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Devwudfw

Zh suhvhqw dq lqfrpsohwh frqwudfw prgho lq zklfk d ex|hu dqg d vhoohu ?uvw
djuhh rq dq h!flhqw rzqhuvkls vwuxfwxuh dqg wkhq edujdlq ryhu wkh sulfh ri dq
lqsxw1 Zh doorz iru dv|pphwulf lqirupdwlrq dw wkh h{ srvw edujdlqlqj vwdjh1
Wkh rzqhuvkls vwuxfwxuh wkdw wkh sduwlhv djuhh rq h{ dqwh ghwhuplqhv wkh sd|r>
wkdw hdfk ri wkhp fdq uhdolvh ehiruh uhdfklqj dq djuhhphqw +l1h1 wkh rzqhuvkls
vwuxfwxuh ghwhuplqhv wkh lqvlgh rswlrqv,1 D fkdqjh lq wkh rzqhuvkls vwuxfwxuh
wkdw ohdgv wr orzhu mrlqw lqvlgh rswlrqv kdv wzr rssrvlqj h>hfwv1 Rq wkh rqh
kdqg/ iru d jlyhq gxudwlrq ri wkh ghod| shulrg/ orzhu lqvlgh rswlrqv frqvwlwxwh dq
h!flhqf| orvv1 Rq wkh rwkhu kdqg/ krzhyhu/ zh vkrz wkdw pdnlqj glvdjuhhphqw
pruh frvwo| dffhohudwhv djuhhphqw ehwzhhq wkh sduwlhv1 Wklv dffhohudwlrq h>hfw
frqvwlwxwhv dq h!flhqf| jdlq1 Zh vkrz wkdw wkh odwwhu h>hfw grplqdwhv wkh iruphu
li wkh ghjuhh ri xqfhuwdlqw| lv vpdoo uhodwlyh wr wkh jdlqv iurp wudgh1 Lq wklv fdvh
wkh sduwlhv rswlpdoo| fkrrvh dq rzqhuvkls glvwulexwlrq wkdw plqlplvhv wkhlu mrlqw
lqvlgh rswlrqv1 Li wkh ghjuhh ri xqfhuwdlqw| lv odujh uhodwlyh wr wkh jdlqv iurp wudgh
wkhq wkh h!flhqf| orvv iurp orzhulqj wkh lqvlgh rswlrqv rxwzhljkv wkh ehqh?w ri
idvwhu ghflvlrq pdnlqj dqg wkh sduwlhv rswlpdoo| fkrrvh dq rzqhuvkls glvwulexwlrq
wkdw pd{lplvhv wkhlu lqvlgh rswlrqv1

úFhqwuh iru Hfrqrplf Shuirupdqfh/ Orqgrq Vfkrro ri Hfrqrplfv/ Krxjkwrq Vwuhhw/ Orqgrq ZF5D
5DH1 Hpdlo= Q1E1PdwrxvfkhnCovh1df1xn1 L zrxog olnh wr wkdqn Dqwrlqh Idxuh0Julpdxg/ Rolyhu Kduw/
Qrex Nl|rwdnl/ Gdylg gh Ph}d/ Mrkq Prruh/ Dqguhd Sudw dqg Sdror Udph}}dqd iru pdq| xvhixo
frpphqwv dqg vxjjhvwlrqv1 Doo uhpdlqlqj huuruv duh/ ri frxuvh/ p| rzq1 Ilqdqfldo vxssruw e| wkh Fhqwuh
iru Hfrqrplf Shuirupdqfh/ wkh Orqgrq Vfkrro ri Hfrqrplfv dqg VWLFHUG lv judwhixoo| dfnqrzohgjhg1



4 Lqwurgxfwlrq

Lq wklv sdshu zh ghyhors d surshuw| uljkwv wkhru| ri wkh ?up zklfk irfxvhv h{foxvlyho| rq

wkh uroh ri dvvhw rzqhuvkls lq ghwhuplqlqj edujdlqlqj lqh!flhqflhv1 Zh dujxh wkdw ?upv

dw wlphv edujdlq zlwk wkhlu sdwurqv4 lq wkh suhvhqfh ri sulydwh lqirupdwlrq1 Edujdlqlqj

ehwzhhq wkh sduwlhv pd| wkhq eh lqh!flhqw/ lq wkh vhqvh wkdw jdlqv iurp wudgh duh qrw

uhdolvhg ru duh rqo| uhdolvhg diwhu vrph ghod|1 Wkh ?up dqg lwv sdwurqv dqwlflsdwh wkhvh

edujdlqlqj lqh!flhqflhv dqg wdnh wkhp lqwr dffrxqw zkhq ghflglqj rq wkh rzqhuvkls

glvwulexwlrq ri wkh sk|vlfdo dvvhwv1 Zh h{solflwo| prgho wkh lqwhughshqghqfh ehwzhhq

wkh rzqhuvkls glvwulexwlrq dqg wkh h{ srvw edujdlqlqj lqh!flhqflhv1 Wklv doorzv xv

wr uhodwh wkh hfrqrplf hqylurqphqw wr wkh rzqhuvkls glvwulexwlrq wkdw plqlplvhv wkh

h{shfwhg edujdlqlqj lqh!flhqflhv1

Wr looxvwudwh wkh vwuxfwxuh ri wkh prgho/ frqvlghu d vlwxdwlrq lq zklfk wkhuh duh wzr

pdqdjhuv dqg wzr dvvhwv1 Rqh pdqdjhu rshudwhv wkh xsvwuhdp dvvhw/ iru lqvwdqfh d

sodqw wkdw surgxfhv lqsxwv/ dqg wkh rwkhu pdqdjhu rshudwhv wkh grzqvwuhdp dvvhw/ iru

lqvwdqfh d sodqw wkdw surgxfhv d ?qdo rxwsxw1 Dvvxph ixuwkhu wkdw wkh wzr pdqdjhuv

duh orfnhg0lq/ lq wkh vhqvh wkdw wudgh ehwzhhq wkhp lv pruh sur?wdeoh wkdq wudgh ehwzhhq

hlwkhu ri wkhp dqg wklug sduwlhv1 Lq wkh suhvhqfh ri wudqvsruw frvwv/ wkh orfn0lq pd|/ iru

lqvwdqfh/ eh gxh wr wkh forvh sur{lplw| ri wkh wzr dvvhwv1 Wkh pdqdjhuv ?uvw frqwudfw

ryhu wkh rzqhuvkls glvwulexwlrq ri wkh dvvhwv dqg wkhq edujdlq ryhu wkh sulfh ri wkh lqsxw1

Dw wkh h{ srvw edujdlqlqj vwdjh rqo| wkh pdqdjhu ri wkh grzqvwuhdp ?up nqrzv krz

sur?wdeoh lw lv iru khu wr rshudwh lq wkh grzqvwuhdp lqgxvwu| dqg wkxv krz pxfk vkh

ydoxhv wkh lqsxw1 Gxh wr wkh suhvhqfh ri h{ srvw sulydwh lqirupdwlrq wkh pdqdjhuv pd|

vshqg vrph wlph kdjjolqj zlwk hdfk rwkhu ehiruh djuhhlqj rq wkh lqsxw sulfh1 Zkloh

wkh wzr pdqdjhuv edujdlq ryhu wkh lqsxw sulfh/ dqg ehiruh wkh| uhdfk djuhhphqw/ hdfk

fdq wudgh zlwk wklug sduwlhv rq wkh vsrw pdunhw1 Zh uhihu wr wkh shu shulrg sd|r> wkdw

hdfk pdqdjhu fdq rewdlq gxulqj wkh edujdlqlqj surfhvv +dqg ehiruh uhdfklqj djuhhphqw

zlwk hdfk rwkhu, dv hdfk pdqdjhu*v clqvlgh rswlrq* ru csuh0djuhhphqw sd|r>*1 Hdfk

4Zh dgrsw Kdqvpdqq*v gh?qlwlrq ri d ?up*v sdwurqv dv 3doo shuvrqv zkr wudqvdfw zlwk d ?up hlwkhu
dv sxufkdvhuv ri wkh ?up*v surgxfwv ru dv vhoohuv wr wkh ?up ri vxssolhv/ oderu ru rwkhu idfwruv ri
surgxfwlrq4 +Kdqvpdqq +4<<9,/ s145,1
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pdqdjhu*v suh0djuhhphqw sd|r> ghshqgv rq wkh rzqhuvkls glvwulexwlrq rq zklfk wkh

sduwlhv djuhh h{ dqwh1 Wr vhh krz wkh edujdlqlqj lqh!flhqflhv ghshqg rq wkh rzqhuvkls

glvwulexwlrq/ frqvlghu d fkdqjh lq wkh rzqhuvkls glvwulexwlrq wkdw orzhuv wkh pdqdjhuv*

mrlqw suh0djuhhphqw sd|r>/ l1h1 wkh vxp ri wkhlu lqglylgxdo suh0djuhhphqw sd|r>vé Rq

wkh rqh kdqg/ iru d jlyhq gxudwlrq ri wkh ghod| shulrg/ d uhgxfwlrq lq wkh mrlqw suh0

djuhhphqw sd|r> frqvwlwxwhv d gluhfw uhvrxufh frvw1 Rq wkh rwkhu kdqg/ krzhyhu/ wkh

gxudwlrq ri wkh ghod| shulrg lwvhoi ghshqgv rq wkh rzqhuvkls glvwulexwlrq1 Lq sduwlfxodu/

wkh pdqdjhuv zloo vshqg ohvv wlph kdjjolqj ryhu wkh lqsxw sulfh wkh pruh ghshqghqw wkh|

duh rq hdfk rwkhu/ l1h1 wkh orzhu wkhlu mrlqw suh0djuhhphqw sd|r>1 Wklv dffhohudwlrq h>hfw

frqvwlwxwhv dq h!flhqf| jdlq1 Ehiruh wkh pdqdjhuv edujdlq ryhu wkh lqsxw sulfh/ dqg

ehiruh wkh grzqvwuhdp pdqdjhu ohduqv khu ydoxdwlrq/ wkh| frqwudfw ryhu wkh rzqhuvkls

glvwulexwlrq ri wkh sk|vlfdo dvvhwv1 Zh dvvxph wkdw erwk pdqdjhuv duh ulvn qhxwudo

dqg qrw oltxlglw| frqvwudlqw1 Wkxv/ wkh| djuhh rq wkh h!flhqw rzqhuvkls glvwulexwlrq

wkdw plqlplvhv wkh wrwdo h{shfwhg edujdlqlqj frvwv1 Lq wkh sdshu zh vkrz wkdw wkh

dffhohudwlrq h>hfw grplqdwhv wkh gluhfw uhvrxufh frvw zkhq xqfhuwdlqw| lv vpdoo uhodwlyh

wr wkh jdlqv iurp wudgh1 Lq wklv fdvh wkh h!flhqw rzqhuvkls glvwulexwlrq plqlplvhv wkh

pdqdjhuv* mrlqw suh0djuhhphqw sd|r>1 Zkhq xqfhuwdlqw| lv odujh uhodwlyh wr wkh jdlqv

iurp wudgh/ wkh gluhfw uhvrxufh frvw grplqdwhv wkh dffhohudwlrq h>hfw dqg wkh h!flhqw

rzqhuvkls glvwulexwlrq pd{lplvhv wkh pdqdjhuv* mrlqw suh0djuhhphqw sd|r>1

Dv d ixuwkhu looxvwudwlrq ri wkh edvlf h>hfwv/ lw lv xvhixo wr frqvlghu wkh iroorzlqj

h{dpsoh1 Uhfhqwo|/ wkh XV fdu pdqxidfwxuhu Irug zdv lqyroyhg lq qhjrwldwlrqv derxw

wkh uhqhzdo ri d vxsso| frqwudfw zlwk lwv vroh vxssolhu ri fdu orfnv51 Wkh ?upv glvdjuhhg

derxw wkh whupv ri wkh frqwudfw= zkloh Irug zdqwhg d frqwlqxdwlrq ri wkh suhylrxv

frqglwlrqv/ wkh vxssolhu vxvshfwhg wkdw Irug*v sur?wdelolw| kdg lpsuryhg/ dqg wkhuhiruh

lqvlvwhg rq pruh idyrudeoh whupv1 Gxulqj wkh qhjrwldwlrqv wkh vxssolhu vxgghqo| vwrsshg

gholyhulqj orfnv wr Irug zklfk irufhg wkh odwwhu wr vxvshqg surgxfwlrq1 Wklv lqwhuuxswlrq

zdv yhu| frvwo| iru erwk vlghv= Irug lqfxuuhg d surgxfwlrq orvv ri 43/333 fduv/ frvwlqj

lw wxuqryhu ri GP533 ploolrq/ dqg wkh vxssolhu*v vwrfn sulfh ihoo vkduso|1 Diwhu d

