we analyze
the firms’ behavior in the oligopoly created by the auction of the two licenses. In
section 4, we examine the two auction procedures when there is no signaling, deriving
symmetric equilibria in strictly monotone bidding strategies and comparing them. In
section 5, we analyze the case of positive signaling, which is present in the Cournot
oligopoly, showing that the non-signaling results fully extend. In section 6, we study the
case of negative signaling, present in the Bertrand oligopoly, showing that a symmetric
equilibrium in strictly monotone strategies exists only for the simultaneous auction.
Finally, we conclude in section 7.

Since the bidders’ private information is single-dimensional, the efficiency result in our setting does
not contradict Jehiel and Moldovanu [22, 23].



2 General Model

We study the auction of 2 licenses for participating in a newly formed oligopoly, which
will take the form of either Cournot competition or Bertrand competition for differen-
tiated products. The market profits of the two oligopolists depend, respectively, on the
quantities they supply to the market or on the prices they set for their product. These
decisions depend, in turn, on the oligopolists’ production costs.

There are N > 2 firms competing for the acquisition of the oligopoly licenses. The firms
have linear production technologies without fixed costs. Therefore, for each firm 1, its
technology is characterized by the privately known marginal cost ¢;, which is drawn in-
dependently, at the beginning of the game, from a distribution F': [¢, ¢] — [0, 1], where
0<cec<e< ITJ“Q 12 We assume that F is twice differentiable, with a density function
f :]¢,e] — R* that has full support. Finally, we assume that the inverse hazard rate
[1 — F(c)]/f(c) is decreasing.'®

; and ¢?, the random variables describing respectively
the lowest and the second-lowest marginal costs of firm i’s competitors (and by c!
and c¢? the values that these random variables may take). In addition, we denote by
G(c')=1—[1— F(c")]"~! the cumulative distribution function of ¢!, and by

g(c) = (N =1 [1 = F()"* f(c!)

the corresponding density function. Finally, we denote by G(c!, ¢?), for ¢! < ¢?, the
joint cumulative distribution function of ¢!, and ¢?; and by

g(c', ) = (N = 1)(N = 2)[1 = F(c*)]* 2 f(e*) f(c)),

For any firm 4, we denote by c!.

for ¢! < 2, the joint density function.

We consider two auction formats:

a. A simultaneous pay-your-bid auction, with the two winning bids announced at the
end of the auction.

b. A sequence of two first-price auctions, with the winning bid announced at the end
of each auction.

In both formats, the winners’ bids are publicly known by the end of the auction process,
so that the information they reveal affects the ensuing market competition. Further-
more, in the sequential auction, the winning bid in the first round becomes known prior

12In particular, this last assumption implies that ¢ < 1.

13This assumption is satisfied by many well-known distributions, such as the uniform, exponential,
normal, power (for o > 1), Weibull (for o > 1) and gamma (for o > 1) distributions. It is consistent
with the assumption of logconcave distribution of the firms’ strength, made elsewhere in the literature, in
particular, in Das Varma [9] and Goeree [14]. If the firms’ strength 6 € [c, €], defined by 0(c) = (¢+¢)—c,
is distributed according to a logconcave density f, then the rate F 9)/ f (0) must be increasing. This, in
turn, implies that the hazard rate [1 — F/(c)]/f(c) must be decreasing. For the definition and properties
of logconcave probability density functions, consult An [1] and Caplin and Nalebuff [4]; for more on the
assumption of increasing inverse hazard rate, consult Hoppe et al. [17].
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to the beginning of the second round, so that the information it conveys also affects the
bidding for the second license. Since there are no reserve prices in any of the auctions,
we can assume that the two licenses are always sold, even at a zero price.

We will restrict attention to equilibria in symmetric strategies, strictly monotone in
the firm’s own marginal cost. Therefore, in the simultaneous auction, each firm ¢ bids
b; = B(c;), according to its marginal cost ¢; and the strategy

B:le, el — RT.

Similarly, in the sequential auction, each firm ¢ bids b} = 3'(¢;) in the first round,
according to its marginal cost ¢; and the strategy

B, ¢ — R,

If it fails to win the first round, then firm ¢ bids b? = 3%(c; | b}, ') in the second round,
according to its marginal cost ¢;, the first-round history

hi = (b},b") € H.L =R" xR",

sqc

consisting of the privately known bid b; and the publicly known price b', and the strategy

B%: e, ¢ x H . — RY.

sqc

Following the completion of the auction, each of the winning firms enters the oligopoly.
The information that firm ¢ has at the end of the simultaneous auction,

hi = (b;,b',0*) € Hgym=R" x Rt x RY,

consists of its privately known bid b; and the publicly known prices b', b2.14 Similarly,
the information that firm 7 has at the end of the sequential auction is

h? = (b, b2, b',0*) € H?

Rt sqc

=R* x (RTU{0}) x R" x RY,
allowing for the absence of a second-round bid, in the case of a first-round win.

Given this information and its marginal cost ¢;, firm i will supply ¢; = q(c; | b;, b, b?) or
¢ = q(c; | b}, 2,01, b%) in the Cournot oligopoly, according to the strategy

77 71
q:lc,el x H— RT,
for H € {Hgm, quc}, following respectively a simultaneous or a sequential auction.

Similarly, in the Bertrand oligopoly, firm 4 will set a price p; = p(c;|b;,bt,b?) or
pi = p(ci | b, b2, b1, b?), according to the strategy

17 71

p:le,c] x H— R,

14Without loss of generality, the two prices are in descending order.
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for H € {Hgm, HZ,.}, following respectively a simultaneous or a sequential auction.
Overall, we will impose a stronger symmetry requirement, one that rules out the possi-
bility of using past histories as a labeling device for asymmetric continuation strategies.
This assumption will rule out, in particular, asymmetric supply or price-setting strate-
gies for the two oligopolists.'®

In the sequel, we will use the strict monotonicity of the bidding strategies, with respect
to the firm’s own marginal cost, to simplify the notation in the following manner:

Notation:

In the sequential auction, we will denote'® firm i’s second-period bid b?, following a
first-period bid b} and a price b' = B'(c!), by

ﬁQ(Ci\b}ﬁl(Cl)) = 52(Ci|cl)-
In the Cournot oligopoly, following either a simultaneous or a sequential auction, we
will denote firm i’s supplied quantity, ¢; = q(c; | bs, b', %) or ¢; = q(c; | b}, b2, b*,b?), by

77 71
¢ = q(ci|é,¢j),
where ¢; and ¢; are the marginal costs corresponding to the bids, under the equilibrium
bidding strategies, with which firms i and j won their oligopoly licenses.

Similarly, in the Bertrand oligopoly, following either of the two auction formats, we will
denote firm i’s requested price, p; = p(c; | bs, b1, b%) or p; = p(c; | by, b2, b1, b%), by

17 71

pi = plei]é,¢)).

The notational simplification of the oligopoly supply or price setting strategies is also
based on the independence of these strategies of the firm’s privately known bids. Indeed,
as it will turn out, each oligopolist’s behavior depends only on its own marginal cost,
¢;, its opponent’s inferred marginal cost, ¢;, and its own marginal cost as perceived by
its opponent, ¢;. Since the costs ¢; and ¢; are inferred by the publicly known prices, the
privately known bids provide no information.

The game payoff of firm ¢, in case it wins a license, equals its profit from the oligopoly
minus the price that it paid for the license. Otherwise, if it does not win any license, it
equals zero.

The solution concept is that of perfect Bayesian equilibrium. The players must therefore
behave optimally at each decision point, given their knowledge of the other players’
strategies and their beliefs. On the equilibrium path, these beliefs are formed by applying
Bayes’ rule while, off the equilibrium path, they are arbitrary.

15For example, in the sequential setting, this assumption does not allow the possibility of prescribing
different oligopoly strategies to the winners of the first and the second sequential auctions.

16This simplification is customary in sequential auctions; for example, see Krishna [33], chapter 15. Tt
is based on the strict monotonicity of the equilibrium bidding strategy 3! as well as on the independence
of the equilibrium bidding strategy (32 of the first-round bid b; .
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3 Market Competition

When the two winners’ marginal costs, ¢; and c¢;, are truthfully revealed at the end
of the auction, the firms cannot use their bids to manipulate their market opportuni-
ties, that is, no signaling is possible. In this case, each oligopolist supplies a quantity
g = ¢"%(ci, ¢j) or sets a price p; = pV¥(¢;, ¢;), which is independent of the bids submit-
ted to or the prices reported in the auction.

When the oligopolists must infer their opponent’s marginal cost by the reported prices,
the opportunity of signaling arises. In this case, the two winning bids b and b;l per-
fectly reveal, through the inversion of the corresponding strategies 3'(.) and 5 (.), the
marginal costs ¢ and ¢; that the winners mimicked in the auction.!” Therefore, each
firm supplies ¢; = ¢(c¢; | &, ¢;) or sets a price p; = p(c; | ¢, ¢;). Since we consider only
unilateral deviations, in examining the incentives of player ¢ we will assume that ¢; = ¢;,
so that ¢; = q(c; | &, ¢;) and p; = p(c; | &, ¢;).

Clearly, in the equilibrium path, the two firms reveal their marginal costs truthfully. As a
result, for all ¢;, ¢; € [c, €], we have q(c; | ¢, ¢;) = ¢V (ci, ¢;) and p(c; | i, ¢;) = pV¥ (i, ;).
In analyzing the firms’ market behavior, therefore, we will consider only the case of sig-
naling, treating the absence of signaling as one of its particular outcomes.

3.1 Cournot Oligopoly

We consider a Cournot oligopoly, in which the inverse demand function is given by
p = 1 — g, where p is the market price and ¢ = ¢; + ¢; is the aggregate supply of
oligopolists 7 and j.

If firm ¢ reveals its marginal cost ¢; truthfully, then, by supplying ¢; € [0,1 — ¢;] in
response to g; € [0, 1], it will make a market profit

(¢, q5) = @ (1 —ai — g5 — ).
Therefore, in equilibrium, firm ¢ will supply*®

qci| iy eg) = % (1+¢; —2¢),
for a profit of

m(ci|ci,c) = (é)2 (14 ¢; — 2¢;)>.

17In the sequential auction, it is possible for a bidder to deviate into mimicking two different types, if
he does not win in the first round. In this case, however, only the type mimicked in the second auction
will be revealed and, therefore, be relevant in the analysis of the post-auction competition.
18The assumption of ¢ < 129 ensures that the market does not become a monopoly. In equilibrium,
it is optimal for a firm to supply a positive quantity to the market, regardless of its own marginal cost

and its beliefs about the marginal cost of the other firm.
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Off the equilibrium path, if firm ¢ mimics a type ¢; # ¢; in the auction that it wins, firm
J will supply q(¢; | ¢j, &) = % (14 ¢ — 2¢;). Therefore, firm ¢ will maximize its profit by
supplying

q(ci|éc) = 5 (L+¢ — 56— 36).
In this case, its market profit will be
m(ciléie) = (3 (L+¢ — 56— 56)%
Clearly, we have

on
0G;

Ty = < 0,

so, prior to market competition, during the auction process, each firm has an incentive
to overstate its power by mimicking a lower marginal cost.