5Wkh lqirupdwlrq derxw wklv fdvh lv wdnhq iurp wkh iroorzlqj duwlfohv= 3Nh| Srvlwlrq/4 Iudqnixuwhu
Doojhphlqh ]hlwxqj/ 4;1914<<;/ s14:> 3Qhz Frqwudfw Ehwzhhq Irug dqg Nlhnhuw/4 Iudqnixuwhu Doojh0
phlqh ]hlwxqj/ 4714314<<;/ s1;1
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ihz gd|v wkh vxssolhu vwduwhg wr gholyhu djdlq/ dqg/ vrrq diwhu wkdw/ wkh frpsdqlhv

djuhhg rq d qhz frqwudfw1 Wklv frqwudfw jxdudqwhhg wkh orfn surgxfhu d frqwlqxhg

srvlwlrq dv Irug*v h{foxvlyh vxssolhu ri orfnv1 Dw wkh wlph frpphqwdwruv txhvwlrqhg

zk|/ diwhu kdylqj h{shulhqfhg vxfk d frvwo| glvsxwh/ wkh wzr ?upv glg qrw djuhh rq dq

rzqhuvkls glvwulexwlrq wkdw pdgh wkhp ohvv ghshqghqw rq hdfk rwkhu1 Iru lqvwdqfh/ lw

zdv dujxhg wkdw/ li Irug rzqhg wkh vxssolhu/ lw frxog xvh wkh xsvwuhdp dvvhwv gxulqj

d glvsxwh wr hqvxuh wkdw dw ohdvw vrph fduv fdq eh surgxfhg1 Lq wklv sdshu zh dujxh

wkdw rzqhuvkls vwuxfwxuhv zklfk pd{lplvh wkh sduwlhv* suh0djuhhphqw sd|r>v gr lqghhg

uhgxfh wkh frvw ri glvdjuhhphqw iru d jlyhq glvdjuhhphqw shulrg1 Krzhyhu/ zh dovr dujxh

wkdw wkh gxudwlrq ri wkh glvdjuhhphqw shulrg lwvhoi lv qhjdwlyho| uhodwhg wr wkh frvw ri

glvdjuhhphqw1 Lq whupv ri rxu h{dpsoh/ wklv vxjjhvw wkdw/ zkloh lqwhjudwlrq pljkw

pdnh whpsrudu| glvdjuhhphqw ohvv frvwo| iru d jlyhq glvdjuhhphqw shulrg/ lw pljkw dovr

lqfuhdvh wkh gxudwlrq ri wkh glvdjuhhphqw shulrg lwvhoi1 Lw pd|/ wkhuhiruh/ eh rswlpdo

iru Irug dqg lwv vxssolhu wr pdnh wkhpvhoyhv yhu| ghshqghqw rq hdfk rwkhu/ vlqfh wklv

hqvxuh wkdw glvsxwhv duh vhwwohg txlfno|1

Rxu sdshu lv uhodwhg wr wkh uhfhqwo| ghyhorshg surshuw| uljkwv wkhru| ri wkh ?up1

Wklv olwhudwxuh zdv lqlwldwhg e| wkh vhplqdo sdshuv ri Jurvvpdq dqg Kduw +4<;9, dqg

Kduw dqg Prruh +4<<3,6/ dqg ghyhorshg ixuwkhu lq d qxpehu ri sdshuv/ lqfoxglqj Fklx

+4<<;,/ gh Ph}d dqg Orfnzrrg +4<<;, dqg Udmdq dqg ]lqjdohv +4<<;,1 Wkh surshuw|

uljkwv olwhudwxuh dujxhv wkdw/ lq wkh devhqfh ri frpsuhkhqvlyh frqwudfwv/ rzqhuvkls ri

sk|vlfdo dvvhwv lv d uhvlgxdo frqwuro uljkw1 Wkdw lv wr vd| wkdw wkh rzqhu ri dq dvvhw kdv

wkh uljkw wr wdnh doo wkrvh ghflvlrqv frqfhuqlqj wkh xvh ri wkh dvvhw wkdw kdyh qrw ehhq

vshfl?hg lq dq lqlwldo frqwudfw1 Wkh rzqhuvkls ri sk|vlfdo dvvhwv lv wkhq wdnhq dv wkh

gh?qlqj fkdudfwhulvwlf ri ?upv1 Zh dgrsw wklv edvlf frqfhswxdo iudphzrun lq rxu sdshu1

Zh gl>hu iurp wkh h{lvwlqj surshuw| uljkwv olwhudwxuh/ krzhyhu/ e| irfxvlqj rq h{ srvw

udwkhu wkdq h{ dqwh lqh!flhqflhv1 Lq wkh h{lvwlqj surshuw| uljkwv olwhudwxuh edujdlqlqj lv

dozd|v dvvxphg wr eh h!flhqw1 Wkxv/ rqfh uhodwlrqvkls vshfl?f lqyhvwphqwv kdyh ehhq

xqghuwdnhq/ wkh rzqhuvkls glvwulexwlrq grhv qrw lq xhqfh wkh vl}h exw rqo| wkh vkdulqj

ri wkh ryhudoo vxusoxv1 Rzqhuvkls wkhq d>hfwv h!flhqf| e| ghwhuplqlqj wkh djhqwv*

6Iru dq ryhuylhz ri wkh olwhudwxuh vhh Kduw +4<<8,1
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sulydwh lqfhqwlyhv wr xqghuwdnh uhodwlrqvkls vshfl?f lqyhvwphqwv sulru wr wkh edujdlqlqj

vwdjh1 Lq frqwudvw/ lq rxu dssurdfk rzqhuvkls kdv h!flhqf| lpsolfdwlrqv e| ghwhuplqlqj

wkh edujdlqlqj lqh!flhqflhv wkdw fdq dulvh lq wkh suhvhqfh ri sulydwh lqirupdwlrq1

Zkloh uhfhqw zrun rq wkh wkhru| ri wkh ?up kdv hpskdvlvhg wkh uroh ri h{ dqwh

lqyhvwphqw lqfhqwlyhv7/ hduolhu/ dqg odujho| lqirupdo/ frqwulexwlrqv vwuhvvhg wkh lpsru0

wdqfh ri edujdlqlqj lqh!flhqflhv lq ghwhuplqlqj wkh erxqgdulhv ri ?upv1 Frdvh +4<6:,/

iru lqvwdqfh/ glvfxvvhv wkh uroh ri lpshuihfw lqirupdwlrq dqg qhjrwldwlrq frvwv lq wkh

hphujhqfh ri ?upv dqg vwdwhv wkdw= 3Wkh prvw reylrxv frvw ri 3rujdql}lqj4 surgxfwlrq

wkurxjk wkh sulfh phfkdqlvp lv wkdw ri glvfryhulqj zkdw wkh uhohydqw sulfhv duh1 ^111` Wkh

frvwv ri qhjrwldwlrq dqg frqfoxglqj d vhsdudwh frqwudfw iru hdfk h{fkdqjh wudqvdfwlrq

zklfk wdnhv sodfh rq d pdunhw pxvw dovr eh wdnhq lqwr dffrxqw148 Dovr/ Zlooldpvrq

+4<:8/ 4<;8, lghqwl?hv lpshuihfw lqirupdwlrq dv rqh uhdvrq zk| pdunhw wudqvdfwlrqv fdq

eh lqh!flhqw1 Lq klv ylhz yhuwlfdo lqwhjudwlrq doorzv ?upv wr dyrlg frvwo| kdjjolqj exw

dovr lqfuhdvhv exuhdxfudf|1 Rxu sdshu lv uhodwhg wr wklv hduo| olwhudwxuh lq wkdw zh irfxv

rq wkh lqwhughshqghqfh ri rzqhuvkls glvwulexwlrqv dqg h{ srvw edujdlqlqj lqh!flhqflhv1

D uhodwhg olwhudwxuh +vhh/ iru lqvwdqfh/ Duurz +4<:8, dqg Ulrugdq +4<<3,, vwxglhv

lqwhjudwlrq lq wkh suhvhqfh ri sulydwh lqirupdwlrq dqg dujxhv wkdw lqwhjudwlrq uhgxfhv

wkh ghjuhh ri dv|pphwulf lqirupdwlrq1 Zh gl>hu iurp wklv olwhudwxuh lq wkdw zh dv0

vxph wkdw fkdqjhv lq wkh rzqhuvkls glvwulexwlrq rqo| d>hfw wkh sd|r> djhqwv uhdolvh

gxulqj wkh edujdlqlqj surfhvv dqg kdyh qr lq xhqfh rq wkh ghjuhh ri wkh lqirupdwlrqdo

dv|pphwu|1 Zh wdnh wklv dssurdfk/ qrw ehfdxvh zh wklqn wkdw lqwhjudwlrq fdq qhyhu

uhgxfh lqirupdwlrqdo dv|pphwulhv/ exw ehfdxvh zh eholhyh wkdw wkh lpsdfw ri rzqhu0

vkls fkdqjhv rq djhqwv* lqfhqwlyhv wr wudqvplw lqirupdwlrq lv dpeljxrxv dqg qhhgv wr

eh prgho h{solflwo| +vhh/ iru lqvwdqfh/ Djklrq dqg Wluroh +4<<:, dqg Ghvvhlq +4<<<,,1

Rxu dqdo|vlv vkrzv wkdw d prgho lq zklfk wkh h{whqw ri dv|pphwulf lqirupdwlrq lv qrw

d>hfwhg e| fkdqjhv lq wkh rzqhuvkls vwuxfwxuh kdv lpsolfdwlrqv wkdw duh frqvlvwhqw zlwk

vrph revhuyhg rzqhuvkls sdwwhuqv1

Wkh sdshu surfhhgv dv iroorzv= lq wkh qh{w vhfwlrq zh ghvfuleh d vlpsoh prgho zlwk

7Qh{w wr wkh deryh phqwlrqhg surshuw| uljkwv olwhudwxuh vhh dovr Nohlq/ Fudzirug/ dqg Dofkldq
+4<:;,1