3.2 Bertrand Oligopoly

We consider a Bertrand oligopoly, in which each firm ¢ faces a linear demand function
¢; = 1 — p; + v pj, where p; and p; are the prices set respectively by firm ¢ and its rival,
firm j, while v € [0, 1) is a parameter reflecting the degree of product differentiation.'?
Since v < 1, the demand faced by each firm is more responsive to changes in the price
charged by this firm than to changes in the price charged by its rival.

If firm ¢ reveals its marginal cost ¢; truthfully, then, by setting a price p; € [0,1 4 7 p;]
in response to a price p; € [0,1], it will make a market profit

m(pip;) = (L—pi+7p;) (pi — )
Therefore, in equilibrium, firm ¢ will set a price

2+7+7¢ + 2
4—~2 ’

pleilei¢g) =
for a profit of

2+v+7¢—-2—7")cl

@—7F
Off equilibrium, if firm ¢ mimics a type ¢; # ¢;, firm j will set a price p; = p(c¢; | ¢;, &).
Therefore, firm ¢ will be best-off by setting a price

m(ci| e, ) =

p@W@(ﬁ"QQ*J”+27%+%4_7%Q%JWQ
() (2] - Y
2(4 = %)
190ur results will not change, if we consider a more general linear demand function ¢; = a— 8 ¢;+7 pj,
for B > ~, as the induced equilibrium market profit function will demonstrate the same properties.
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for a market profit of

[22+7) +27¢ - (A=) a+77&]
4(4=~2)? '

W(éz ‘ C;, Cj) =

In this market, we have

o

:8_6Z>07

2

so, during the auction process, each firm has an incentive to understate its power by
mimicking a higher marginal cost.

3.3 General Remarks

For both oligopolies, the market profit function of each firm ¢ is decreasing in its own
marginal cost ¢; and increasing in its rival’s marginal cost ¢;. That is,

o
™ = 801' <0
and
om
= — > 0.
T3 aCj >

Furthermore, for all ¢ € [c, ¢], we have

d
dc
so that, with truthful revelation of the firms’ marginal costs, a firm’s market profit will

be affected more by a change in its own marginal cost than by the same change in its
rival’s marginal cost.

[1(c|e,0)] = mc|e,e) +mlc|e c)+ms(c|e,e) < 0,

The two oligopolies differ in the sign of the derivative

or

R

that is, in the signaling incentives of the firms. In the Cournot oligopoly, there is positive
signaling, that is, each firm has an incentive to overstate its power. On the other hand,
in the Bertrand oligopoly, there is negative signaling, that is, each firm is better off
understating its power. Other than that, in particular, when there is no signaling, the
profit functions in the two oligopolies induce the same, qualitatively, incentives.?"

Uy

20The opposite signaling incentives correspond to the distinction between strategic substitutes and
strategic complements, introduced by Bulow et al. [3]. In particular, in the Cournot oligopoly that we
have described, quantities are strategic substitutes, since an increase in g; causes a decrease in the g;
(as well as a decrease in the profit of firm j). On the other hand, in the Bertrand oligopoly, prices are
strategic complements, since an increase in p; causes an increase in p; (and in the profit of firm j).
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4 No Signaling

When signaling is not possible, the value of each oligopoly license,

(e, ¢5) = (el ¢),

is fully determined by the actual marginal costs of the two firms that compete in the
market. Mimicking a different type during the auction process cannot affect a firm’s
potential market profits. It only affects the firm’s probability of winning the auction

and its expected payment in it.

4.1 Simultaneous Auction

Suppose that all firms follow a strictly decreasing bidding strategy b = ((c) and consider
firm ¢ with marginal cost ¢;. Then, by mimicking a type ¢; € [c, ¢| during the auction,
firm 7 will win a license if and only if ¢; < ¢2,. In this case, the actual value of this license
will be equal to firm i’s market profit, 7V%(c;, ¢t,), which depends on the marginal cost
¢!, of the winner of the other license. Therefore, for a bid b = B(¢;), the expected total
payoff of firm i is

0@ le) = Pl > 6] x [Ea [7¥(c,cly) |2, > 6] — B(&)]

—1

or, by expanding the term for the firm’s expected market profit,

@) - [ S (e ey (N — )1 - F@E)N2f(c!) ded

The first-order condition with respect to ¢; results in the equation

a4

SRzl B} = - [ A (V- O -2 1= e f(e)f(e) et

c

which requires, in a manner that is standard for “pay-your-bid” auction schemes, that
any increase in the firm’s expected market profit from a deviation to ¢ # ¢; must be
offset by an increase in the firm’s expected payment in the auction.

12



The differential equation derived from the first-order condition, along with the boundary
condition expressing the equilibrium behavior of the weakest type ¢; = ¢,

B(e) = / V(e 0) £(o) de,

which guarantees the uniqueness of the solution to that differential equation, provides
the equilibrium bidding strategy for this setting.

Proposition 1:

In the simultaneous pay-your-bid auction of two oligopoly licenses, in which the winners’
marginal costs are revealed truthfully after the auction, the following strategy constitutes
a symmetric separating equilibrium:

ﬁ(Cz) _ /C /C 7TNS(C2,CI) (N_l)(N_Q)]PEl_F<C )] - f(C )f(c) dcldC2.

Proof:  Appendix.

The strategy [(c;) can also be expressed as

Be) = /C WS () (N=1)(N=2)[1 = F()" P F(*)f(c?) i,

P[c?; > ¢

i

where

for ¢ € [, ¢, is the expected market profit of a firm with marginal cost ¢, assuming
that its market opponent is stronger. Therefore, in equilibrium, each firm submits a bid
equal to the expected market profit of the strongest non-winning firm.

The value of the licences that the two winners of the auction gain is determined en-
dogenously, as a function of the marginal costs of the winning bids. Since these costs
are unknown prior to the end of the auction process, it is possible for a firm, when its
market opponent turns out to be stronger than expected, to acquire a licence at a price
above its ex-post value.?!

21We emphasize the difference between this phenomenon and the winner’s curse for an auction with
interdependent valuations (as well as for our environment). The winner’s curse refers to the bad news
that a victory in such an auction conveys, namely, that the winner’s estimate of the value of the
auctioned object has been the most optimistic one. In the equilibrium path, the winner’s curse is
eliminated by means of an adjustment of the bidders’ estimates. Still, it is possible that the losing
bidders’ private information will be very negative, so as to defy the winner’s reasonable expectation
and to result in a value that is below the price the winner must pay. It is this phenomenon to which
we refer as the winner’s regret.

13



Corollary 1:

In the simultaneous auction, the firm with the lowest marginal cost gains a license at a
price below its ex-post value. The firm with the second-lowest marginal cost, however,
may gain a license at a price above its ex-post value.

Proof:  Appendix.

Hence, in equilibrium, the stronger of the two oligopolists will always make a positive
profit. On the other hand, the weaker oligopolist may regret his participation to the
market, because of the price of the license.

4.2 Sequential Auction

When the two licenses are allocated by means of a sequence of first-price auctions,
then, assuming that the firms follow strictly monotone bidding strategies, the winning
bid in the first auction reveals the marginal cost ¢! of the strongest oligopolist. This
information affects the bidding for the second license in two distinct manners. First,
it allows the remaining firms to learn, prior to the second auction, the actual value of
the license for which they compete. In addition, the revealed marginal cost ¢! forms a
lower bound for the marginal costs of the remaining firms. Therefore, after the end of
the first auction, the firms update their beliefs, so that

- F(c) — F(cY)
e~ Fle) == —Fay

for ¢ € [}, .
Since the privately known first-period bids do not affect the firms’ behavior in the sec-

ond period, the second auction takes the form of a standard first-price auction with
independent private values.

Lemma 1:

Suppose that N — 1 firms, whose marginal costs are i.i.d. according to the distribution
function F(-) on [c,¢|, compete in a first-price auction for a license to participate in an
oligopoly against a firm with known marginal cost ¢! € [c,c]. In addition, suppose that
the firms believe that the unknown marginal costs are bounded below by the value c'.
Then, assuming that the winner’s marginal cost is revealed truthfully at the end of the
auction, the following strategy constitutes a symmetric equilibrium:

For a marginal cost ¢c; > c', firm i bids

—2)[1 = F()]" £ ()
[1— F(e)]¥2

Plelet) = [ m5eey & .

i

while for a marginal cost ¢; < ct, firm i bids b* = 32(ct|ct).

14



A marginal cost ¢; < ¢! corresponds to an event off the equilibrium path, namely, to

the case in which firm 4 should have won the first license but did not bid according to
the strategy 3! that was prescribed in the first auction.?? Such a firm enters the second
auction knowing that it has the highest valuation and it would be best-off bidding as if
it had marginal cost c'.

For the analysis of the firms’ behavior in the first auction, we will need the strategy
B%(cile;) to be decreasing with respect to the marginal cost ¢;. Without this condition,
the strategy 3'(c;) that we derive may fail to be strictly decreasing, thus invalidating
the argument leading to it. Notice, therefore, that the derivative of 3?(c;|c;) equals to

d _ NS (N —2)f(c:)
dcz[ﬂ(CZ|CZ)] = —-n (Ci’Ci)l——F(Ci)
‘ Ns (N =2)[1 = F(e)]" 7 f(c ) 40
v e S e
© ns.. (N =2)[1=F()V P f(e) . N =2)f(e)
[ e S e T

or, after integrating the last term by parts, to

d oo _ ¢ NS (N—Q)[l— (C]N 3f()
d_q[ﬁ (cilei)] = /CZ Ty (¢, ¢i) [1— F(c;)|N-2 de
‘N [1=F@)" (N =2)f(c)
R e = e

Since the derivative 7V9(c;|c!) is decreasing in ¢; while the derivative 72%(c;|ct) is
increasing in ¢;, we have
d NS
d [ﬁ (Cz|cz)] > Ty (C Cz)
Ci
(N = 2)f(e)

+ W{VS(Cz‘aCi) X [E[Cl—zj | Cl—z’,j > ci] — ¢

I—F(Ci) ’

where lei, ; denotes the lowest value among N-2 realizations of the marginal cost ¢;.

22Restricting attention to the game described in Lemma 1, notice that the possibility of ¢; < ¢! does
not contradict the firms’ beliefs and, therefore, does not violate the consistency requirement in the
definition of Nash equilibrium. We can simply assume that prior to the draw of the privately known
marginal costs ¢;, each firm attaches zero probability to the event ¢; < ¢!, for all 1.
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Hence, since 7% < 0 < 75 if the hazard ratio f(c;)/[1 — F(c;)] is too small, then
the derivative -=[ 3%(c;|c;) ] can be positive.

We avoid this possibility by imposing the following condition:

Assumption 1:
The distribution of the firms’ marginal costs satisfies the inequality

/C [[1—F(c)]N_2 { LORCNE) } 1 - Flc)

T Fe)P2 7 3\ e | (N —2) f(a)

for all ¢; € [c, ]

In the case of uniformly distributed marginal costs, this assumption is satisfied for the
Cournot oligopoly that we have described. Indeed, for ¢; ~ Ulc, ¢, it requires that

Cc— ¢ C— ¢

N—-17~ 2(N=2)

which is true for all N > 3. On the other hand, for a Bertrand oligopoly with parameter
v € [0, 1), the assumption reduces to requiring that

N -2 y
> Y
N—-1 7 2—172

which is satisfied only if the number of firms, N, is sufficiently large, relative to ~.