8Frdvh +4<6:,/ s16691
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d vwdwlf edujdlqlqj jdph1 Lq wklv prgho wkh xqlqiruphg sduw| vlpso| pdnhv d wdnh0lw0

ru0ohdyh0lw r>hu wr wkh lqiruphg sduw|1 Ehfdxvh ri wkh vwdwlf qdwxuh ri wkh edujdlqlqj

jdph zh kdyh wr dgdsw rxu dujxphqwv vrphzkdw1 Lq sduwlfxodu/ lq wkh vwdwlf prgho/

wkh rzqhuvkls glvwulexwlrq lv dvvxphg wr ghwhuplqh wkh glvdjuhhphqw/ udwkhu wkdq wkh

suh0djuhhphqw sd|r>v1 Dovr/ d fkdqjh lq wkh rzqhuvkls glvwulexwlrq wkdw orzhuv wkh

glvdjuhhphqw sd|r>v lqfuhdvhv wkh suredelolw| ri djuhhphqw udwkhu wkdq dffhohudwlqj

djuhhphqw1 Lq vslwh ri wkhvh gl>huhqfhv zh fdq xvh wkh vwdwlf prgho wr looxvwudwh rxu

pdlq dujxphqwv1 Zh gr vr lq vhfwlrq 6 e| vroylqj wkh vwdwlf prgho1 Zkloh wkh vwdwlf

prgho lv vwudljkwiruzdug wr vroyh/ lw kdv wzr frqfhswxdo sureohpv1 Iluvw/ lw grhv qrw

doorz wkh sduwlhv wr frqwlqxh edujdlqlqj xqwlo wkh jdlqv iurp wudgh duh uhdolvhg dqg vlpso|

dvvxphv wkdw wkh edujdlqlqj surfhvv hqgv diwhu rqh r>hu1 Vhfrqg/ e| dvvxplqj wkdw wkh

rzqhuvkls glvwulexwlrq wkdw lv djuhhg rq h{ dqwh ghwhuplqhv wkh glvdjuhhphqw sd|r>v/ lw

uhvwulfwv wkh dqdo|vlv wr luuhyhuvleoh rzqhuvkls fkdqjhv1 Zkloh vrph rzqhuvkls fkdqjhv

duh lqghhg luuhyhuvleoh/ d prgho wkdw doorzv iru pruh jhqhudo rzqhuvkls fkdqjhv lv fohduo|

pruh vdwlvidfwru|1 Zh suhvhqw vxfk d prgho/ zlwk d g|qdplf edujdlqlqj jdph/ lq vhfwlrq

7 dqg vroyh lw lq vhfwlrq 81 Zh dujxh wkdw wkh vwdwlf dqg wkh g|qdplf prghov kdyh yhu|

vlplodu lpsolfdwlrqv iru wkh h!flhqw rzqhuvkls glvwulexwlrqv1 Lq vhfwlrq 9 zh glvfxvv

wkhvh lpsolfdwlrqv dqg vkrz wr zkdw h{whqw wkh| duh frqvlvwhqw zlwk revhuyhg rzqhuvkls

sdwwhuqv1 Vhfwlrq : frqfoxghv1

5 Wkh Vwdwlf Prgho

Wkhuh duh wzr ulvn qhxwudo sod|huv/ d ex|hu î dqg d vhoohu 71 Qhlwkhu wkh ex|hu qru wkh

vhoohu lv oltxlglw| frqvwudlqhg1 Wkh vhoohu fdq surgxfh dq lqsxw wkdw fdq eh xvhg e| wkh

ex|hu wr surgxfh wkh ?qdo rxwsxw1 Wr hqjdjh lq surgxfwlrq wkh ex|hu dqg wkh vhoohu

qhhg dffhvv wr vrph sk|vlfdo dvvhwv1 Ohw ø ghqrwh wkh rzqhuvkls glvwulexwlrq ri wkhvh

sk|vlfdo dvvhwv dfurvv wkh djhqwv1

Wkhuh duh wzr shulrgv/ | ' ý� dqg | ' f1 Dw | ' ý� +h{ dqwh, wkh sduwlhv

frqwudfw ryhu wkh rzqhuvkls glvwulexwlrq ø1 Zh pdnh wkh lpsruwdqw dvvxpswlrq wkdw

wkh sduwlfxodu w|sh ri lqsxw uhtxluhg e| wkh ex|hu h{ srvw lv xqfhuwdlq h{ dqwh dqg
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fdqqrw eh vshfl?hg lq wkh lqlwldo frqwudfw91

Dw | ' f +h{ srvw, xqfhuwdlqw| derxw wkh uhtxluhg lqsxw lv uhdolvhg dqg surgxfwlrq

fdq wdnh sodfh1 Dw wklv vwdjh wkh ex|hu dqg wkh vhoohu edujdlq ryhu wkh lqsxw sulfh1 Rqfh

wkh sduwlhv djuhh rq d wudqvihu sulfh wkh vhoohu surgxfhv wkh uhohydqw lqsxw dqg wkh ex|hu

xvhv wkh lqsxw wr surgxfh wkh ?qdo rxwsxw1 Zh qrupdolvh wkh vhoohu*v surgxfwlrq frvwv

wr }hur1 E| surgxflqj wkh ?qdo surgxfw wkh ex|hu jhqhudwhv d sd|r> ri Zé H{ dqwh wkh

ydoxh ri Z lv xqfhuwdlq dqg erwk sduwlhv rqo| nqrz wkdw lw lv xqlirupo| glvwulexwhg rq

dZ,c Zûo/ zkhuh Zû ' >n k dqg Z, ' >ý k è f1 Dw wkh ehjlqqlqj ri wkh wudglqj shulrg

E| ' fä wkh ohyho ri Z lv uhdolvhg1 Zh dvvxph wkdw rqo| wkh ex|hu ohduqv wkh uhdol}dwlrq

ri Z1

Li wudgh ehwzhhq wkh ex|hu dqg wkh vhoohu grhv qrw wdnh sodfh/ wkh sod|huv uhdolvh

wkhlu uhvshfwlyh glvdjuhhphqw sd|r>v KEøä dqg rEøä1 Wkh mrlqw glvdjuhhphqw sd|r>v

duh ghqrwhg e| æEøä ì KEøä n rEøä1 Zh dvvxph wkdw wudgh ehwzhhq wkh ex|hu dqg wkh

vhoohu lv dozd|v sur?wdeoh/ l1h1

Z, è æEøäc ;øé+4,

Qrwh wkdw rqo| wkh glvdjuhhphqw sd|r>v duh ixqfwlrqv ri wkh rzqhuvkls glvwulexwlrq1

Zkhq wkh ex|hu dqg wkh vhoohu gr qrw wudqvdfw zlwk hdfk rwkhu/ dqg lqvwhdg wudgh

zlwk wklug sduwlhv rq wkh vsrw pdunhw/ wkh uhwxuq wkdw hdfk rqh uhdolvhv ghshqgv rq

wkh dvvhwv kh ru vkh rzqv1 Wkh dvvxpswlrq wkdw glvdjuhhphqw sd|r>v ghshqg rq wkh

rzqhuvkls glvwulexwlrq wkdw zdv djuhhg rq h{ dqwh lpsolhv wkdw fkdqjhv lq wkh rzqhuvkls

glvwulexwlrq duh luuhyhuvleoh1

Qrwh dovr wkdw qr rwkhu yduldeoh ru sdudphwhu ghshqgv rq wkh rzqhuvkls glvwulexwlrq1

Lq sduwlfxodu/ wkh ghjuhh ri dv|pphwulf lqirupdwlrq k grhv qrw ghshqg rq ø1 Wklv

fdswxuhv wkh lghd wkdw wkh ghjuhh ri dv|pphwulf lqirupdwlrq ehwzhhq wkh sod|huv lv

lqghshqghqw ri wkh rzqhuvkls glvwulexwlrq1 Dovr/ wkh ex|hu*v ydoxdwlrq ri wkh lqsxw Z

grhv qrw ghshqg rq wkh rzqhuvkls glvwulexwlrq vlqfh/ zkhq wudgh ehwzhhq wkh sduwlhv

wdnhv sodfh/ erwk sod|huv kdyh dffhvv wr doo wkh dvvhwv lq wkh uhodwlrqvkls/ lqghshqghqw

ri wkh rzqhuvkls glvwulexwlrq1

9Iru plfurirxqgdwlrqv ri lqfrpsohwh frqwudfwv vhh/ iru lqvwdqfh/ Kduw dqg Prruh +4<<<,/ Vhjdo
+4<<<,/ dqg/ iru wkh fdvh ri rqh0vlghg dv|pphwulf lqirupdwlrq/ Uhlfkh +4<<<,1
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Lq wklv vlpsoh prgho edujdlqlqj wdnhv wkh irup ri d wdnh0lw0ru0ohdyh0lw r>hu e| wkh

+xqlqiruphg, vhoohu1 Khqfh/ diwhu wkh vhoohu pdnhv dq r>hu R/ wkh ex|hu ghflghv zkhwkhu

wr dffhsw ru wr uhmhfw lw1 Li wkh ex|hu dffhswv wkh r>hu/ vkh uhdolvhv d sd|r> ri Z dqg wkh

vhoohu uhdolvhv d sd|r> ri Ré Li/ lqvwhdg/ wkh ex|hu uhmhfwv wkh r>hu/ erwk sduwlhv vlpso|

uhdolvh wkhlu glvdjuhhphqw sd|r>v1

6 Wkh Dqdo|vlv ri wkh Vwdwlf Prgho

Lq wklv vhfwlrq zh dqdo|vh wkh prgho wkdw zdv ghvfulehg deryh1 Zh ?uvw vroyh wkh

edujdlqlqj jdph wkdw wdnhv sodfh dw | ' f dqg wkhq vwxg| wkh rswlpdo rzqhuvkls glvwul0

exwlrq rq zklfk wkh sduwlhv djuhh dw | ' ý�1

614 Wkh Edujdlqlqj Jdph

Dw | ' f wkh xqlqiruphg vhoohu pdnhv d wdnh0lw0ru0ohdyh0lw r>hu R1 Wkh ex|hu dffhswv R

li dqg rqo| li ZýR è KEøä1 Khqfh/ RSEZSä ' ZSýKEøä ghqrwhv wkh sulfh wkdw lv dffhswhg
e| doo ex|huv ri w|sh Z 5 dZSc Zûo1

Wkh vhoohu*v h{shfwhg uhwxuq iurp pdnlqj dq r>hu RSEZSä lv wkhq jlyhq e|

-EZSä ' RSEZSä
Zû ý ZS
Zû ý Z, n rEøä

ZS ý Z,
Zû ý Z, c+5,

dqg klv rswlpdo r>hu vroyhv

4@ 
ZSMdZ,cZûo

-EZSäé+6,

D fxwr> srlqw ZWS lv d pd{lpxp ri +6, li dqg rqo| li lw vdwlv?hv wkh iroorzlqj ?uvw dqg

vhfrqg rughu frqglwlrqv=

-âEZWSä '

;AA?AA=
f iru ZWS 5 EZ,c Zûä

é f iru ZWS ' Z,
è f iru ZWS ' Zûc

dqg

-ââEZWSä ÷ f iru ZWS 5 EZ,c Zûäé

:



Gl>huhqwldwlqj +5, jlyhv

-âEZSä '
�

EZû ý Z,äEZû n æEøäý 2ZSä

dqg

-ââEZSä ' ý 2

EZû ý Z,ä é

Qrwh/ ?uvw/ wkdw ZWS lv xqltxh vlqfh -
ââEZSä ÷ fc ;ZS1 Qrwh/ vhfrqg/ wkdw -âEZûä ÷ fc vr

wkdw Zû lv qrw d pd{lpxp1 Ilqdoo|/ qrwh wkdw -âE�
2
EZûnæEøäää ' f dqg wkdw -âEZ,ä ÷ f

li dqg rqo| li Z, : �
2
EZûnæEøää1 Wkxv/ wkh rswlpdo fxwr> w|sh ZWS wkdw vroyhv +6, lv

xqltxho| jlyhq e|

ZWS'4@ E
�

2
EZûnæEøääcZ,äé+7,

Vlqfh ZWS ÷ Zûc wkhuh lv dozd|v d srvlwlyh suredelolw| wkdw wkh ex|hu dffhswv wkh

vhoohu*v r>hu1 Qrwh wkdw ZWS lv zhdno| lqfuhdvlqj lq æEøäé Wkxv/ wkh kljkhu wkh mrlqw

glvdjuhhphqw sd|r>v æEøäc wkh ohvv olnho| lw lv wkdw wkh ex|hu dffhswv wkh vhoohu*v r>hu1

Ilqdoo|/ qrwh wkdw dq| w|sh ri ex|hu Z 5 dZ,c Zûo dffhswv wkh r>hu li ZWS ' Z,1

Wkh iroorzlqj ohppd vxppdulvhv wkh djhqwv* edujdlqlqj vwudwhjlhv=

Ohppd 4 Dw | ' f wkh vhoohu pdnhv d wdnh0lw0ru0ohdyh0lw r>hu ri RSEZWSä1 Wkh r>hu

lv dffhswhg li wkh ex|hu lv ri w|sh Z 5 dZWS c Zûoc dqg uhmhfwhg li wkh ex|hu lv ri w|sh

Z 5 dZ,c Z
W
Sä1

615 Wkh Rswlpdo Rzqhuvkls Glvwulexwlrq

Dw | ' ý� wkh sduwlhv frqwudfw ryhu wkh rzqhuvkls glvwulexwlrq1 Vlqfh wkh djhqwv duh ulvn

qhxwudo/ iruzdug orrnlqj/ dqg qrw zhdowk frqvwudlqhg/ wkh| dozd|v djuhh rq wkh mrlqwo|

h!flhqw rzqhuvkls glvwulexwlrq1 Fohduo|/ wkh h{ dqwh glylvlrq ri vxusoxv ghshqgv rq wkh

uhodwlyh edujdlqlqj srzhuv ri wkh sod|huv1 Krzhyhu/ vlqfh wkh glylvlrq ri wkh vxusoxv

dw wkh h{ dqwh vwdjh grhv qrw d>hfw wkh dqdo|vlv ri wkh rswlpdo rzqhuvkls vwuxfwxuh/

zh pdnh qr h{solflw dvvxpswlrqv derxw wkh uhodwlyh edujdlqlqj srzhuv dw wkh h{ dqwh

vwdjh1

;



Wudgh wdnhv sodfh li wkh ex|hu lv ri w|sh Z 5 dZWSEøäc Zûo1 Lq wklv fdvh wkh sod|huv

jhqhudwh d vrfldo vxusoxv ri Zé Lq frqwudvw/ wudgh grhv qrw wdnh sodfh li wkh ex|hu lv ri

w|sh Z 5 dZ,c Z
W
SEøää1 Wkh sod|huv wkhq uhdolvh wkhlu mrlqw glvdjuhhphqw sd|r>v æEøä1

Khqfh/ dw | ' ý�/ h{shfwhg vrfldo vxusoxv ` Eøä lv jlyhq e|

` Eøä '
�

Zû ý Z, E
] Zû

ZWSEøä
Z_Z n

] ZWSEøä

Z,

æEøä_Zäé+8,

Ohw ø dqg ø ghqrwh wkh rzqhuvkls glvwulexwlrqv wkdw/ uhvshfwlyho|/ pd{lplvh dqg

plqlplvh æEøä1 Wr ?qg wkh rswlpdo rzqhuvkls glvwulexwlrq/ zh ?uvw dqdo|vh wkh h!flhqf|

lpsolfdwlrqv ri prylqj iurp ø wr ø1 Lw iroorzv iurp +7, dqg +8, wkdw

` Eøäý` Eøä '
�

Zû ý Z, E
] ZWSEøä

ZWSEøä
Z ý æEøä_Z ý

] ZWSEøä

Z,

æEøäý æEøä_Zäé+9,

Wklv lv wkh nh| htxdwlrq lq wkh prgho1 Zh nqrz iurp htxdwlrq +7, wkdw wkh vhoohu*v

r>hu lv +zhdno|, lqfuhdvlqj lq æEøä1 Khqfh/ wkh orzhu wkh mrlqw glvdjuhhphqw sd|r>v/ wkh

pruh olnho| lw lv wkdw wkh ex|hu dffhswv wkh vhoohu*v r>hu1 Wkh ?uvw lqwhjudo rq wkh UKV

ri +9, uhsuhvhqwv wkh fruuhvsrqglqj h!flhqf| jdlq1 Fohduo|/ lq wkh fdvh ri glvdjuhhphqw/

d uhgxfwlrq lq wkh mrlqw glvdjuhhphqw sd|r> frqvwlwxwhv d gluhfw uhvrxufh frvw1 Wklv

h>hfw lv uhsuhvhqwhg e| wkh vhfrqg lqwhjudo rq wkh UKV ri +9,1

E| prylqj iurp ø wr ø wkh sduwlhv wkhuhiruh lqfuhdvh wkh suredelolw| ri wudgh exw

dovr pdnh glvdjuhhphqw pruh frvwo|1 Zh qrz vwxg| wkh frqglwlrqv xqghu zklfk hlwkhu

h>hfw grplqdwhv1 Wr gr vr/ zh suryh wkh iroorzlqj ohppd=

Ohppd 5 Lq wkh shuplvvleoh sdudphwhu udqjh wkh ixqfwlrq 7` Eøcøä ' ` Eøäý` Eøä

kdv wkh iroorzlqj surshuwlhv=

7` Eøcøä '

;AAA?AAA=
f li k 5 dfc �

ô
E>ý æEøääo

: f li k 5 E�
ô
E>ý æEøääc ô

D
E>ý �

2
EæEøä n æEøäää

é f li k 5 dô
D
E>ý �

2
EæEøä n æEøääc >ý æEøäo

dqg

Y7` Eøcøä

Yk
'

;AAA?AAA=
f li k 5 dfc �

ô
E>ý æEøäää

: f li k 5 E�
ô
E>ý æEøääc �

ô
E>ý æEøäää

÷ f li k 5 E�
ô
E>ý æEøääc >ý æEøäoé

<



Surri= vhh dsshqgl{1

Ohppd 5 lv looxvwudwhg lq ?jxuh 4 dqg lwv lqwxlwlrq lv vwudljkwiruzdug1 Zkhq wkh

ghjuhh ri xqfhuwdlqw| lv vpdoo uhodwlyh wr wkh jdlqv iurp wudgh/ l1h1 k 5 dfc �
ô
E>ý æEøäää/

wkh vhoohu*v r>hu lv dozd|v dffhswhg e| wkh ex|hu/ lqghshqghqw ri wkh rzqhuvkls glvwulex0

wlrq1 Wklv fdq eh vhhq e| qrwlqj wkdw ZWSEøä ' Z
W
SEøä ' Z,1 Wkxv/ iru wkhvh sdudphwhu

ydoxhv/ prylqj iurp ø wr ø qhlwkhu lqfuhdvhv wkh suredelolw| ri djuhhphqw +vlqfh wkh

sduwlhv djuhh lpphgldwho| hyhq zkhq ø ' ø, qru grhv lw ohdg wr dq| h!flhqf| orvvhv

+vlqfh wkh sod|huv qhyhu uhdolvh wkh glvdjuhhphqw sd|r>v,1 Dv d uhvxow/ fkdqjhv lq wkh

rzqhuvkls glvwulexwlrq kdyh qr h!flhqf| lpsolfdwlrqv1

Frqvlghu qrz wkh h>hfw ri lqfuhdvlqj wkh ghjuhh ri xqfhuwdlqw| uhodwlyh wr wkh jdlqv

iurp wudgh vr wkdw k 5 d�
ô
E>ý æEøääc �

ô
E>ý æEøääo1 Lq wklv fdvh vrph ex|hu w|shv uhmhfw

wkh vhoohu*v r>hu zkhq wkh glvdjuhhphqw sd|r>v duh kljk EZWSEøä : Z,äc zkloh doo ex|hu

w|shv dffhsw wkh r>hu zkhq wkh glvdjuhhphqw sd|r>v duh orz EZWSEøä ' Z,ä1 Wkxv/

prylqj iurp ø wr ø lqfuhdvhv wkh suredelolw| ri djuhhphqw1 Qrwh wkdw/ lq htxloleulxp/

wkh glvdjuhhphqw sd|r>v duh qhyhu uhdolvhg zkhq ø ' ø vlqfh/ lq wklv fdvh/ wkh ex|hu

dozd|v dffhswv wkh vhoohu*v r>hu1 Dv d uhvxow/ wkhuh lv qr h!flhqf| frvw wr prylqj iurp

ø wr ø vr wkdw/ lq wklv sdudphwhu udqjh/ 7` Eøcøä lv srvlwlyh1

Ilqdoo|/ frqvlghu wkh h>hfw ri ixuwkhu lqfuhdvlqj wkh ghjuhh ri xqfhuwdlqw| uhodwlyh wr

wkh jdlqv iurp wudgh vr wkdw k 5 E�
ô
E> ý æEøääc > ý æEøäo1 Lq wklv sdudphwhu uhjlrq/

vrph ex|hu w|shv uhmhfw wkh vhoohu*v r>hu hyhq zkhq ø ' ø +wklv fdq eh vhhq e| qrwlqj

wkdw ZWSEøä : ZWSEøä : Z,,é Prylqj iurp ø wr ø wkhq vwloo lqfuhdvhv wkh suredelolw|

ri djuhhphqw exw dovr pdnhv glvdjuhhphqw pruh frvwo|1 Wkh odujhu kc wkh vwurqjhu lv

wkh iruphu h>hfw uhodwlyh wr wkh odwwhu1 Khqfh/ lq wklv uhjlrq/ wkh h{shfwhg h!flhqf|

jdlq ri prylqj iurp ø wr ø lv ghfuhdvlqj lq k1 Lw fdq eh vkrzq wkdw/ iru k 5 E�
ô
E>ý

æEøääc ô
D
E> ý �

2
EæEøä n æEøääoc prylqj iurp ø wr ø uhgxfhv h{shfwhg h!flhqf|/ zkloh/

iru k 5 Eô
D
E> ý �

2
EæEøä n æEøääc > ý æEøäoc lw lqfuhdvhv h{shfwhg h!flhqf|1 Qrwh wkdw

ô
D
E> ý �

2
EæEøä n æEøää lv lqfuhdvlqj lq > dqg ghfuhdvlqj lq æEøä dqg æEøä1 Wkxv/ wkh

sdudphwhu vsdfh lq zklfk lw lv +zhdno|, rswlpdo wr uhgxfh wkh glvdjuhhphqw sd|r>v lv

lqfuhdvlqj lq wkh > dqg ghfuhdvlqj lq æEøä dqg æEøäé

Vr idu zh kdyh rqo| frqvlghuhg wzr srvvleoh rzqhuvkls doorfdwlrqv/ qdpho| ø dqg ø1
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Wkh iroorzlqj ohppd h{whqgv wkh dqdo|vlv wr doo rwkhu srvvleoh rzqhuvkls doorfdwlrqv1

Ohppd 6 Frqvlghu dq| eø vxfk wkdw æE eøä 5 dæEøäc æEøäo1 Lw fdq eh vkrzq wkdw

4@ d` Eøäc` Eøäo è` E eøäé
Surri= vhh dsshqgl{1

Wrjhwkhu ohppdv +5, dqg +6, hvwdeolvk wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 4 Iru k 5 dfc ô
D
E>ý �

2
EæEøän æEøääo lw lv zhdno| rswlpdo iru wkh ex|hu dqg

wkh vhoohu wr plqlplvh wkhlu glvdjuhhphqw sd|r>v e| fkrrvlqj wkh rzqhuvkls glvwulexwlrq