Assumption 1 requires that the inverse hazard rate does not decrease too rapidly. More
precisely, as it is shown by the proof of the next Lemma, the inequality

1—F(c) - ¥ (c,¢;) 1— F(c)
f(c) —m % (e.e)  fle)

remains valid for a sufficiently large interval of values ¢ > ¢;, so that the negative term
in the equation of -£[3%(¢;|c;)] dominates the positive one.

Lemma 2:
Under Assumption 1, the function (3*(cilc;) is decreasing in c; € [c, c].

Proof:  Appendix.
In the first auction, suppose that all firms follow a strictly monotone bidding strategy
b' = 3'(c) and consider firm 7 with marginal cost ¢;. Then, by mimicking a type ¢&; € [c, ¢]

in this auction, firm 4 will win the first license if and only if ¢; < ¢',. In this case, the
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actual value of this license will be equal to firm 4’s market profit, 7¥(c;, c',), which
depends on the marginal cost ¢!, of the winner of the second license.

Therefore, by bidding b; = 5(¢) for & < ¢, firm i expects a total payoff

@le) - [T (e ey — B1(E)] (N — D1 — FE)N2f(c!) det

Cq

+ / A (e ey — B )] (N = DL — Fe)V 2 () de,

while by bidding b; = 3 (¢;) for ¢ > ¢;, firm i expects a total payoff

NG |e) = / (28 (ei ) — A1) ] (N — DL — F(N2f(c)) de?

+ / A (e ey — B )] (N — DL — F(e)) V2 f(c}) ded

£ [ = B ] (V= Dl - PP

i

In the second case, the extra term results from the possibility of selling the first license
to a firm with marginal cost ¢! € [¢;,¢]. In this case, firm 4 bids b* = 3*(c! | ¢!) in the
second auction, knowing that it has the lowest marginal cost among the remaining firms.

In both cases, the necessary first-order condition at the endpoint ¢; = ¢; results in the
differential equation

d% (1= F(e)" '8N e)} = = F(cila) (N=1)[1 = F(c)]" 7 f(ci).

By solving this differential equation, along with the boundary condition
B(e) ="(c,0)
that expresses the bidding behavior of the weakest possible type, we get the strategy

51<Ci) _ /C; 52(61 | Cl) (N — 1[)1[1__}7}(76(5]3\][_1_ f(C ) dcl,

which is part of the equilibrium in our sequential auction.
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Proposition 2:

In a sequential first-price auction of two oligopoly licenses, in which the winners’ bids
are announced at the end of each round and their marginal costs are truthfully revealed
at the end of the entire auction, the following strategy profile constitutes a symmetric
separating equilibrium:

— In the first auction, each firm 1 bids

oy = O wsp 2 1y (N DN =2 = PV ()f(eh) o
B (¢;) = /c /01 T2 (e ) 1= Flo) detdc.

— In the second auction, if firm i has a marginal cost c; > ¢t = (3')71(b'), where b is
the price at which the first license was sold, then it bids

Fleile) = / s oy WP

while with a marginal cost ¢; < c', it bids b* = B*(c' |c').
Proof:  Appendix.

The equation defining the bidding strategy 3'(c;) is a non-arbitrage condition for the
winner of the first auction, which is, as it has turned out, the firm with the lowest
marginal cost ¢;. If this firm does not participate in the first auction, then it can win
the second auction with a bid equal to 3?(ct|c!), where ¢! > ¢; is the revealed lowest
competing marginal cost. Therefore, to be indifferent, this firm must bid in the first
auction an amount equal to its expected bid in the second round.

In the sequential first-price auction, the marginal cost of the strongest firm is known
at the time of the bidding for the second license, since it is revealed after the end of
the first round. Hence, in the sequential auction, unlike the case of the simultaneous
auction, it is possible for both winning firms to avoid gaining a license at a price above
its ex-post value.

Corollary 2:
In the sequential first-price auction, both licenses are sold at prices below their ex-post
values.

Proof:
The proof for the license sold in the first auction, to the firm with the lowest marginal
cost, follows from a direct argument, identical to the one for the simultaneous auction.

In addition, in the second auction, the remaining bidders know the marginal cost ¢! of
the first firm and, therefore, their value for the license. As a result, they never bid an
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amount above that value.
O

The revelation of the marginal cost of the strongest firm after the end of the first auction
makes the second license less profitable for the remaining firms. As a result, these firms’
bidding for the second license becomes less aggressive.

Corollary 3:
In the sequential first-price auction, the prices at which the two licenses are sold form a
super-martingale:

Ea [B%(cLilei) [ei] < B(ca).

Proof:
Suppose that the first license is sold at a price b' = 8'(c;), corresponding to a marginal

cost ¢;. Then, conditional on this information, the expected price for the second license
will be

Eq [B%(cLile) [V = B'(c)] = Ea [B(cLle) |cly > e
and, since §%(ct|c!) > B%(c|e;), for all ¢! € [¢;, ¢,

Ea [8(clile) [0 = 8'(c)] < Ea [B*(cLlcl) |l > ¢
= ﬂl(ci)a

as required for the result.
(Il

The super-martingale property implies that the (ex-ante) expected price of the second
license is lower than the expected price of the first license:

E., o [ (chile)] = E[Ea [B%(clle) b = 5 (c)]]
Ecz[ﬁl<cl)]

<

Hence, the information revealed in the process of the sequential auction makes the ex-
pected prices decrease.
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4.3 Comparison of Auction Schemes

The two auction schemes that we have examined, the simultaneous pay-your-bid auction
and the sequential first-price auction, have turned out to be allocation equivalent. The
licenses are allocated to the two strongest firms, that is, to the firms with the lowest
marginal costs. However, the manner in which the firms bid in each scheme is different.

In the simultaneous auction, the firms submit their bids without knowing the actual
value of the licenses that they try to acquire. This value is determined endogenously,
by the marginal costs of the firms that will compete in the market, and is revealed only
at the end of the auction. In addition, the firms cannot know whether, in case they
win one of the two licenses, they will face a stronger or a weaker market competitor.
Therefore, while bidding, they need to take both possibilities into account.

On the other hand, in the sequential auction, the firms bidding for the second license
know its actual value, since the marginal cost of the first oligopolist has been revealed by
the winning bid in the first auction. Furthermore, in the auction for the first license, the
firms know that if they win, then they will face a weaker market competitor. Therefore,
they can bid more aggressively, since they are protected from the more negative of the
two possibilities.

The following result shows that these informational differences do not affect the revenue
generated by the auctioneer in the two schemes.

Proposition 3:
The simultaneous pay-your-bid auction and the sequential first-price auction of two
Cournot oligopoly licenses result in the same expected revenue for the auctioneer.

Proof:
It is easy to show, by changing the order of integration in the definition of 3(¢;), that
Pl > ¢] Blei) = [1—=F(e)]" " 6'(c)
N-2 “ e i fle)

This means that the expected payments of a firm with marginal cost ¢; in the simulta-
neous auction, RR¢(c;), and in the sequential auction, R%¢(c;), are equal.

Therefore, since this is true for any ¢; € [¢, ¢, it follows that

N [ RRg(ererde = N [ Riste)fe) de.

so that the two auction schemes raise the same expected revenue.
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Hence, the auctioneer is indifferent, with respect to the revenue he expects to raise, be-
tween the two auction schemes. Similarly, the bidders are indifferent, with respect to the
payments they expect to make, between the simultaneous and the sequential auction.
The two auction formats, however, allocate each of the two licenses at a different price.

Proposition 4:

The stronger of the two oligopolists pays a higher price for his license in the sequential
first-price auction than in the simultaneous pay-your-bid auction; the weaker oligopolist
pays a lower price for his license in the sequential auction than in the simultaneous
auction:

Ble) > Bla) > Ea [Palcdy) e, <al.

Proof:  Appendix.

Therefore, in the first auction of the sequential format, the firms bid more aggressively
than in the simultaneous auction, knowing that if they win, they will necessarily face
a weaker market competitor. On the other hand, the firms participating in the second
auction bid less aggressively, on average, since they know that they will have to face a
stronger market competitor.

Corollary 4:

The stronger of the two oligopolists makes a higher total profit in the simultaneous pay-
your-bid auction. The weaker oligopolist makes a higher total profit in the sequential
first-price auction.

Proof:
Since both auction formats result to the same market supply and profits, any change in
the firms’ total profits will be the consequence of a change in the prices that the firms

pay for their licenses. Therefore, the result follows directly from Proposition 4.
O

Hence, an auctioneer aiming at a more equal distribution of the wealth generated in

the oligopolistic market will prefer the sequential first-price auction to the simultaneous
pay-your-bid auction.
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5 Positive Signaling: Cournot Competition

When signaling is possible, we need to revise the firms’ valuations for the oligopoly
licenses so as to incorporate to them the informational rents that the firms can extract.
In the case of Cournot competition, in which the signaling incentives are positive, the
firms’ valuations shall be adjusted upwards.

To demonstrate the need for this adjustment, consider an auction of a single license
to compete against a monopolist with known marginal cost ¢!. When signaling is not
possible, a firm ¢ with marginal cost ¢; € [¢, ¢] would be willing to bid for the license an
amount up to

WNS(ci,cl) = W(ci\ci,cl).

If signaling becomes possible, then, by mimicking a marginally stronger type ¢; < ¢;,
firm ¢ can increase its market profit, in case it wins the license, by approximately

—W2(0i|éi,cl) de; > 0.

Therefore, the maximal amount that the firm would be willing to bid exceeds 7¥%(¢;, ¢t).

Since the effects of mimicking a different type depend on the auction format and on the
equilibrium strategies that the bidders use, the manner in which the firms adjust their
valuations will also depend on these elements. Therefore, the firms’ valuations will be
different in each auction environment that we consider.

Overall, under positive signaling, a firm’s deviation to signaling a stronger type will have
two effects. First, assuming that the bidding strategies are monotone, it will increase
the probability of acquiring a license. Second, it will increase the profitability of the
license that the firm may win. Hence, to offset both these effects, the firms must bid
more aggressively than they would do if signaling were not possible.

5.1 Simultaneous Auction

Suppose that all firms follow a strictly decreasing bidding strategy b = ((c) and consider
firm ¢ with marginal cost ¢;. If firm 7 mimics a type & € [c,¢] during the auction, by
bidding b; = 3(¢;), then its expected total payoff will be

0 | e;) = / 7(e; | ct) (N — D[1 — F@E)N"2f(ch) de?

+ / e ) (N — D)1= FE)N-2£(c) de!

i

— P[?, > &) B(@).
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The first-order condition with respect to ¢; results in the equation

4

LGz} = [ mlaled) (V- Dl - PP ) a

[

%—/zmm%&MN—DD—H&W”ﬂ&d&

T

- / m(eilei,e) (N = DN = 2) [1 = F(e)]" 7 flei) f(ch) de’,

c

which requires that any increase in the firm’s expected market profit from a deviation
to ¢ # ¢;, as this may be augmented by the expected gains from false signaling®®, must
be offset by an increase in the firm’s expected payment in the auction.

The differential equation derived from the first-order condition, along with the boundary
condition expressing the behavior of the weakest type, ¢; = ¢,

ﬁ@::f%@maﬂ@m

provides the equilibrium strategy for this setting.

Proposition 5:

In the simultaneous pay-your-bid auction of two Cournot oligopoly licenses, in which
the winners’ bids are revealed at the end of the auction, there is a symmetric separating
equilibrium given by the strategy

Ble) = /_C /C w(] &, eh) (N —1)(N—=2)[1—F()]V?f(c?) f(c") el de?

P[CQ_Z > Ci]

¢ e 22 1y N=D[Q=F(@N2f() 4,
N // (Y det de

P2, > ¢]
¢ re 22 1y N=D[Q—=F(IN2f() 1,
+ /CZ /02 —ma(c” |, ) Pl > o de' dc”.

In this equilibrium, the firm with the lowest marginal cost gains its license at a price
below its ex-post value. The firm with the second-lowest marginal cost, however, may
gain its license at a price above its ex-post value.

2

Z1n particular, when ¢; < ¢!, < ¢,

consequence of false signaling.

the change in the firm’s expected market profit is entirely the
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Proof:
Notice that the strategy ((c;) can be expressed as

Be) — /c () (N-1)(N=2)[1 = F(AN3F(A) f(?) y

i

where

u(c) = /c m(c|e,ct) x ];((CC)) dc!
‘ (el e el F(c f(ch) ol
o [ lomelad) g ) < g ¢

)

. (

S SF@ L FER
[ lemele TBiE) B P

dc!

for ¢ € [c, ], is the valuation of a firm with marginal cost ¢, assuming that its market
opponent is stronger and taking into account the informational rents from false signaling.

Therefore, the proof of this result parallels the one of Proposition 2, with u(c) in place

of vN5(c). Its details, in particular, the argument establishing that u(c) is decreasing,
can be found in the Appendix.

The first term in the bidding strategy,

2 (N—l)(N—2)[1— F(A)]N P f(eh)f()
Bns(ci) / / |2, ch) P2 S ol det de?,

corresponds to the amount that a firm with marginal cost ¢; would bid, if signaling were
not possible.

The second and third terms,?*

/C / ety DI PN

P[z—izci]
[ 2o 2 1y W =DA=F)M2f() o,
/Ci /c2 —ma(c®| %) P2, > o de dc?,

24The two double integrals do not allow, of course, for the possibility of ¢!, > ¢%,. Rather, in each
case, the outer integral determines a value ? 6 [cl,é] such that ¢ < ¢%,, while ¢!, < ¢%,. This
creates two pOSSlblhtleS namely, either ¢!, < ¢? < ¢?,, corresponding to the first signaling term, or

2 <ct, <c?,, corresponding to the second signaling term.
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correspond to the amount by which the firms should augment their bids so as to offset
possible gains from false signaling by the other firms. Even though there can be no
false signaling in equilibrium, without this amount, it would be possible for a firm to
deviate into mimicking a stronger type and, therefore, to increase both the probability
of winning a license and, through false signaling, the value of that license.

5.2 Sequential Auction

In the sequential auction, the winning bid in the first round reveals the marginal cost
¢! of the strongest oligopolist. Therefore, similarly to the case in which signaling is not
possible, in the second round, the firms know precisely the value of the license for which
they bid. In addition, they know that the other firms” marginal costs are bounded below
by c!; thus, they update their beliefs, so that

~ F(c) — F(c)

o~ F(e)= L~

e~ Fle) = =750

Since the privately known first-period bids do not affect the firms’ incentives in the
second auction, our second-period bidding environment belongs to the class of auctions
studied by Das Varma [9], Goeree [14] and Katzman and Rhodes-Kropf [31]. In the
following Lemma, we apply their analysis to our setting:

Lemma 3:

Suppose that N — 1 firms, whose marginal costs are i.i.d. according to the distribution
function F(.) on [c,c|, compete in a first-price auction for a license to participate in
a Cournot oligopoly against a firm with known marginal cost ¢t. In addition, suppose
that the firms believe that the unknown marginal costs are bounded below by the value
ct € [c,c]. Then, assuming that the winner’s bid is revealed at the end of the auction,
the following strategy constitutes a symmetric equilibrium:

For a marginal cost ¢; > c', firm i bids

2 T 1 1= F(c) (N =2)[1 = F(e)]"f(c)
Fiale) = [ [ride) = micke ) o555 | SR e

1

while for a marginal cost ¢; < c', firm i bids b* = $%(c' |c!).
In addition, for any ¢! € [c, ], the strategy 3°(c;|c') is strictly decreasing in ¢; € (', ¢,
so that, along the equilibrium path, an auction price b*> < [%(ct|ct) fully reveals the

marginal cost of the winning firm.

Proof:  Appendix.
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Every firm ¢ submits a bid that is equal to the value that its strongest competitor is
expected to have for the license, assuming that this competitor has marginal cost ¢ > ¢;,

ﬁ%@uﬂzigﬂwmgﬂN—?E;£§¢;ﬂ@M

augmented by the amount needed to offset possible gains from false signaling by its
competitors, namely,

ﬁg(cz ) = /Cic —my(c] e, ') [[11__;((3)]]1\/_2 de.

Without this amount, it would be possible for a firm ¢ to deviate into mimicking ¢; < ¢;
and to increase both the probability of winning a license and, through false signaling,
the value of that license. For the second gain to be offset, each firm needs to bid above
B%¢(ci|ch), by an amount at least as large as 5%(c; |c!).

To ensure that the strategy (%(c;|c;) is decreasing with respect to the marginal cost c;,
we will need to modify Assumption 1 in the following manner:

Assumption 2:
The distribution of the firms’ marginal costs satisfies the inequality

[ lzrar {ulec } L-H)

1 — F(¢)|N-2 de = 21215 ~vi(e,¢i) ) (N —2) f(ei)

for all ¢; € [c, ], where

(enct) = gilalelee)] - imlelac] Gy,

For the Cournot duopoly that we have described,

{ va(c, ¢;) } { m(c|e, ) }
Sup ————~ ¢ = SUpy —————~ ¢,
e L TU01 (Ca Ci) c>c —71'2(6 | C, Ci)

so that Assumption 2 reduces to Assumption 1. In particular, for marginal costs
¢; ~ Ulc, €], the assumption is always satisfied.

Lemma 4:
Under Assumption 2, the function 3*(c;|c;) is decreasing in c; € [c, .

Proof:  Appendix.
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In the first auction, arguing in the same manner as in the non-signaling case, suppose
that all firms follow a strictly monotone bidding strategy B*(c) and consider firm 7 with
marginal cost ¢;. By bidding b; = ((¢&;) for ¢; < ¢;, firm ¢ expects a total payoff

@) = [ [nlalen) = 9(6)] (V= i1 = FEOP ) de

n /ﬂﬂqmmw—ﬁwwvuw—nu—mmW*ﬂ&d&

while by bidding b; = 3 (¢;) for ¢; > ¢;, firm i expects a total payoff

e a) = / [m(cil i et) = BH(E) ] (N = D[ = F(c)¥2f(c') de’

T

* / [7(cileic’) = B*(cil )] (N = DL = Fe))]" 2 f(c') de’

[

+ /C [7(c; |ty et) = B2t | )] (N = D)L = F(c)N2f(cY) de.

In both cases, the necessary first-order condition at the endpoint ¢; = ¢; results in the
differential equation

- P @) = [ mlalend) (V-1 1 FEN A d

dé;
— Fleile) (N=1)[1 = F(e)]¥72 f(a).
By solving this differential equation, along with the boundary condition

pl(e) =n(ele @),
we get the strategy

/C 52(01 ]cl) (N_l)[l_F(Cl)] —f(ch) de!

[1 = F(e)]¥

2 (N — D[ = F(N ()
/ / |2, ct 1= Fle) de dc?,

for the equilibrium of the sequential auction.
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Proposition 6:
In a sequential first-price auction of two Cournot oligopoly licenses, in which the winners’

bids are revealed at the end of each auction, the following strategy profile constitutes a
symmetric separating equilibrium:

— In the first auction, each firm i bids

ﬁl(ci) _ /Cic /61C 7T(02’62,Cl) (N — 1>(N _[?)[_1;<Z>(]CN)]1 B f(C )f(C ) dCQ dCl

¢ re 21 2 1y N=D[—=FE)"2f(c) 5
+ /CZ /C1 —ma(c® | e, ) [1— F(c)M! de” de

¢ pct Sl (N— 1)[1—F(Cl)]N_2f<Cl> )
+ /c /c —my(c”| ¢, ) 1= F ()" dc? de'.

— In the second auction, if firm i has a marginal cost ¢c; > ¢t = (3')71(b'), where b is
the price at which the first license was sold, then it bids

ﬁ2(6i|61) _ /C 7T(62|62,Cl) (N_2)[1_F(C )] _f(C) dC2

[1 = F(e)]V2
¢ 22 1 L=F@EA)"?
+ /CZ —my(c* |7 c) [1— F(c)V2 dc”,

while with a marginal cost ¢; < c*, it bids b* = B*(c* |c!).

Proof:
Notice that the strategy 8'(c;) can be expressed as

© oy (VD PR
8e) = [ ote) S e T

i

where
ety w DI FEPED
v(c) = /c (clec) x [1— F(e)N-2 d
' —my(c| e, ct 1 - F(c) (N —2)[1 = F(c)]"*f(c) c!
+ /c [ 2( | > ) (N I 2)f(c) ] X [1 — F(C)]N_z a
iy L=F() (N =D = P21 o
+ /C [ 2( | ) ) (N—Q)f(c)] X [1—F(C)]N71 4 ’
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for ¢ € [c, @], is the valuation of a firm with marginal cost ¢, assuming that its market
opponent is weaker.

Therefore, the proof of this result parallels the one of Proposition 5, with v(¢) in place
of u(c). Tts details can be found in the Appendix.
(Il

Similarly to the case of non-signaling, the equation defining the bidding strategy 3'(c;)
is a non-arbitrage condition for the firm with the lowest marginal cost, ¢;. For this firm
to be indifferent between winning the first or the second auction, its bid in the first
round must exceed its expected bid in the second round by precisely its expected gain
from signaling a stronger type.

The first term of the bidding strategy for the first auction,

2 ( — DN = 2)[1 = F()"f (') f(e?)
Bys(cs) / / |2, ct) 1—Fle) dc? dc',

corresponds, again, to the amount that firm ¢ would bid if signaling were not possible.
The remaining two terms,

sien //_W oy (DI PPN o

[1— F(c)N!
Tt e (N D= PN,
/Ci /Cl —ma(c|c, ) 1= Fle)V] dc” dc,

correspond to the amounts that the firms must add to their bids in order to offset pos-
sible gains from false signaling by their competitors.

Because of the information revealed in the first round of the sequential auction, the
weaker of the two oligopolists is able to avoid the possibility of winning his license at a
price above its ex-post value. Thus, along the equilibrium path, both oligopolists make
a positive profit.

In addition, the revelation of the marginal cost of the strongest firm makes the second

license less profitable and, therefore, the firms’ bidding for it less aggressive. As a result,
the prices of the two licenses form a super-martingale,

Ea. [6%(ch]e) |a] < (),

so that the expected price of the second license is lower than that of the first license.
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5.3 Comparison of Auction Schemes

Our analysis of the simultaneous and the sequential auctions under positive signaling
parallels the analysis of the same auctions without signaling. Non-surprisingly, so do
the results regarding the comparison of the equilibria that we derived.