ø1 Iru k 5 Eô
D
E>ý �

2
EæEøä n æEøääc >ý æEøäo lw lv rswlpdo iru wkh sduwlhv wr pd{lplvh

wkhlu glvdjuhhphqw sd|r>v e| fkrrvlqj wkh rzqhuvkls glvwulexwlrq ø1

Sursrvlwlrq 4 vkrzv wkdw wkh h!flhqw rzqhuvkls glvwulexwlrq pd{lplvhv wkh mrlqw

glvdjuhhphqw sd|r>v li wkh jdlqv iurp wudgh duh vpdoo uhodwlyh wr wkh ghjuhh ri xqfhu0

wdlqw|1 Li wkh jdlqv iurp wudgh duh odujh uhodwlyh wr wkh ghjuhh ri xqfhuwdlqw|/ wkh h!flhqw

rzqhuvkls doorfdwlrq plqlplvhv wkh mrlqw glvdjuhhphqw sd|r>v1

7 Wkh G|qdplf Prgho

Wkh vwdwlf prgho wkdw zdv suhvhqwhg lq wkh suhylrxv vhfwlrq lv yhu| vlpsoh dqg wudfwdeoh1

Wkhuh duh/ krzhyhu/ wzr frqfhswxdo sureohpv zlwk wklv prgho1 Iluvwo|/ lw dvvxphv wkdw

wkh vhoohu fdq rqo| pdnh rqh r>hu1 Li wkdw r>hu lv qrw dffhswhg/ wudgh grhv qrw wdnh

sodfh1 Krzhyhu/ lw lv qrw fohdu zk| wkh sduwlhv fdqqrw frqwlqxh wr edujdlq ryhu wkh

sulfh ri wkh lqsxw diwhu wkh lqlwldo r>hu kdv ehhq uhmhfwhg1 Diwhu doo/ wkhuh duh vwloo jdlqv

iurp wudgh wkdw wkh sduwlhv frxog uhdolvh1 Vhfrqgo|/ hyhq li wkh sduwlhv kdyh wr vwrs

edujdlqlqj ryhu wkh lqsxw sulfh diwhu rqo| rqh r>hu/ lw lv qrw hylghqw zk|/ lq wkh fdvh ri

glvdjuhhphqw ryhu wkh lqsxw sulfh/ wkh| gr qrw uhqhjrwldwh wkh rzqhuvkls glvwulexwlrq

+vlqfh doo uhohydqw lqirupdwlrq lv frpprq nqrzohgjh zh zrxog h{shfw vxfk uhqhjrwldwlrqv

wr eh h!flhqw,1 Rqo| li fkdqjhv lq wkh rzqhuvkls glvwulexwlrq duh luuhyhuvleoh zrxog wkh

sduwlhv qrw eh deoh wr hqjdjh lq vxfk uhqhjrwldwlrqv1 Zkloh vrph rzqhuvkls fkdqjhv

pd| lqghhg eh luuhyhuvleoh +vhh vhfwlrq +9, iru dq h{dpsoh,/ d prgho wkdw doorzv iru
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uhyhuvleoh rzqhuvkls fkdqjhv lv fohduo| pruh vdwlvidfwru|1 Lq wklv vhfwlrq zh suhvhqw d

yhuvlrq ri wkh prgho zklfk dgguhvvhv erwk ri wkhvh lvvxhv1 Lq sduwlfxodu/ zh qrz doorz

iru d g|qdplf edujdlqlqj jdph lq zklfk wkh sduwlhv frqwlqxh wr edujdlq xqwlo djuhhphqw

lv uhdfkhg dqg wkh jdlqv iurp wudgh duh uhdolvhg1 Zh zloo dujxh wkdw wkh g|qdplf prgho

ohdgv wr uhvxowv wkdw duh yhu| vlplodu wr wkrvh suhvhqwhg deryh1

Wkh edujdlqlqj jdph wkdw zh frqvlghu khuh lv uhodwhg wr Dgpdwl dqg Shuu| +4<;:,1

Wkh| vwxg| d Uxelqvwhlq lq?qlwh0krul}rq/ dowhuqdwlqj0r>huv prgho zlwk rqh0vlghg dv|p0

phwulf lqirupdwlrq lq zklfk sod|huv fdq ghod| pdnlqj r>huv1 Zh dgrsw wkhlu edvlf

iudphzrun exw h{whqg wkh dqdo|vlv lq wzr zd|v= ?uvw/ zkloh wkh| doorz iru rqo| wzr

w|shv ri ex|huv/ zh doorz iru d frqwlqxxp ri vxfk w|shv:1 Vhfrqgo|/ dqg pruh lpsru0

wdqwo|/ lq rxu prgho wkh sod|huv fdq uhdolvh qrq0}hur sd|r>v gxulqj wkh ghod| shulrg +l1h1

zh doorz iru qrq0}hur clqvlgh rswlrqv* ru csuh0djuhhphqw sd|r>v*,1 Lq Dgpdwl dqg Shuu|

+4<;:, wkh lqvlgh rswlrqv duh dvvxphg wr eh }hur1

Zh qrz wxuq wr wkh irupdo ghvfulswlrq ri wkh prgho1 Wkh h{ dqwh shulrg +| ' ý�,
lv h{dfwo| dv ghvfulehg lq vhfwlrq 51

H{ srvw wkh sduwlhv edujdlq ryhu wkh sulfh ri wkh lqsxw1 Dv lq wkh vwdwlf prgho/ wkh

vhoohu*v frvw ri surgxflqj wkh lqsxw lv }hur dqg wkh ex|hu*v uhwxuq iurp xvlqj wkh lqsxw

lq wkh ?qdo jrrg surgxfwlrq lv jlyhq e| Zc zkhuh Z lv glvwulexwhg xqlirupo| rq dZ,c Zûo1

Wkh ex|hu ohduqv wkh uhdolvdwlrq ri Z dw wkh ehjlqqlqj ri wkh edujdlqlqj shulrg +| ' f,1

Ehiruh wkh| uhdfk dq djuhhphqw ryhu wkh lqsxw sulfh wkh ex|hu dqg wkh vhoohu fdq hdfk

wudgh zlwk wklug sduwlhv rq wkh vsrw pdunhw1 E| grlqj vr wkh vhoohu fdq uhdolvh dq lqvlgh

rswlrq; ri rEøä shu lqvwdqw ri wlph dqg wkh ex|hu fdq uhdolvh dq lqvlgh rswlrq ri K Eøä

shu lqvwdqw ri wlph1 Zh frqwlqxh wr dvvxph wkdw wudgh lv dozd|v sur?wdeoh/ l1h1

Z, è æEøä

o
c ;øc+:,

zkhuh o lv wkh srvlwlyh glvfrxqw udwh1

:Fudpswrq +4<<5, vwxglhv d prgho lq zklfk kh doorzv iru d frqwlqxxp ri w|shv dqg wzr0vlghg
dv|pphwulf lqirupdwlrq1

;Qrwh wkh gl>huhqfh ehwzhhq lqvlgh dqg rxwvlgh rswlrqv1 Lqvlgh rswlrqv duh wkh sd|r>v wkdw wkh
sduwlhv uhdolvh zkloh wkh| glvdjuhh whpsrudulo|1 Rxwvlgh rswlrqv/ lq frqwudvw/ duh wkh sd|r>v wkdw wkh
sduwlhv uhdolvh li wkh| whuplqdwh edujdlqlqj1 Iru ixoo lqirupdwlrq prghov zlwk srvlwlyh lqvlgh rswlrqv
vhh/ iru lqvwdqfh/ Elqpruh/ Uxelqvwhlq/ dqg Zrolqvn| +4<;9, dqg Pxwkrr +4<<<,1
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Wkh vhoohu fdq pdnh wkh ?uvw r>hu dw dq| wlph | è f1 Wkhuhdiwhu wkh sduwlhv dowhuqdwh

pdnlqj r>huv1 Wkh plqlpxp wlph ehwzhhq r>huv lv | ' ý�
o
*L} B/ zkhuh B 5 dfc �o lv

wkh glvfrxqw idfwru iurp rqh shulrg ghod|1 Diwhu d sod|hu kdv uhfhlyhg dq r>hu kh fdq

wdnh hlwkhu ri wzr dfwlrqv= dffhsw wkh r>hu/ lq zklfk fdvh wudgh wdnhv sodfh dqg wkh

jdph hqgv/ ru uhmhfw wkh r>hu dqg pdnh d frxqwhur>hu1 Hlwkhu dfwlrq fdq eh wdnhq dw

dq| wlph diwhu wkh plqlpxp ghod| shulrg |1 Diwhu d sod|hu kdv pdgh dq r>hu kh fdq

wdnh qr ixuwkhu dfwlrq xqwlo wkh rwkhu sod|hu kdv hlwkhu dffhswhg wkh r>hu ru pdgh d

frxqwhur>hu1

Ohw E|c Rä ghqrwh dq rxwfrph ri wkh jdph lq zklfk wkh sduwlhv djuhh dw wlph | wr

wudgh dw sulfh R1 Iru dq| E|c Rä wkh vhoohu*v sd|r> lv jlyhq e| e3o|Rn E�ý e3o|ä rEøä
o

dqg

wkh ex|hu*v sd|r> lv jlyhq e| e3o|EZ ý Rä n E�ý e3o|ä KEøä
o
1 Qrwh wkdw wkhvh suhihuhqfhv

lpso| wkdw wkh sod|huv duh ulvn qhxwudo dqg wkdw wkh| duh lpsdwlhqw/ lq wkh vhqvh wkdw

wkh| suhihu djuhhphqw wrgd| wr wkh vdph djuhhphqw dw dq| odwhu gdwh1 Qrwh dovr wkdw

wkh ex|hu lv pruh lpsdwlhqw wkh kljkhu wkh jdlqv iurp wudgh1

Ohw ? 5 i�c 2c éééc4j ghqrwh wkh qxpehu ri r>huv wkdw kdyh ehhq pdgh dqg ohw ô?

ghqrwh wkh wlph diwhu wkh plqlpxp ghod| ri | diwhu zklfk r>hu R? kdv ehhq pdgh1 Diwhu

? urxqgv kdyh ehhq sod|hg wkh klvwru| lv jlyhq e| û? ' iRðc ô ðj?ð'�é Wkurxjkrxw wkh

sdshu/ zkhq zh vwdwh wkdw d sod|hu uhsolhv 3lpphgldwho|4/ zh phdq wkdw kh uhsolhv

zlwkrxw dq| ixuwkhu ghod| diwhu wkh plqlpxp wlph |1 Vlploduo|/ zkhq zh vd| wkdw dq

r>hu R? kdv ehhq 3ghod|hg4/ zh phdq wkdw ô? : f1

D sxuh vwudwhj| j7 iru wkh vhoohu dqg jîEZä iru wkh ex|hu vshfl?hv/ iru dq| klvwru| û?

diwhu zklfk lw lv wkh sod|hu*v wxuq wr pryh/ wkh ghod| shulrg ô?n�/ zkhwkhu R? lv dffhswhg/

dqg/ li qrw dffhswhg/ wkh frxqwhur>hu R?n�1 Ohw b ' i8 Eü*û?äj ghqrwh wkh v|vwhp ri

eholhiv wkdw wkh vhoohu kdv derxw wkh glvwulexwlrq ri Z diwhu dq| klvwru| û?1

Ehorz zh vwxg| d vhtxhqwldo htxloleulxp ri wklv jdph1 D vhtxhqwldo htxloleulxp

vshfl?hv wkh vwudwhjlhv j7 dqg jî dqg d v|vwhp ri eholhiv b vxfk wkdw hdfk vwudwhj| lv

rswlpdo jlyhq wkh rwkhu vwudwhj| dqg eholhiv/ dqg wkh eholhiv duh frqvlvwhqw zlwk Ed|hv*

uxoh +zkhq srvvleoh,1
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8 Wkh Dqdo|vlv ri wkh G|qdplf Prgho