Proposition 7:
The simultaneous pay-your-bid auction and the sequential first-price auction of two
Cournot oligopoly licenses result in the same expected revenue for the auctioneer.

Therefore, the informational differences between the two auction schemes do not affect
the expected revenue of the auctioneer or the expected payment of the bidders.

Proposition 8:

The stronger of the two oligopolists pays a higher price for his license in the sequential
first-price auction than in the simultaneous pay-your-bid auction; the weaker oligopolist
pays a lower price for his license in the sequential auction than in the simultaneous
auction:

Bl e) > Bla) > Ecii[ﬁz(ci |ely) | el < el

Therefore, the stronger of the two oligopolists makes a higher total profit in the simul-
taneous pay-your-bid auction while the weaker oligopolist makes a higher total profit in
the sequential first-price auction.

Proof:  Appendix.
Hence, an auctioneer aiming at a more equal distribution of the wealth generated in the

Cournot duopoly will still prefer the sequential auction to the simultaneous one, even
when signaling is possible.
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6 Negative Signaling: Bertrand Competition

In the case of Bertrand competition, the firms have an incentive to signal a weaker type.
Therefore, opposite to the case of Cournot competition, the firms’ valuations shall be
adjusted downwards. Because of this adjustment, if the firms’ signaling incentive is too
strong, it is possible that a positive measure of bidder types will have valuations below
zero. To avoid this problem, we need to assume the presence of a large number of firms
competing in the auction.

Under this assumption, we can construct an equilibrium in strictly monotone bidding
strategies for the simultaneous auction. On the other hand, in the sequential auction,
since it is not possible to balance the bidders’ signaling profits from deviating into wait-
ing for the second round, such an equilibrium turns out not to exist.

6.1 Simultaneous Auction

By repeating the argument that we used for the Cournot oligopoly, that is, by assuming
the use of a strictly decreasing bidding strategy b = (3(c¢) and considering the necessary
first-order condition for the expected payoff function I1(¢;|c;) of some firm ¢ at ¢; = ¢;,
we can derive the equilibrium for this setting.

Proposition 9:

In the simultaneous pay-your-bid auction of two Bertrand oligopoly licenses, with the
winners’ bids revealed at the end of the auction, if there are sufficiently many bidders,
then there is a symmetric separating equilibrium given by the strategy

Sy — // oy =D = 2) [ PP S S o

Plc?, > ¢;]
¢ e 20 1y N=D[1=F(ANf() ;1,5
+ /C/C —ma(c” | %, ) P2, > o dc' de
¢ e o o 1w (N=D[1=F(E)N2f(Y) L, .,
+ [ it P2, > cf e

In this equilibrium, the firm with the lowest marginal cost gains its license at a price
below its ex-post value. The firm with the second-lowest marginal cost, however, may
gain its license at a price above its ex-post value.

Proof:  Appendix.
Notice that by understating its strength, a firm gains in terms of its expected market
profit and of a lower payment in the auction, assuming that it wins an oligopoly license.

On the other hand, it suffers the cost of a lower probability of winning the auction. This
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cost increases as the number of the bidders in the auction, N, becomes larger. There-
fore, if N is sufficiently large, the cost is so severe that it can always counter-balance
possible gains from false signaling.

6.2 Sequential Auction

In the sequential auction, the firms’ incentive to signal a weaker type turns out to be too
strong. Contrary to the case of the simultaneous auction, it is not possible to construct
a symmetric separating equilibrium.

Proposition 10:

In a sequential first-price auction of two Bertrand oligopoly licenses, in which the win-
ners’ bids are revealed at the end of each auction, there is no symmetric equilibrium in
monotone strategies.

Proof:  Appendix.

In the presence of a sufficiently large number of bidders, as shown in Das Varma [9], the
strategy 3?(c;|c!), given in Lemma 3, forms the unique symmetric equilibrium for the
continuation game that follows the allocation of the first license to a firm with marginal
cost ¢! € [¢, ). In addition, by adapting Assumption 2 to the Bertrand oligopoly setting,
one can show that 3%(c|c) is decreasing in c. Finally, by replicating the argument leading
to Proposition 6, one can derive the bidding strategy 3'(¢;), identical to the one used
in the Cournot oligopoly, as the unique solution to the necessary first-order condition.

This strategy, however, cannot be part of an equilibrium. Although, the non-signaling
component of 3?(¢;|ct) is sufficiently more aggressive than the non-signaling component
of 1(c;), so that to just eliminate the incentive to wait for the second round (if signal-
ing were not possible), the signaling component of 3%(c;|c') cannot counter-balance the
corresponding component of 3'(c;). As a result, each firm has a profitable deviation
from ! into waiting for the second round.

In particular, trying to diminish the potential gains from signaling by increasing the
number of firms, as in the case of the simultaneous auction, cannot produce any result.
The deviation into waiting for the second round does not cost any firm in terms of the
probability of acquiring a license, so, changing the number of firms is ineffective.
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7 Conclusion

We have examined two multi-unit auction schemes with allocative and, possibly, infor-
mational externalities, in particular, two auctions of oligopoly licenses.

When there is no signaling, we have provided a rationale for the use of a sequential
procedure. The information released during this procedure leads to more informative
bidding. Even though this does not affect the seller’s expected revenue, or the bidders’
expected payments, the two winners are protected from the possibility of regret, that is,
from buying a license at a price that exceeds its ex-post value. In addition, the strongest
oligopolist has to pay a higher price for his license than he would pay in a simultaneous
auction, whereas the weaker oligopolist pays a lower price. Therefore, the sequential
auction results in a more even distribution of the wealth generated in the oligopoly.

When signaling is possible, these results remain valid only in the case of positive signal-
ing incentives, as in the Cournot oligopoly. On the other hand, with negative signaling
incentives, as in the Bertrand oligopoly, there is no symmetric monotone equilibrium for
the sequential auction. Hence, in this environment, an efficient allocation is achieved
only by means of a simultaneous auction.

The two auction formats will cease to be revenue equivalent, if we consider affiliated
marginal costs. In this case, according to the intuition of the linkage principle, the
sequential format will dominate, in terms of revenue, the simultaneous auction. The
two auctions will also generate different expected seller revenues, if the firms face par-
ticipation costs. In particular, if the winning bid in the first round of the sequential
auction is sufficiently low, then some bidder types that would otherwise not participate
may decide to bid in the second round. In this case, however, the auction scheme that
is preferable for the seller may depend on the distribution of the firms’ marginal costs.

A seller may also increase his expected revenue by adopting different information reve-
lation rules and, therefore, allowing for different signaling possibilities. According to the
intuition derived from the study of the auction of a single license, schemes that reveal
more information about the winners will be revenue dominant in the case of positive
signaling incentives, while schemes that disable signaling will be dominant in the case
of negative signaling incentives.

Finally, it would be interesting to investigate experimentally the bidding behavior in
a sequential auction with negative informational externalities. An experimental study
may reveal patterns of behavior that can be of interest to sellers that would like to

consider the use of a sequential auction scheme.

These extensions are the subject of future research.
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Appendix: Proof of Results

Proof of Proposition 1:

It is straightforward to verify that the function (§(c¢;) is a solution to the differential
equation that resulted from the necessary first-order condition. In addition, by using
L’Hospital’s rule, it is easy to check that

i 5(c) = [ 7¥5(e] ) fle)de

as required by the boundary condition.

Since the equation that produced the strategy (3(c;) was only a necessary condition, we
still need to establish that it is optimal for any bidder ¢ with marginal cost ¢; to bid
b; = B(c;), if all other bidders follow this bidding strategy.

Suppose that firm i bids b; = /3 (¢;), for ¢; € [c, €] while having a marginal cost ¢;. Then,
by changing its bid marginally, that is, by mimicking a marginally different type, it can
change its expected payoff by

o1l d 2 S ~1a(x
a—@(cim) = —d—éi{P[C—izciW(ci)}

- / V(e el) (N = (N = 2) [1 = F@EIY2 f(@) f(c}) det

Substituting the expression for ((c;) results in

g_g@. ) = / RS (@ ey (N — (N — Q[ — @)Y £(@) f(c') de!

- / T3 (i c!) (N = 1)(N = 2)[1 = F(&)] 7 f (@) f(c") de!

Since the function m
firm’s expected payoff is

NS(¢;,ct) is decreasing in the marginal cost ¢;, the change in the

>0, for¢ <c;
o1l . .
a_éi(ci | Ci) =0, for ¢; = ¢;;

<0, for¢ > ¢,

showing that the firm’s expected profit I1(¢; | ¢;) attains its maximum at ¢ = ¢;.
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To show that the strategy ((c;) is decreasing, we can calculate its derivative to be

YPy o N = 2
i (¢) P2, > o v(e;) +/c v(c?) P2, > of det |,

i

dg —£P[?, > ¢ [ : 4 Plc2, > ]
X

where

for ¢ € [¢;, €], is the expected market profit of the strongest non-winning firm. Therefore,
if the function v(c) is decreasing, we can conclude that

P[ng 2 Ci]

s
dCi

(ci) < x [—v(e) +v(e)] = 0,

as required for the strategy ((c;) to be decreasing.

By differentiating the function v™V°(c), we get

£+ e 1
o [ e L
_ / "V (e, o) F((C;) dc! };((?)
and, after integrating the last term by parts,
d;CNS(c) - / " NS (e o) ’;(Ccl)) dct
o [ e E 0

Since the firms’ marginal costs are distributed in a logconcave manner, the expression
f(e)/F(c) is decreasing. Therefore,

NS . ;
@ < [ ) "fv(((:)) e
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and, since V5 + ¥ < 0, we conclude that

dUNS
dc

(¢) <0,

completing the argument.

Proof of Corollary 1:
Suppose that firm i has the lowest marginal cost among all firms, namely, ¢; € [c, ¢].
Then, in equilibrium, it will win one of the two licenses, at a price (3(¢;), for a market

profit 7V5(¢;, '), where ¢! > ¢; is the lowest competing marginal cost. Its overall payoff,

therefore, will be 7V9(c;, ¢') — B(e;). Since the function 7V9(c;, ¢!) is increasing in ¢!,

™ (ei, c') = Ble;) > 7V (ei,¢) = Blai),
so, it suffices to show that
Plc2; > o] {75 (es,¢0) = Blei)} = 0.
Notice that this last inequality is true for the boundary value ¢; = ¢. Furthermore,

d

dc {P[?, > ¢ [7V%(ei, ) — B(e)]} =

— (N =1)(N =2)[1 = F(c;))]NF(c;) f(e) ™5(ci, i)

+ {1 = Fe)]" 7+ (N = D1 = F(e)]" 7 F(e;) } d%[WNS(Ci, ci)]

" / T (ei,c') (N = DV = 2) [L = Fe)[" 7 fex) f(e!) de’

[

By integrating the last term by parts, this derivative becomes

—{ P2, > ci] [TV (es, ) = Blen)]} =

{[1=F(e)]" "+ (N =11 = Fe)]" 7 F(ei) } d%_[WNS(Cu ¢i)]

- / my o (cinc!) (N = 1)(N = 2) [1 = F(e)]" 7 Fe) f(c') de’.

Since both terms are negative, it follows that
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4
dCi

proving firm ¢’s realized payoff to be always positive.