Zh surfhhg dv lq wkh vwdwlf prgho= zh ?uvw ghvfuleh wkh htxloleulxp ri wkh edujdlqlqj

jdph dqg wkhq wxuq wr wkh rswlpdo rzqhuvkls glvwulexwlrq1

814 Wkh Edujdlqlqj jdph

Lq wklv vhfwlrq zh frqvwuxfw d vhtxhqwldo htxloleulxp lq sxuh vwudwhjlhv iru wkh g|qdplf

edujdlqlqj jdph1 Zh eholhyh wkdw wkh htxloleulxp zh vwxg| lv dsshdolqj ehfdxvh ri

lwv vlpsolflw|<1 Krzhyhu/ lq jhqhudo/ wkhuh pd| eh d odujh qxpehu ri htxloleuld dqg zh

gr qrw dwwhpsw wr fkdudfwhulvh wkh frqglwlrqv xqghu zklfk wkh htxloleulxp lv xqltxh1

Wkxv/ zh gr qrw vkrz krz edujdlqlqj pxvw surfhhg dqg rqo| vwxg| rqh irup lw pljkw

wdnh1

Lqwxlwlyho|/ wkh htxloleulxp fdq eh ghvfulehg dv iroorzv= wkh vhoohu pdnhv dq r>hu dw

| ' f1 Wkh ex|hu wkhq hlwkhu dffhswv wkh r>hu ru uhmhfwv lw1 Dffhswdqfh wdnhv sodfh

dw | ' |1 D ex|hu zkr uhmhfw wkh r>hu ghod|v khu frxqwhur>hu vr orqj dv wr glvwlqjxlvk

khuvhoi iurp wkh ex|hu zlwk d ydoxdwlrq wkdw lv mxvw kljkhu wkdq khu rzq1 Vkh wkhq

pdnhv dq r>hu wkdw fruuhvsrqgv wr wkh frpsohwh lqirupdwlrq htxloleulxp r>hu1 Wklv

r>hu lv lpphgldwho| dffhswhg e| wkh vhoohu1 Ehorz zh vkrz wkdw dq htxloleulxp ri wklv

irup grhv lqghhg h{lvw1 Zh ?uvw ghvfuleh wkh frpsohwh lqirupdwlrq htxloleulxp r>hu1

Zh wkhq vkrz e| krz orqj wkh ex|hu kdv wr ghod| khu frxqwhur>hu wr fuhgleo| vljqdo

khu w|sh1 Ilqdoo|/ zh ghulyh wkh vhoohu*v rswlpdo ?uvw r>hu dqg ghvfuleh wkh sod|huv*

vwudwhjlhv dqg wkh eholhiv wkdw vxssruw vxfk dq htxloleulxp1

Wr hfrqrplvh rq qrwdwlrq/ zh vxssuhvv wkh rzqhuvkls glvwulexwlrq D iurp doo wkh

ixqfwlrqv wkdw duh dssolhg dqg ghulyhg lq wklv vhfwlrq1 Zh dqdo|vh wkh lpsdfw ri

fkdqjhv ri D rq wkh ghvfulehg htxloleulxp lq wkh vhfwlrq 8151

Wkh Ixoo Lqirupdwlrq Jdph Uxelqvwhlq +4<;5, kdv vkrzq wkdw d ixoo lqirupdwlrq

dowhuqdwlqj r>huv jdph zlwk ?{hg wlph ehwzhhq r>huv kdv d xqltxh vxejdph shuihfw

htxloleulxp1 Lw lv vwudljkwiruzdug wr h{whqg wklv dqdo|vlv wr wkh fdvh ri qrq0}hur lqvlgh

<Lw lv dovr forvho| uhodwhg wr wkh htxloleuld vwxglhg e| Dgpdwl dqg Shuu| +4<;:, dqg Fudpswrq +4<<5,1
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rswlrqv dqg wr vkrz wkdw vxfk d jdph dovr kdv d xqltxh vxejdph shuihfw htxloleulxp1

Wkh htxloleulxp ghshqgv rq zkr pdnhv wkh ?uvw r>hu1 Ohw RîEZä ghqrwh wkh htxloleulxp

sulfh li d ex|hu ri w|sh Z pdnhv wkh ?uvw r>hu/ dqg ohw R7EZä eh wkh htxloleulxp sulfh li

wkh vhoohu pdnhv wkh ?uvw r>hu wr d ex|hu ri w|sh Z1 Lw lv vwudljkwiruzdug wr vkrz +vhh

iru h{dpsoh Pxwkrr +4<<</ ss146;076,, wkdw

RîEZä '
�

� n B
EBZ ý B K

o
n
r

o
ä

R7EZä '
�

� n B
EZ ý K

o
n B

r

o
äé

Wkhvh sulfhv kdyh wkh surshuw| wkdw hdfk sod|hu lv lqgl>huhqw ehwzhhq wudglqj dw wkh

rwkhu sod|hu*v r>hu lpphgldwho| dqg wudglqj dw wkh sod|hu*v rzq r>hu qh{w shulrg/ l1h1

Z ý R7EZä ' BEZ ý RîEZää n E�ý Bä K
o

+;,

RîEZä ' BR7EZä n E�ý Bär
o
é

Ghod| Ohw ZS ghqrwh wkh w|sh ri ex|hu zkr lv lqgl>huhqw ehwzhhq dffhswlqj dq r>hu

RS dqg frxqwhur>hulqj RîEZSä lq wkh nqrzohgjh wkdw wkh vhoohu lpphgldwho| dffhswv vxfk

d frxqwhur>hu1 Wkhq ZS lv gh?qhg e|

ZS ý RS ' BEZS ý RîEZSää n E�ý Bä K
o
é+<,

Vxssrvh wkh vhoohu lqihuv wkdw wkh ex|hu lv ri w|sh ZS li/ lq uhvsrqvh wr dq r>hu ri

RS e| wkh vhoohu/ wkh ex|hu pdnhv d frxqwhur>hu diwhu wkh plqlpxp ghod| |1 Vxssrvh

ixuwkhu wkdw wkh vhoohu lpphgldwho| dffhswv dq r>hu RîEZSä li kh wklqnv wkdw wkh ex|hu

lv ri w|sh ZS1 Lw wkhq iroorzv iurp +<, wkdw dq| Z 5 EZSc Zûo suhihuv dffhswlqj RS wr

suhwhqglqj wr eh ri w|sh ZS e| r>hulqj RîEZSc øä diwhu |1 Wklv lv wkh fdvh vlqfh

Z ý RS : BEZS ý RîEZSää n E�ý BäK
o
c iru Z 5 EZSc Zûoé

Vxssrvh qh{w wkdw wkh vhoohu r>huv RS dqg eholhyhv wkdw dq| Z 5 dZSc Zûo dffhswv wklv

r>hu1 Vxssrvh ixuwkhu wkdw wkh vhoohu eholhyhv wkdw wkh ex|hu lv ri w|sh ZEô c RSä li/ lq
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uhvsrqvh wr ehlqj r>huhg RS/ wkh ex|hu frxqwhur>huv RîEZä diwhu d ghod| ri ô 1 Wkhq

wkh suhvhqw glvfrxqwhg ydoxh ri d ex|hu ri w|sh ZEô c RSä iurp suhwhqglqj wr eh ri w|sh

ZEhô c RSä lv jlyhq e|

LEhôä ' Be3ohô EZEô c RSäý RîEZEhô c RSää n E�ý Be3ohô äK
o
é+43,

Vxevwlwxwlqj +;, lqwr +43, dqg gl>huhqwldwlqj zlwk uhvshfw wr hô jlyhv wkh iroorzlqj

?uvw rughu frqglwlrq

L âEhô ä ' ýodZEô c RSäý RîEZEhô c RSääoý B

� n B

YZEhô c RSä
Yô

n K ' fé+44,

Li +44, ghvfulehv d pd{lpxp/ dqg zh fkhfn wkh vhfrqg rughu frqglwlrq ehorz/ wkhq

wkh ixqfwlrq ZEô c RSä kdv wr vdwlvi| wkh ?uvw rughu frqglwlrq +44, iru ô ' hô 1 Wkxv/ zh

jhw

B
YZEô c RSä

Yô
n oZEô c RSäý æ ' fé+45,

Qrwh wkdw wkh ex|hu grhv qrw kdyh wr vljqdo khu w|sh li vkh kdv wkh kljkhvw srvvleoh

ydoxdwlrq/ dqg wkxv ZEfä ' ZSé Wkh gl>huhqwldo htxdwlrq +45, fdq wkhq eh vroyhg=

ZEô c RSä ' ZSERSäe
3oô n E�ý e3oô äæ

o
é+46,

Zh fdq qrz xvh +46, wr frq?up wkdw wkh vhfrqg rughu frqglwlrq iru wkh pd{lplvdwlrq

sureohp lv vdwlv?hg1 Gl>huhqwldwlqj +43, wzlfh zlwk uhvshfw wr hô jlyhv
L ââEhô ä ' B

� n B
Eo
YZEhô c RSä
Yô

ý Y
2ZEhô c RSä
Yô2

ä '
ý2o2Be3ohô

� n B
EZS ý æä ÷ fc

vr wkdw wkh vhfrqg rughu frqglwlrq lv lqghhg vdwlv?hg1

Ohw ôEZc RSä ghqrwh wkh lqyhuvh ri ZEô c RSä zlwk uhvshfw wr ô 1 Khqfh/ diwhu uhmhfwlqj

dq r>hu ri RSc d ex|hu ri w|sh Z fdq fuhgleo| vljqdo khu w|sh e| ghod|lqj khu r>hu e|

ôEZc RSä1 Uhduudqjlqj +46, jlyhv

e3oôEZcRSä ' E
oZ ý æ
oZS ý æ ä

Bé+47,
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Qrwh/ ?uvw/ wkdw ô EZc RSä lv ghfuhdvlqj lq Z1 Wkxv/ wkh wlph qhhghg e| wkh ex|hu wr

vljqdo khu w|sh lv orqjhu wkh orzhu wkh khu sur?wv1 Wklv ihdwxuh ri wkh prgho lv/ ri

frxuvh/ gxh wr wkh sduwlfxodu suhihuhqfhv zh ghvfulehg deryh zklfk lpsolflwo| dvvxphg

wkdw d ex|hu lv pruh sdwlhqw wkh orzhu Z1 Qrwh/ dovr/ wkdw ôEZc RSä lv lqfuhdvlqj lq wkh

ohyho ri wkh lqvlgh rswlrqv æ431 Wkxv/ wkh kljkhu wkh lqvlgh rswlrqv/ wkh orqjhu lw wdnhv

wkh ex|hu wr vljqdo khu w|sh1 Wklv ihdwxuh zloo eh lpsruwdqw lq wkh glvfxvvlrq ri wkh

rswlpdo rzqhuvkls vwuxfwxuh ehorz1

Wkh Iluvw R>hu Vxssrvh wkh vhoohu eholhyhv wkdw/ lq uhvsrqvh wr dq r>hu ri RSc dq|

ex|hu ri w|sh Z 5 dZSc Zûo dffhswv lpphgldwho|/ zkloh dq| ex|hu ri w|sh Z 5 dZ,c ZSä

uhmhfwv wkh r>hu dqg lqvwhdg frxqwhur>huv RîEZä diwhu ô EZc RSäé Vxssrvh ixuwkhu wkdw wkh

vhoohu dffhswv RîEZä li kh eholhyhv wkdw wkh ex|hu lv ri w|sh Z1 Ohw -EZSä ghqrwh wkh

vhoohu*v h{shfwhg uhwxuq iurp pdnlqj dq r>hu ri RSEZSä1 Wkhq

-EZSä ' BRSEZSä
Zû ý ZS
Zû ý Z, n

] ZS

Z,

dB2e3o|EZcRSEZSääRîEZänE�ýB2e3o|EZcRSEZSääärEøä
o

o
�

Zû ý Z,_Zé

Wkh rswlpdo ?uvw r>hu lv jlyhq e| RSEZWSäc zkhuh

ZWS ' @h} 4@ 
ZSMdZ,cZûo

-EZSäé+48,

Wkh qh{w ohppd ghvfulehv wkh vroxwlrq wr +48, zkhq B $ � +wkh fdvh iru B ÷ � lv

ghvfulehg lq wkh dsshqgl{,1

Ohppd 7 Iru B $ � wkh pd{lplvdwlrq sureohp +48, kdv d xqltxh vroxwlrq ZWS 5
EZ,c Zûä zklfk vroyhv

ôoEZû ý ZWSäEoZWS ý æä2 ý EoZWS ý æäô n EoZ, ý æäô ' f1+49,

Lw fdq eh vkrzq wkdw

YZWS
Yæ

: fé

43Gl>huhqwldwlqj +47, jlyhvCá+ä>sf,Cm @ ï+äfýä,
+uäým,+uäfým, 1 Khqfh/ Cá+ä>sf,Cm è 3> iru ä 5 ^äo> äf`=
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Surri= vhh dsshqgl{1

Lw lv qrz vwudljkwiruzdug wr suryh wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 5 Wkh iroorzlqj vwudwhjlhv dqg eholhiv irup d vhtxhqwldo htxloleulxp ri wkh

g|qdplf edujdlqlqj jdph=

î Wkh vhoohu*v eholhiv= Li/ lq uhvsrqvh wr dq r>hu R e| wkh vhoohu/ wkh ex|hu pdnhv

dq r>hu diwhu d ghod| ri ô EZc Räc wkhq bEZä ' �1 Rwkhuzlvh bEZ,ä ' �1

î Wkh vhoohu*v vwudwhj|= wkh vhoohu vwduwv e| r>hulqj RSEZWSä1 Li bEZä ' �c wkhq

wkh vhoohu lpphgldwho| dffhswv dq| r>hu R è RîEZä dqg/ lq uhvsrqvh wr dq r>hu

R ÷ RîEZäc wkh vhoohu lpphgldwho| frxqwhur>huv R7EZä1

î Wkh ex|hu*v vwudwhj|= D ex|hu ri w|sh Z dffhswv dq| r>hu R é R7EZäé Lq uhvsrqvh
wr dq r>hu R : R7EZä d ex|hu ri w|sh Z frxqwhur>huv RîEZä diwhu d ghod| ri ôEZc Rä1

Surri= vhh dsshqgl{1

815 Wkh Rswlpdo Rzqhuvkls Glvwulexwlrq

Lq wklv vhfwlrq zh dqdo|vh wkh rswlpdo rzqhuvkls vwuxfwxuh zkhq wkh plqlpxp wlph

ehwzhhq r>huv jhwv duelwudulo| vpdoo/ l1h1 B $ �1 Lw lv rqh ri wkh dsshdolqj ihdwxuhv ri

wkh Dgpdwl dqg Shuu| +4<;:, dqdo|vlv/ zklfk frqwlqxhv wr krog lq wklv prgho/ wkdw ghod|

rffxuv zlwk srvlwlyh suredelolw| hyhq li sduwlhv fdq uhso| wr r>huv lqvwdqwdqhrxvo|1

Dw | ' ý� wkh sod|huv frqwudfw ryhu wkh rzqhuvkls glvwulexwlrq1 Vlqfh wkh djhqwv

duh ulvn qhxwudo/ iruzdug orrnlqj/ dqg qrw zhdowk frqvwudlqhg/ wkh| dozd|v djuhh rq

wkh mrlqwo| h!flhqw rzqhuvkls glvwulexwlrq1 Wkh sod|huv nqrz wkdw/ h{ srvw/ wkh vhoohu

pdnhv dq r>hu zklfk lv lqvwdqwo| dffhswhg e| dq| ex|hu ri w|sh Z 5 dZWSEøäc Zûo1 Li wkh

ex|hu lv ri vxfk d w|sh/ wkhq wkh sduwlhv lpphgldwho| uhdolvh d mrlqw vxusoxv ri Zé Dq|

ex|hu ri w|sh Z 5 dZ,c Z
W
SEøää grhv qrw dffhsw wkh vhoohu*v lqlwldo r>hu1 Lqvwhdg vkh zdlwv

ôEZc RSc øä ehiruh pdnlqj dq r>hu wkdw wkh vhoohu dffhswv lpphgldwho|1 Wkxv/ iru dq|

ex|hu ri w|sh Z 5 dZ,c Z
W
SEøää wkh mrlqw sd|r> lv jlyhq e|

Ze3oôEZcRScøä n
æEøä

o
E�ý e3oôEZcRScøääé
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H{shfwhg vrfldo vxusoxv lv wkhq jlyhq e|

` Eøä '
�

EZû ý Z,ä d
] Zû

ZWSEøä
Z_Z n

] ZWSEøä

Z,

Ze3oôEZcRScøä n
æEøä

o
E�ý e3oôEZcRScøää_Zoé+4:,

Uhfdoo wkdw ø dqg ø ghqrwh wkh rzqhuvkls glvwulexwlrqv wkdw/ uhvshfwlyho|/ pd{lplvh

dqg plqlplvh æEøä1 Fkdqjlqj wkh rzqhuvkls glvwulexwlrq iurp ø wr ø d>hfwv h{shfwhg

vrfldo vxusoxv lq wzr rssrvlqj zd|v= rq wkh rqh kdqg/ vxfk d fkdqjh dffhohudwhv djuhh0

phqw exw/ rq wkh rwkhu kdqg/ lw dovr pdnhv whpsrudu| glvdjuhhphqw pruh frvwo|1 Wr

xqghuvwdqg wkh dffhohudwlrq h>hfw/ frqvlghu krz ZWSEøä dqg ôEZc RSc øä ghshqg rq wkh

mrlqw lqvlgh rswlrqv1 Lq ohppd 7 zh kdyh vkrzq wkdw ZWSEøä lv lqfuhdvlqj lq æEøä1

Khqfh/ wkh kljkhu wkh mrlqw lqvlgh rswlrqv/ wkh ohvv olnho| lw lv wkdw wkh ex|hu zloo dffhsw

wkh vhoohu*v ?uvw r>hu1 Zh kdyh dovr qrwhg deryh wkdw wkh ghod| shulrg ô EZc RSc øä lv

lqfuhdvlqj lq wkh lqvlgh rswlrqv +vhh htxdwlrq +47,,1 Wrjhwkhu wkhvh wzr h>hfwv frqvwl0

wxwh wkh dffhohudwlrq h>hfw = wkh orzhu wkh mrlqw lqvlgh rswlrqv/ wkh idvwhu wkh sduwlhv

fdq eh h{shfwhg wr uhdfk djuhhphqw1 Zkloh orzhu lqvlgh rswlrqv dffhohudwh djuhhphqw/

wkh| dovr pdnh whpsrudu| glvdjuhhphqw pruh frvwo|1 Wkh odvw whup rq wkh UKV ri +4:,

jlyhv wkh mrlqw sd|r> gxulqj wkh ghod| shulrg zklfk/ iru d jlyhq ôEZc RSc øäc lv fohduo|

ghfuhdvlqj lq wkh mrlqw lqvlgh rswlrqv æEøä1

Lw iroorzv iurp wklv glvfxvvlrq wkdw wkh lqfuhdvh lq h{shfwhg vrfldo vxusoxv ri prylqj

iurp ø wr ø lv jlyhq e|

` Eøcøä '
�

oEZû ý Z,ä d
] ZWSEøä

ZWSEøä
EoZ ý æEøääE�ý e3oôEZcøää_Z n+4;,

] ZWSEøä

Z,

EoZ ý æEøääEe3oôEZcøä ý e3oôEZcøää_Z ý
] ZWSEøä

Z,

EæEøäý æEøääE�ý e3oôEZcøää_Zoé

Wkh dffhohudwlrq h>hfw lv jlyhq e| wkh ?uvw wzr lqwhjudov1 Wkh odvw lqwhjudo uhsuhvhqwv

wkh uhvrxufh frvw ri uhgxflqj wkh lqvlgh rswlrqv1 Qrwh wkdw/ vlqfh ZWSEøä : Z
W
SEøä : Z, :

æEøä : æEøäc erwk wkh ehqh?w +wkh dffhohudwlrq h>hfw, dqg wkh uhvrxufh frvw ri uhgxflqj

lqvlgh rswlrqv duh dozd|v zhdno| srvlwlyh1 Qrwh dovr wkdw/ iru k ' fc wkh sduwlhv

uhdfk djuhhphqw lqvwdqwdqhrxvo|/ lqghshqghqw ri wkh rzqhuvkls glvwulexwlrq1 Wkxv/

` Eøcøä ' f iru k ' fé
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Lw lv zruwk wr qrwh wkh vlplodulw| ri wkh h{suhvvlrqv iru 7` Eøcøä lq wkh vwdwlf

+htxdwlrq +9,, dqg wkh g|qdplf prgho +htxdwlrq +4;,,1 Lq wkh vwdwlf prgho uhgxf0

lqj æEøä lqfuhdvhv wkh suredelolw| ri djuhhphqw/ zkloh pdnlqj shupdqhqw glvdjuhhphqw

pruh frvwo|1 Khuh d uhgxfwlrq lq æEøä dffhohudwhv djuhhphqw/ zkloh pdnlqj whpsrudu|

glvdjuhhphqw pruh frvwo|1

Lq frqwudvw wr wkh vwdwlf prgho zh kdyh/ vr idu/ qrw ehhq deoh wr ?qg d frpsohwh

dqdo|wlf vroxwlrq iru wkh g|qdplf prgho441 Wr pdnh ixuwkhu surjuhvv zh qrz uho| rq

vlpsoh vlpxodwlrqv ri htxdwlrq +4;,1 Frqvlghu ?jxuh 5 zklfk sorwv wkh h!flhqf| jdlq

ri prylqj iurp ø wr ø iru vhyhudo gl>huhqw sdudphwhu frq?jxudwlrqv451 Dv h{shfwhg/

7` Eøcøä ' f iru k ' f1 Iru vpdoo srvlwlyh ydoxhv ri k wkhuh lv dq h{shfwhg h!flhqf|

jdlq ri prylqj iurp ø wr ø1 Lq wklv uhjlrq wkh dffhohudwlrq h>hfw grplqdwhv wkh

uhvrxufh frvw h>hfw1 Dv k ehfrphv odujhu/ krzhyhu/ wkh uhvrxufh frvw h>hfw ehfrphv

odujhu uhodwlyh wr wkh dffhohudwlrq h>hfw1 Iru odujh hqrxjk k wkh uhvrxufh frvw h>hfw

grplqdwhv wkh dffhohudwlrq h>hfw1 Lq wklv fdvh d uhgxfwlrq lq wkh mrlqw lqvlgh rswlrqv

ohdgv wr dq h{shfwhg h!flhqf| orvv1 Qrwh djdlq wkh vlplodulw| ri ?jxuhv 4 dqg 5 zklfk/

uhvshfwlyho|/ sorw wkh h{shfwhg h!flhqf| jdlq ri prylqj iurp ø wr ø iru wkh vwdwlf dqg

wkh g|qdplf prgho1 Lq erwk fdvhv prylqj iurpø wr ø lv h!flhqf| hqkdqflqj +uhgxflqj,

li xqfhuwdlqw| lv vpdoo +odujh, uhodwlyh wr wkh jdlqv iurp wudgh1 Lq ?jxuh 5 lw fdq eh vhhq

wkdw 4@ E` Eæ ' Dfäc` Eæ ' 2fää è ` Eæ ' ôfä1 Wklv vxjjhvwv wkdw/ dv lq wkh vwdwlf

prgho/ rqo| ø dqg ø fdq eh h!flhqw rzqhuvkls glvwulexwlrqv461 Wkh sod|huv wkhq djuhh

rq dq rzqhuvkls glvwulexwlrq wkdw plqlplvhv wkhlu mrlqw lqvlgh rswlrqv li wkh ghjuhh ri

xqfhuwdlqw| lv vpdoo uhodwlyh wr wkh jdlqv iurp wudgh dqg wkh| djuhh rq dq rzqhuvkls

glvwulexwlrq wkdw pd{lplvhv wkh mrlqw lqvlgh rswlrqv li wkh ghjuhh ri xqfhuwdlqw| lv odujh

uhodwlyh wr wkh jdlqv iurp wudgh1

44Wkh sureohp zh idfh lv wkdw zh fdqqrw ?qg d forvhg irup vroxwlrq iru äúf +vhh ohppd 7,1
45Reylrxvo|/ vlpxodwlrqv gr qrw doorz xv wr gudz gh?qlwh frqfoxvlrq derxw wkh vkdsh ri wkhüZ +D>D,

ixqfwlrq1 Zh kdyh pdgh vlpxodwlrqv iru d odujh qxpehu ri sdudphwhu ydoxhv dqg wkh jhqhudo vkdsh ri
wkh judsk lv dozd|v dv vkrzq lq ?jxuh 51 Zh krsh wkdw wkh lqvljkwv iurp wkhvh vlpxodwlrqv zloo doorz
xv ?qg dq dqdo|wlfdo vroxwlrq iru wkh vkdsh ri üZ +D>D, lq ixwxuh zrun1