{P[?, = ] [7V5(ci, i) — Blea)] } <0,

To show that the firm with the second-lowest marginal cost may win a license at a price
above its ex-post value, consider a firm with marginal cost ¢; = ¢. In equilibrium, such

a firm will bid

50 = [ 7)) de
the expected value of the license, given that N — 2 firms have marginal cost equal to c.

If the firm wins the license, then, in the market, it may face an opponent with marginal
cost ¢. In this case, it will make a market profit 7V5(¢,c) < 7V5(¢, ¢), for all ¢ € [c, .
Therefore,

™9, ¢) < /C V3¢, ¢) f(e) de,

[

for a negative overall profit.

Proof of Lemma 2:
The derivative of the function 3?(c;|c;) with respect to the variable ¢; is equal to

ot - [ et wieey VD= FOPE)
o] =[x wie.e) S A T e

where

m (e e)  fle)/[L = Fle)

w(c,¢) = —

—m (e, ) fle)/[1=F(e)]

The expression w(c, ¢;) is negative for ¢ = ¢;, positive for ¢ = ¢, continuous and increas-
ing with respect to ¢ € [¢;, ¢]. Hence, there exists a value ¢* = ¢*(¢;) € (¢;, ¢) such that

<0, force€ g, c);
w(c, ¢;) =0, forec=c"

>0, force(c*cl.
It follows that
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d _aVS(e* e Ewcc- (N =2)[1 - (C]N 3f() de
Geldale] < (e [ utee) S po

and, since Assumption 1 implies that

W= PO
[ wtee) S g de < 0

we can conclude that 5%(c;|c;) is decreasing.

Proof of Proposition 2:

Suppose that all firms follow the bidding strategy (3!, 3%) and consider firm 7 with
marginal cost ¢; € [¢,¢]. The optimality of bidding 3?(c; |c') in the second auction,
following the sale of the first license at a price b' corresponding to a marginal cost
ct = ()71 (b'), has been established in Lemma 1.2 Therefore, we only need to exam-
ine the optimality of bidding 5*(c;) in the first auction.

Obviously, firm 7 cannot gain from submitting a bid above $!(c) or below 3'(¢). So,
suppose that it mimics a type ¢ € [c, ¢, that is, it bids 8'(¢;). If ¢ < ¢, then, by
changing its bid marginally, firm ¢ will change its expected payoff by

CHEle) = (e (V- DI - )Y (@)
= () (N - 1 = F@)Y (@)

— Bailen) (N = DL = Fle)] V2 f(@)
d

- A - @)}

After substituting the appropriate expression for the last term, the change in the ex-
pected payoff of firm ¢ becomes

25In case the first license is sold at a price b' > 3!(c), an event outside the equilibrium path, we can
assume that the remaining firms attribute a marginal cost ¢! = ¢ to the winner of the license. Similarly,
for b < B1(é), we can assume that ¢! = ¢.
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g—g(éﬂci) = 7%(c;, &) (N = 1)[1 = F(ep)N 72 f(&)

— 7%(e;, &) (N = 1)[1 = F(&)N 2 f(&)
— Balé) (N =D = F(e))V (&)

F(ele) (N = 1)[1 = F(e))¥ 2 f (@)
—A(cile) (N = D1 = F(e)" 2 f(a) =

| @a) (V= PP @) i (V- )fe)

and since 7V9(c;, ct) < V5 (2, ¢!) for all ¢? € (&, ¢l

|
=
[\
—~
$)
&
™
&
SN~—
=
|
—_
N~—
—
|
=
)
<
=
i
[\
~
—~
™
<
SN~—
V

Hence, we can conclude that

oIl , _
a—éi(Cz’ | Cz‘)

v
o

with equality only when ¢; = ¢;.

Similarly, if firm ¢ mimics a marginal cost ¢; > ¢;, then, by changing its bid marginally,
it will change its expected payoff by

oIl

a_éi(éi i) = — 3@, 6) (N - DL = F(&)" 2 f(@)

d ~\TN—1 gl
- d_éi{ [1—F@@)]" B (@)}
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After substituting the second term, we get

11
g—@@m) )

with equality only when ¢; = ¢;.
We have therefore shown that the derivative of the firm’s expected profit is

>0, for¢ <c;
oIl . .
a-@(cl' ‘ CZ‘) = 0, for C; = Gy,

< 0, for ¢; > ¢;,

as required for the firm’s expected profit I1(¢; | ¢;) to attain its maximum at & = ¢;.

To show that the bidding strategy 3'(c;) is strictly decreasing, notice that we can write
its derivative as

dg' (N =1)f(e) 2 ¢ 9 9 oy (N =11 — F(C2>]N_2f(02) 2
o) = Gepid [ pale + [ o S

and, since Assumption 1 implies that 3%(c; | ¢;) is decreasing, we can conclude that

dpg (N =1)f(e:)

d_Ci(Ci) < = F) [=3%(ci] ) + B (cilei)] = 0,

as required for the bidding strategy 3! to be strictly decreasing.

Proof of Proposition 4:
First, notice that by rearranging the terms of the equation relating the bidding strategies
B(ci), B (c;) and B%*(ci|c'), given in the proof of Proposition 3, we get

(1= Fle)N ™ [8'e) - Ble)] = | 1
(N = D1 = F(e)]" 7 F(c;) x {5(61) _/ B (cilch) {?((Ccz; de!

Therefore, for the entire result, it suffices to show that 8'(c;) > B(c;).
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Using the definitions of the strategies (§(c;) and 3'(c;), we can show, by means of a
direct calculation, that 8*(c;) > B(¢;) if and only if

7 Nsp 2 oy (N DN =2)[1 = F()N P f() f(ch)
/' /17r (c*,¢") 1= et dc*dct >
“re VS22l (N -=1)(N -2)[1 _F(C2)]N73f(02)f(01) 2 det
[ e S s e
That is, we shall show that
Eg o [7V9(P )2 >y > ] > Ea o [7V5(32 )|, > ¢ >y ).

—’L —1 —l —1

Since the market profit function 7V°(c?, ¢!) is increasing in ¢!, we have

]El 02[ NS(C

C_ ;¢

Clz‘)|c2—z‘ ch—i > ¢

—7

= Ecii[Ecii [WNS(CZw Dk €len )]l > el
> Ea [Ea [77(c )] Cl—i € lei, ]2 > i
= Eea [, ¢) |2 > ¢]

= K2, [El[ (2 a) e elealll > )

> Ega [Eq [7V9(c;,cly) |l € el > o]

= Ea e [77(ccl) ] > ¢ > ],

as required for the result.

Proof of Proposition 5:

It is straightforward to verify that the function (3(¢;) is a solution to the differential
equation that resulted from the necessary first-order condition. In addition, by using
L’Hospital’s rule, it is easy to check that

nmmmz/iww@ﬂ@m

c;—¢C

as required by the boundary condition.
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Since the equation that produced the strategy (3(c;) was only a necessary condition, we
still need to establish that it is optimal for any bidder ¢ with marginal cost ¢; to bid
b; = B(c;), if all other bidders follow this bidding strategy.

Suppose that firm 4 bids b; = 3(&), for & € [¢, & while having a marginal cost ¢;.2
Then, by changing its bid marginally, that is, by mimicking a marginally different type,

it can change its expected payoff by

oIl -
el = (PR > 0l 5@))

= [ e (= DOV = 2) 1 F@ @) d

+ / (s |6, Y) (N = 1) [1 = F@E)V2 f(ch) de?

T [m\@,cl) (V= 1) [1 = F()V2 f(e) de

Substituting ((c;) and gathering the corresponding terms together result to

(@le) = /Cl[ﬂ(éiléz‘,cl)—W(Ciléiacl)] (N = 1)(N = 2)[1 = F(&)]" 7 f (@) f(c") de’

oIl
oc;

- /Cl [m2(éi | &, ") — males | &, )] (N = 1) [L = F(&)V 72 f(c') de

— [C [m9(& | &, ') — malcs | &, )] (N = 1) [1 — F(e))N 2 f(cY) dc.

i

Since the functions 7(¢; | &, ¢') and —ma(c; | &, ¢') are decreasing in ¢;, the change in the
firm’s expected profit is

>0, for¢ <c¢;
oIl

0¢; 7z (€

éilc) =0, for ¢ =c;

<0, forg¢ > ¢,
showing that the firm’s expected profit I1(¢; | ¢;) attains its maximum at ¢&; = ¢;.

To show that the strategy ((c;) is decreasing, we can calculate its derivative to be

26Tf a license is sold at a price b > 3(c), an event outside the equilibrium path, we can assume that
the remaining firms attribute a marginal cost ¢ = ¢ to the winner of that license. Similarly, for b < 3(¢),
we can assume that ¢ = ¢. In either case, no firm can profit from mimicking a type ¢; € [c, c].
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g, . —agPlti > ¢l ¢ o —aalldi >,
d_cl-(cl) P, > c . _U(CZ)+/CZ o) Ple2; > ¢ “ |

where

v(e) = /l m(ci| e, ct) x fle) dct

. F(o)
o [ reled g ) < R

ey L Fe) ] L PN
o [ dlel e >(N—2>f(ci)] 1= F(e)l ¥ 2F(e)

i

Therefore, if the function v(¢;) is decreasing, we can conclude that

dg —d%P[CQ,i > ¢

i < TRE z g < TUE@ @] =0

For the monotonicity of the function v(c;), it suffices to show that each of the three
terms in its definition is decreasing. We demonstrate the result for the third term only,
since the argument for the first two integrals is similar.

By rewriting this term as

ey L F@) 1= PO
/ [ S )<N—2>F<ci>f<ci>] TR

we can calculate its derivative to be

LI oo S0 B PR )

de N = 2)f(c)

e o 1 - F(¢)
el ) W= e

S DS B o (5)) G RO S o e (G R
[ el d oy e | e R

o [ [ttt poEE) ] VLR gy

N —2)F(c) [1— F(¢;)]N-1
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By integrating the last term by parts, we get
d ’ 11— Fla) [1— P2 f(e) o
- —T2Ci | Ci, C) T av d =
i L, [l gt | < TRl

R I N U ) L= F(H]¥-24(c)
/c; de; { z(eil i )(N—Q)F(ci)f(ci)} % [1— F(c)V 2 dc'

(Y ERPRPIPIS EX. 0 IOV C

C

and, since the assumption of the decreasing inverse hazard ratio ff() implies that the
term

[ - F(ci)f? _ A =Fle)] [ = Fe)]
(N=1D(N=2)F(c;)f(e:)  (N=1F(c;) (N—=2)f(cs)

is also decreasing, we can drop a negative term from the first integral, so as to get
d ‘ iy 1= Fla) [1—F(]¥2f(e) 4
- - 7 iy d S
o UL [t i | < o R
©d ! [1— F(e)]? [1—F()]"2f() 4
- T i | Gy d
[ el e * e e

¢ d 1 1— F() [1_F(Cl)]N—1 X
+ /C 2o Lme(cil )] N 2F@) X 1 Fe) de'.

Using again the assumption of the decreasing inverse hazard rate

i { [ [mtelene) o | < Eo i) ae | <

c

S8

L e )] ) L FET

o de; 16 € (N —2)F(¢) [1— F(c)]N-
ey L F) L= PP

T e e DN TRy X T e

Finally, since

d d
d—ci[—@(cz‘f%cl)] + ﬁ[ —ma(ci | iy ch)] =

— [mar(ci | ciy ') + maa(ei| iy €t) 4+ mas(ci | eiyct)] < 0,
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for all marginal costs ¢; € [¢,¢] and all ¢! € [¢;, €], we can conclude that the derivative
is negative, as desired.

The argument establishing that the stronger of the two oligopolists always makes a posi-
tive profit, unlike the weaker oligopolist who may regret his participation to the market,
is identical to that in the proof of Corollary 1, with 7(c; | ¢;, c') in place of #¥5(¢;, cb).
It is therefore omitted.

Proof of Lemma 3:

For arbitrary ¢! € [c, ¢], suppose that all firms follow the bidding strategy 32%(.|c!) and
consider firm 4 with marginal cost ¢; € [¢!, ¢]. Obviously, firm i cannot profit by bidding
above 32(c! | c!) or below 5%(¢|c!').2" So, suppose that firm i mimics a type ¢ € [c', ],
that is, it bids 8%(¢; | ¢'). Then its expected payoff will be

(@] ;) = [1 = F(&)]" 7 [w(ci| &, c') = B2(@ileh)].
By changing its bid marginally, firm ¢ will change its expected payoff by

oIl

G Ele) = = mlelac) (V=2 - F@)" /(@)

+ mo(c; | G, ct) [1 — F(&)] N2

a N—-2 22
—a@{U—F(M B(eilet) }

By calculating the derivative in the last term, we get

G@le) = [n(@]en) — (ol e )] (V- 21— FE)M ()

+ [male| @, ct) — (@ | &, )] [ — F(&) N2

Since both the profit function 7 (¢; | &, ¢') and the derivative —ma(c; | &, ') are decreasing
in ¢;, it follows that

>0, for¢ <c;
oIl

o¢; 7z

¢ilei) =0, forg¢ =c;

<0, for ¢; > ¢,

2TIf the license is sold at a price b> > 32(c!|c!), an event outside the equilibrium path, we can assume
that the remaining firms, in particular, the competing oligopolist, will attribute a marginal cost ¢ = ¢!
to the winner of the license. Similarly, for b2 < 3%(¢|c!), we can assume that ¢? = ¢.
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as required for the optimality of bidding 3%(c; | ¢').

In addition, when firm i has marginal cost ¢; € [c, ¢!], the previous analysis shows that
1, (¢; | ¢;) < 0, for all ¢; € ¢!, ¢]. Hence, firm i is best-off bidding 3?(c! | ¢t).

Finally, for the monotonicity of the strategy (3%(c;|c!), notice that, since the inverse
hazard rate [1 — F'(c)]/f(c) is decreasing, the expression

v(cle,c! :chcl—ﬂcccll_—F@)
(’7 ) (| ) ) 2(|7 )(N—Q)f(c)
is decreasing in c¢. Therefore, the derivative
852 1 1 (N_ Z)f(ci>
e, (cile) = —wv(ele,c) 1——F’(Q)
‘ iy (V=2)[1 = F(e)]"*f(c) (N —2)f(cs)
+/Ci v(c|e ) - F(o)" 2 de X = ()

is negative, showing that the strategy 5%(c!|c!) is strictly decreasing in ¢; € (¢!, c].

O

Proof of Lemma 4:
The derivative of 3%(c; | ¢;) equals to

d . B
d—ci[ﬁ (cile))] = —v(e,c)

(N —2)f(c)
1-— F(CZ) ’

o (N =2 = PP
/ wle) T e ¢

‘ (N =2)[1 = F(e)]"f(c) (N =2)f(ci)
+ /c v(e, ) 10— F(o) 2 de x = F(e)

or, after integrating the last term by parts, to

peten] = [ ey &= 20— FOP@)
lrala)] = [ e St

i

‘ [1 = F(e)]" (N =2)f(c)
+ /C v1(e, ;) 1= Flo)" de X = Fe)

For all ¢; € [c, ¢], since the inverse hazard ratio [1 — F'(¢)]/f(c) is decreasing, we have
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d 62(02’62)] < /CU2(6|01') (N_[Zl)[_F( <)T1\1 2 f() de

C ey L F@? (N —2)f(c)
+ /C t1(c| ¢) 1= Fo)" 2 d e
where
Since the expression
wie.e) = ~zlele)  fle)/ll = Fle)]
- ~ /1= F(o)

is negative for ¢ = ¢;, positive for ¢ = ¢, continuous and increasing with respect to
¢ € [, @], there exists a value ¢* = ¢*(¢;) € (¢;,¢) such that

<0, force g, c);
w(e, ¢) =0, forc=c"

>0, force (el
Therefore, since the function —o;(c, ¢!) is decreasing in ¢ € [¢;, €] and positive, we have

*

4 ) ey V2= FQOPNSE)
lFale) < [ —hiele) wiee) SRt
e ey V2= F@OPNE)
+ /c* 1(‘2) <7Z> [1—F( )]NQ d
ateton [F ey 2= PO
< el [ vl SR

Assumption 2 implies that

W= PO
[ wtee) S g de < 0

which suffices for 5%(¢;|c;) to be decreasing.
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Proof of Proposition 6:

Suppose that all firms follow the bidding strategy (3!, 3?) and consider firm 7 with
marginal cost ¢; € [c,¢]. The optimality of bidding 3?*(c;|c') in the second auction,
following the sale of the first license at a price b' corresponding to a marginal cost
¢! = (B)"1(b"), has been established in Lemma 3.2® Therefore, we only need to exam-
ine the optimality of bidding 3*(c;) in the first auction.

Obviously, firm i cannot gain from submitting a bid above 3'(c) or below 3'(¢). So,
suppose that it mimics a type ¢; € [c, ¢, that is, it bids 8*(¢;). If ¢ < ¢;, then, by
changing its bid marginally, firm ¢ will change its expected payoff by

CeEle) = wlalee) (V- DiL- Fe)Y /(@)
— (e ]anE) (N = DL F@E)N (@)
= [l - 0= PP
— Bl (N = DL = Fle)l /(@)

d N—-1 1
- =@ @)

After substituting the appropriate expression for the last term, the change in the ex-
pected payoff of firm ¢ becomes

g—l?(éi le;) = w(eile, &) (N =D —F(e) ]V f(@)

— mleiléna) (N =11 = F(&)] 72 f(e)

/.
/

—ma(ci| G ') (N = 1[I = F()M 2 f(ch) de!

— (@] @) (N = D)L= F()N2f() de?

The difference between the last two terms equals to

28In case the first license is sold at a price b' > 3!(c), an event outside the equilibrium path, we can
assume that the remaining firms attribute a marginal cost ¢! = ¢ to the winner of the license. Similarly,
for b < B1(é), we can assume that ¢! = ¢.
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/‘w [.6) (N = 1= P21 de (N = 1)@

+ / A2 E) 1 — F(A))N2dc® (N —1)f(&).
Since 7(c; | ¢, c') is decreasing in ¢;, we have

)N f(E)

(
()2 f @) >

/ m(ei|c® &) (N =2)[L = F()]" 7 f(c*) de* (N = 1) f(&)

s [ em@ @) - PR (- 01

and, by integrating the first term by parts,

Hence, we get
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oIl

75, (e 2 eh) (N = L= BV () de’

éile)

_|_

— 1o (¢ | ? LG [l — F(cz)]N_2 dc® (N — 1) f(&)

> [ o
/' mal@ |, ) (V = [T = F()¥2£(c!) de!
|

s [ mm@ a1 PP (V- 1)f(@)

and, since the derivative —ms(c; | &, , ') is decreasing in ¢;, we can conclude that

oIl , _
a—éi(cz' | Cz‘)

v

0,
with equality only when ¢; = ¢;.

Similarly, if firm ¢ mimics a marginal cost ¢; > ¢;, then, by changing its bid marginally,
it will change its expected payoff by

8H ¢ ~ 1 N—-2
Tele) = = [ —malad) (V=) - FEOP R de

i

— 3@ la) (N = 1)1 = F(&)]Y 2 f (@)

d N-1
- 1= FE 8@ )

By substituting the appropriate expression for the last term, we get

aH ~ ¢ ~ 1 N—-2
8_61@‘61) = _/e —mo(ci| e ct) (N = D1 = F(ch]" 2 f(c!) de

%

+/5wmmafo—mr—<an<>,

which implies that

D
o
BR
~
IN
\.O

with equality only when ¢; = ¢;.
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We have therefore shown that the derivative of the firm’s expected profit is

>0, for¢ <c;
o1l N
a—éi(cl- | ) =0, forg¢ =c;

<0, forg¢ >c,

as required for the firm’s expected profit I1(¢; | ¢;) to attain its maximum at ¢; = ¢;.

Finally, to show that the bidding strategy 3'(c;) is strictly decreasing, notice that we
can write its derivative as

dp' (N -1)f(c) | © 2y (N D= F(E@)V2f(P)
i) = Sopey [ [ e S e

) = Bala)

e oy L E ) (N =D = F()I"2f()
/ { resles >(N—1)f(ci)] - [1— F(c)N-1 de’.

Because of Assumption 2, the term (%(c;|¢;) is decreasing in ¢;. In addition, by an
argument similar to the one used for the corresponding term in %ﬂ(cl-), we can show
that the second term is also decreasing in ¢;. Therefore, the function v! is decreasing.

It follows that

dp

ds (N = (e
dCi

(€) < gy * [moled +o(e)] = o,

as required for the bidding strategy 3' to be strictly decreasing.

Proof of Proposition 8:
First, notice that by rearranging the terms of the equation relating the bidding strategies
B(ci), B(c;) and B*(c; | '), given in the proof of Proposition 3, we get

L= F(e))"" [BY(e) = Ble)] =

(N - 1)1 - F(Ci)]N_QF(Ci) lﬂ(ci) _ /Ci 3 (ci|cY) % dc!
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Therefore, for the entire result, it suffices to show that 8'(c;) > B(c;).

Using the definitions of the strategies 3(c;) and ('(¢;), we can show, by means of a
direct calculation, that 3*(c;) > 3(¢;) if and only if

b// @ty W=D =20 = FEP A 4oy

1 Fle)¥! i
2 (N =D[1 = F(HIN?f() o0
// |2, ct) 1= Fe)v dc” dc >

LT VDN = 21— FOP )
/C /C v(c* | ) (N = D[l = F(e)]V 2F(c) dc®dc,

where

1— F(c?)
(n—2)f(c*)

v( | ) =7 | ct) —ma(c?| et

Since the second double integral is positive, it suffices to show that

>

[Kw%wW“mNﬁ[gﬁlﬂm)“@

ey K DI =2 = PN
/c /c v(c?| e, ) N - D[~ Fle)" 2F(c) dc? det,

that is, to show that

Ec1.62 [ ( ‘Cfm ! )lczlzcizzcl] > ]Ecl czv[ ( |sz7 11)’6277;201'20172']'

—i7"—1 —iv—q

Since the function v(c? | ¢?, ¢!) is increasing in ¢!, we have
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Ea 2 [v(c?; ], c) | >l > e

C i€y -t -

= Ee [Ea [u(ci]c;cly) | el € e, )] | ey > o]
> Ee [Ea [v(cZ |y a)|cl; € e, )] e > ¢l
= E. [v(c |2, )| > il

= Eq [Ea [o( ] )lcl; € [eal]l e > ¢
> Ee [Ea (e | cly)]cli € lealll e > ¢
= Eu o [v(2; |y, ct) |2y > e >y,

—177—1

as required for the result.

Proof of Proposition 9:
Similarly to the proof of Proposition 5, notice that the strategy [((c;) can be expressed
as

ﬂ(cl) _ /Cu(02’02) (N—1)<N_2)[1—F<C>] - F(C)f(c) d2

P2, > ¢ <

i

where

i G
— 6 mo(c|é, c! 1 - F(©) XLCI) !

/ [ (el )(N—2)f(5)} 7 °
N I I G s

/ [ (el )(N—Z)f(é)} ERCEERC R

for ¢, ¢ € [¢,¢]. In particular, u(c) = u(c|c) is the valuation of a firm with marginal
cost ¢, assuming that its market opponent is stronger.

Therefore, we have

oIl

a_ai(é”ci) = (N=D(N=2)[1=F@I"?F(@) f(&) [ulé| &) —u(@]e)]
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and
0*11

9e.0c (Gile) = — (N=1(N=2)[1—-F@E&)|N2F(&) f(&) us(Gle).

Hence, if we can show that
Ug(él | Ci) > O,

then, since 2 (c; | ¢;) = 0, we can conclude that
>0, for¢ <c;
oIl ,_ .
%(Ci | Ci) = 0, for C; = Gy,
(2

<0, forg¢ >c¢,
as it suffices for firm i’s expected profit function I1(&]c;) to attain its maximum at é = ¢;.

Notice that

C; 1
UQ(61|CZ) = / 7T1(Ci|67;,01) X f(C) dCl

c F(&)
- et ) e

e LoF@) ] L FEOPMR
/ [ n(ei] & )<N—2>f<a->} X L= F@) " 2F@)

Therefore, if N is sufficiently large, then the positive term dominates the negative ones,
so that us(¢; | ¢;) > 0. Moreover, it is possible to find N* such that for N > N* we have
us(&; | ¢;) > 0, for all &, ¢; € [c, ¢, uniformly.

The rest of the proof is identical to that of Proposition 5, so, it is omitted.

Proof of Proposition 10:

Suppose, contrary to our assertion, that there exists a symmetric equilibrium in mono-
tone bidding strategies (3!, 3%). Since 3! is strictly decreasing, the announcement of
the first-round winning bid reveals the marginal cost ¢! of the strongest oligopolist.
Therefore, in the second round, the firms update their beliefs, so that

- F
¢~ F(c) = ¢



for all ¢ € [}, ¢].

If the number of firms participating in the second auction, N — 1, is sufficiently large,
so as to satisfy the inequality

ma(c, ¢) [1— F(c)]
ma(e) (VN -2) ()’

for all ¢ € [¢, €], then, as shown in Das Varma [9], the strategy

T

¢ 22 W I=F@EA)"?
+ /cz —my(c* |7 c) [1— F(c;)|V2 dc”,

for ¢; > ¢!, forms the unique equilibrium in the auction of the second license. In partic-
ular, for a marginal cost ¢; < ¢!, firm ¢ bids b* = (¢! |c!).

By assuming, as we did in the case of the Cournot oligopoly, that
e N-2 , _ ,
[UPOrz oy flee) | o)
e 1= F(e)]N2 exe; | —01(c, ) ] (N =2) f(ei)

for all ¢; € [¢, ¢], where

enct) = gilrteled)] = Limlelec] gy

N =2)f(c)’
we can ensure that the strategy 32(c;|c;) is decreasing in the marginal cost c;.

In the first auction, the optimization of the profit function II(¢|c;) of a firm with
marginal cost ¢; results in the strategy

1 _ S o iy N DN =2)[1 = F(A)V () s
B (c;) = /Cl /cl (e | ) 1— Flo) de* de

T e NS D = F(AN ),
+ /C /cl —m(c”| %) [ = Fle)]N T dc” dc

“ e 212 1y (N=DI=F(N2f(c) 5
A e e = e

95



as the unique solution of the differential equation derived by the necessary first-order
condition II; (¢; | ¢;) = 0.

To check sufficiency, we can calculate, for ¢; > ¢;,

g—g(éz | Ci) = /é; 7T2<Ci ‘ &i, Cl) (N — 1)[1 — F<Cl>]N_2f(Cl) dcl

- / (@ | @, V) (N — D)[1 — F(eHV2f () de.

Since my(c; | &, ct) > mo(é; | ¢, ct), for & > ¢;, we conclude that

o1l

—(Gi|c) > 0,

L
showing that the firm’s deviation from 3'(¢;) to 3'(¢), for ¢ > ¢;, is profitable. Hence,
the strategy 3'(¢;) fails to support an equilibrium.

Since the strategy $' was the unique solution to the necessary condition, we conclude
that the sequential auction has no equilibrium in strictly monotone strategies.

o6



References

1]

2]
3]

[10]

[11]

[12]

[13]

[14]

[15]

AN, M. Y. (1998), “Logconcavity versus Logconvexity: A Complete Characteriza-
tion”, Journal of Economic Theory, 80(2), 350-369.

BaccHl, A. (2005), “How to Commercialize Technology Using Auctions ”, Mimeo.

Burow, J., GEANAKOPLOS, J. and KLEMPERER, P. (1985), “Multimarket

Oligopoly: Strategic Substitutes and Complements”, Journal of Political Economy,
93(3), 488-511.

CAPLIN, A. and NALEBUFF, B. (1991), “Aggregation and Imperfect Competition:
On the Existence of Equilibrium”, Econometrica, 59(1), 25-59.

CrRAMTON, P. (1997), “The FCC Spectrum Auctions: An Early Assessment”,
Journal of Economics and Management Strategy, 6(3), 431-495. Reprinted in D.L.
Alexander (ed.), Telecommunications Policy, Praeger Publishers, 1997.

CRAMTON, P. (2002), “Spectrum Auctions”, in M. Cave, S. Majumdar, and I. Vo-
gelsang (eds.), Handbook of Telecommunications Economics, Amsterdam: Elsevier
Science.

CrAMTON, P. (2006), “How Best to Auction Oil Rights”, in M. Humphreys, J.
Sachs, and J. Stiglitz (eds.), Escaping the Resource Curse, forthcoming.

DANA, J. and SPIER, K. (1994), “Designing an Industry: Government Auctions
with Endogenous Market Structure”, Journal of Public Economics, 53(1), 127-147.

DAs VArMA, G. (2003), “Bidding for a Process Innovation under Alternative

Modes of Competition”, International Journal of Industrial Organization, 21(1),
15-37.

FIGUEROA, A. and SKRETA, V. (2005), “The Role of Outside Options in Mecha-
nism Design”, Mimeo.

GAL-OR, E. (1985), “Information Sharing in Oligopoly”, FEconometrica, 53(2),
329-343,

GAL-ORr, E. (1986), “Information Transmission - Cournot vs. Bertrand”, Re-
view of Economic Studies, 53(1) 85-92. Reprinted in A.F. Daughety (ed.) Cournot
Oligopoly, Cambridge University Press, 1988.

GILBERT, R. and NEWBERY, D. (1982), “Preemptive Patenting and the Persis-
tence of Monopoly”, American Economic Review, 72, 514-526.

GOEREE, J. (2003), “Bidding for the Future: Signaling in Auctions with an After-
market”, Journal of Economic Theory, 108(2), 345-364.

HeNDRICKS, K. and PORTER, R.H. (2003), “The Timing and Incidence of Ex-
ploratory Drilling on Offshore Wildcat Tracts”, American Economic Review, 86,
388-407.

o7



[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

28]

[29]

Hoppe, H., JEHIEL, P. and MoLDOVANU, B. (2006), “Licence Auctions and
Market Structure”, Journal of Economics and Management Strategy, 15, 371-396.

HoppE, H., MoLDOVANU, B. and OzDENOREN, E. (2007), “Coarse Matching
and Price Discrimination”, Mimeo.

JANSSEN, M. (2004), Auctioning Public Assets, Cambridge: Cambridge University
Press.

JEHIEL, P. and MoLDOVANU, B. (1996), “Strategic Non-Participation”, RAND
Journal of Economics, 27(1), 84-98.

JEHIEL, P. and MoLDOVANU, B. (2001), “Auctions with Downstream Competition
among Buyers”, RAND Journal of Economics, 31(4), 768-791.

JEHIEL, P. and MoLDOVANU, B. (2003), “An Economic Perspective on Auctions”,
Economic Policy, 36, 271-308.

JEHIEL, P. and MoLDOVANU, B. (2001), “Efficient Design with Interdependent
Valuations”, Econometrica, 69, 1237-1259.

JEHIEL, P. and MoLDOVANU, B. (2004), “The Design of an Efficient Private
Industry”, Journal of the European Economic Association, 2, 516-525.

JEHIEL, P. and MoLpovaNu, B. (2005), “Allocative and Informational Exter-
nalities in Auctions and Related Mechanisms”, in R. Blundell, W. Newey, and T.
Persson (eds.), Proceedings of the 9th World Congress of the Econometric Society,
Cambridge: Cambridge University Press.

JEHIEL, P., MoLDOVANU, B. and StaAcCHETTI, E. (1996), “How (not) to Sell
Nuclear Weapons”, American Economic Review, 86(4), 814-829.

JEHIEL, P., MoLpovANU, B. and StAccHETTI, E. (1999), “Multidimensional
Mechanism Design for Auctions with Externalities”, Journal of Economic Theory,
85(2), 258-293.

KAMIEN, M. (1992), “Patent Licensing”, in R.J. Aumann and S. Hart (eds.),
Handbook of Game Theory, Amsterdam: North-Holland.

KAMIEN, M., OREN, S. and TAUMAN, Y. (1992), “Optimal Licensing of Cost-
Reducing Innovations”, Journal of Mathematical Economics, 21, 483-509.

KAMIEN, M. and TAUMAN, Y. (1986), “Fees versus Royalties and the Private
Value of a Patent”, Quarterly Journal of Economics 101, 471- 492.

Katz, M. and SHAPIRO, C. (1986), “How to License Intangible Property”, Quar-
terly Journal of Economics 101, 567- 589.

KAtzMAN, B. and RHODES-KROPF, M. (2002), “The Consequences of Informa-
tion Revealed in Auction”, Mimeo.

o8



32]

KLEMPERER, P. (2002), “How (Not) to Run Auctions: the European 3G Telecom
Auctions”, Furopean Economic Review, 46, 829-845. Also reprinted in G. Illing
(ed.), Spectrum Auctions and Competition in Telecommunications, 2003.

KRISHNA, V. (2002), Auction Theory, San Diego; London and Sydney: Elsevier
Science, Academic Press.

MAASLAND, E. MONTANGIE, Y. and VAN DER BERGH, R. (2004), “Levelling the
Playing Field in Auctions and the Prohibition of State Aid”, in M. Janssen(ed.),
Auctioning Public Assets, Cambridge: Cambridge University Press.

MirLGroM, R.P. and WEBER, R. (1983), “A Theory of Auctions and Competitive
Bidding”, Econometrica, 50(5), 1089-1122.

MOLNAR, J. and VIRAG, G. (2006), “Revenue Maximizing Auctions with Market
Interaction and Signaling”, Mimeo.

ScHMmITZ, P.W. (2002), “On Monopolistic Licensing Strategies under Asymmetric
Information”, Journal of Economic Theory 106, 177-1809.

99