46Zh djdlq uhshdwhg wkhvh vlpxodwlrqv iru d odujh qxpehu ri sdudphwhu frq?jxudwlrqv zklfk doo jdyh
wkh vdph uhvxow1
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9 Glvfxvvlrq

Wkh dqdo|vlv deryh vkrzv wkdw wkh rzqhuvkls glvwulexwlrq ri sk|vlfdo dvvhwv lq xhqfhv

wkh vl}h ri h{ srvw lqh!flhqflhv1 Lq wklv vhfwlrq zh h{soruh krz wkh ?qglqjv ri rxu prgho

uhodwh wr revhuyhg rzqhuvkls sdwwhuqv1 Zh vwduw e| dqdo|vlqj d vlpsoh h{dpsoh1 Zh

wkhq pryh rq wr glvfxvv gl>huhqw rzqhuvkls duudqjhphqwv wkdw uhgxfh wkh djhqwv* mrlqw

lqvlgh rswlrqv1 Zh frqfoxgh wklv vhfwlrq e| eulh | dqdo|vlqj wkh uhodwlrqvkls ehwzhhq

h!flhqf| dqg wkh vl}h ri ?upv1

914 D Vlpsoh H{dpsoh

Vxssrvh wkhuh duh rqo| wzr dvvhwv/ @� dqg @21 Ohw øî dqg ø7 ghqrwh wkh dvvhwv zklfk

duh rzqhg/ uhvshfwlyho|/ e| wkh ex|hu dqg wkh vhoohu jlyhq dq rzqhuvkls glvwulexwlrq ø1

Zh dvvxph wkdw wkh sod|huv duh v|pphwulf/ lq wkh vhqvh wkdw rEø7ä ' KEøîäc;ø7 ' øî1

Zh uhihu wr clqwhjudwlrq* dv wkh rzqhuvkls vwuxfwxuh lq zklfk erwk dvvhwv duh rzqhg

e| rqh djhqw/ dqg cqrq0lqwhjudwlrq* dv wkh rqh lq zklfk hdfk djhqw rzqv rqh dvvhw471

Ixuwkhupruh/ lw lv xvhixo wr lqwurgxfh wkh iroorzlqj gh?qlwlrqv=

Gh?qlwlrq 4 Wkh dvvhwv @� dqg @2 duh cv|qhujhwlf* li

KE@�c @2ä n KEèä è KE@�ä n KE@2äé

Gh?qlwlrq 5 Wkh dvvhwv @� dqg @2 duh cqrq0v|qhujhwlf* li

KE@�c @2ä n KEèä ÷ KE@�ä n KE@2äé

Gh?qlwlrq 6 Wkh dvvhwv @� dqg @2 duh cvwulfwo| frpsohphqwdu|* li

KE@�c @2ä : KE@�ä ' KE@2ä ' KEèäé

47Ehfdxvh ri wkh v|pphwu| ri wkh h{dpsoh zh gr qrw qhhg wr glvwlqjxlvk ehwzhhq ex|hu dqg vhoohu
lqwhjudwlrq ru ehwzhhq wkh wzr srvvleoh qrq0lqwhjudwlrq fdvhv1
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Wkxv/ dvvhwv duh v|qhujhwlf li/ lq wkh fdvh ri whpsrudu| glvdjuhhphqw/ wkh mrlqw sd|r>

lv kljkhu xqghu lqwhjudwlrq wkdq xqghu qrq0lqwhjudwlrq1 Fruuhvsrqglqjo|/ dvvhwv duh qrq0

v|qhujhwlf li/ lq wkh fdvh ri whpsrudu| glvdjuhhphqw/ wkh mrlqw sd|r> lv kljkhu xqghu

qrq0lqwhjudwlrq wkdq xqghu lqwhjudwlrq1 Lq wkh fdvh ri d uhvwdxudqw/ iru lqvwdqfh/ wkh

urrp dqg wkh ixuqlwxuh xvhg wr htxls lw duh olnho| wr eh v|qhujhwlf dvvhwv= li wkh fkhi

rzqv wkh urrp dqg wkh zdlwhu rzqv wkh ixuqlwxuh/ wkhq qhlwkhu lv deoh wr jhqhudwh pxfk

vxusoxv zlwkrxw wkh frrshudwlrq ri wkh rwkhu1 Li/ lqvwhdg/ wkh fkhi rzqv erwk dvvhwv/

wkhq/ lq wkh fdvh ri qrq0frrusrudwlrq/ kh zrxog eh deoh wr jhqhudwh vrph vxusoxv e|

vhuylqj d vpdoohu qxpehu ri fxvwrphuv klpvhoi1 Lq frqwudvw/ d uhvwdxudqw dqg wkh sodqw

xvhg e| wkh uhvwdxudqw*v vxssolhu ri irrgvwx>v duh olnho| wr eh qrq0v|qhujhwlf= lq wkh fdvh

ri glvdjuhhphqw pruh vxusoxv fdq eh jhqhudwhg li hdfk lv uxq lqghshqghqwo| ri wkh rwkhu1

Wkh dqdo|vlv lq wkh suhylrxv vhfwlrqv kdv vkrzq wkdw wkh sduwlhv rswlpdoo| fkrrvh

dq rzqhuvkls glvwulexwlrq zklfk plqlplvhv wkhlu mrlqw lqvlgh rswlrqv zkhq wkh ghjuhh ri

xqfhuwdlqw| lv vpdoo uhodwlyh wr wkh jdlqv iurp wudgh1 Zkhq @� dqg @2 duh mrlqwo| rzqhg

e| wkh ex|hu dqg wkh vhoohu/ wkhq qhlwkhu fdq xvh dq| dvvhwv gxulqj wkh ghod| shulrg dqg

wkhlu mrlqw lqvlgh rswlrq lv plqlplvhg wr 2KEèä1 Wr vhh zk| mrlqw rzqhuvkls lv rswlpdo

lq wklv sdudphwhu udqjh/ frqvlghu prylqj iurp mrlqw rzqhuvkls wr dq| rwkhu rzqhuvkls

glvwulexwlrq1 Lqghshqghqw ri zkhwkhu wkh dvvhwv duh v|qhujhwlf ru qrq0v|qhujhwlf/ vxfk

d fkdqjh lq wkh rzqhuvkls glvwulexwlrq zrxog ohdg wr kljkhu mrlqw lqvlgh rswlrqv1 Rq

wkh rqh kdqg/ wklv lpsolhv d uhgxfwlrq lq wkh frvw ri glvdjuhhphqw1 Rq wkh rwkhu

kdqg/ krzhyhu/ lw dovr lpsolhv d orqjhu gxudwlrq ri wkh glvdjuhhphqw shulrg1 Wkh

odwwhu h>hfw grplqdwhv wkh iruphu zkhq wkh jdlqv iurp wudgh duh odujh uhodwlyh wr wkh

ghjuhh ri xqfhuwdlqw|1 Lq wklv fdvh prylqj iurp mrlqw rzqhuvkls wr dq| rwkhu rzqhuvkls

glvwulexwlrq grhv/ rq dyhudjh/ ohdg wr dq h!flhqf| orvv1

Wkh sduwlhv rswlpdoo| djuhh rq dq rzqhuvkls glvwulexwlrq wkdw pd{lplvhv wkhlu mrlqw

lqvlgh rswlrqv zkhq wkh ghjuhh ri xqfhuwdlqw| lv odujh uhodwlyh wr wkh jdlqv iurp wudgh1

Wkxv/ lqwhjudwlrq lv rswlpdo zkhq dvvhwv duh v|qhujhwlf/ dqg qrq0lqwhjudwlrq lv rswl0

pdo zkhq dvvhwv duh qrq0v|qhujhwlf1 Qrwh wkdw wklv pljkw surylgh dq h{sodqdwlrq iru

zk| ?upv rzq d odujh qxpehu ri dvvhwv dqg gr qrw glvwulexwh wkhp dprqj wkhlu zrun
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irufh48= d ?up fdq h{shfw wr vshqg d orw ri wlph kdjjolqj zlwk lwv zrun irufh/ hyhq diwhu

glvwulexwlqj lwv dvvhwv dprqj wkh zrunhuv/ zkhq lw idfhv d yhu| xqfhuwdlq hqylurqphqw1

Zkhq wkh ?up*v dvvhwv duh v|qhujhwlf/ lw lv rswlpdo iru wkh ?up wr uhgxfh wkh frvw ri

kdjjolqj e| ehfrplqj wkh rzqhu ri doo wkh dvvhwv1

Qrwh wkdw/ lq wkh fdvh ri qrq0v|qhujhwlf dvvhwv/ wkh deryh dujxphqwv lpso| d qhjdwlyh

uhodwlrqvkls ehwzhhq wkh dyhudjh vl}h ri ?upv dqg wkh ghjuhh ri xqfhuwdlqw| wkdw wkh|

duh h{srvhg wr49= lw lv rswlpdo wr kdyh rqh odujh +mrlqwo| rzqhg, ?up zkhq xqfhuwdlqw|

lv vpdoo/ zkloh wzr vpdoo/ vhsdudwho| rzqhg ?upv duh rswlpdo zkhq xqfhuwdlqw| lv kljk

+uhodwlyh wr wkh jdlqv iurp wudgh,1 Lw lv zhoo nqrzq wkdw vpdoo ?upv whqg wr kdyh pruh

yrodwloh vkduh sulfhv wkdq odujhu ?upv1 Wdnlqj wkh yrodwlolw| ri wkh vkduh sulfh dv d sur{|

iru wkh xqfhuwdlqw| lq d ?up*v hqylurqphqw rxu dujxphqw uhyhuvhv wkh fdxvdolw| wkdw lv

xvxdoo| xvhg wr h{sodlq wklv vw|ol}hg idfw= lw lv qrw ehfdxvh ?upv duh vpdoo wkdw wkh|

kdyh d yhu| yrodwloh vkduh sulfh1 Lqvwhdg/ lw pljkw eh wkdw/ ehfdxvh d ?up idfhv d yhu|

xqfhuwdlq hqylurqphqw/ lw rswlpdoo| fkrrvhv wr eh vpdoo vr dv wr plqlplvh edujdlqlqj

lqh!flhqflhv1 Wkhvh dujxphqwv vxjjhvw d zd| ri hpslulfdoo| whvwlqj rxu wkhru|4:1

915 Uhgxflqj Mrlqw Lqvlgh Rswlrqv

Zh kdyh douhdg| vhhq wkdw wkh mrlqw rzqhuvkls ri sk|vlfdo dvvhwv uhgxfhv mrlqw lqvlgh

rswlrqv1 Jlylqj yhwr uljkwv ryhu fhuwdlq dvshfwv ri d ?up*v rshudwlrq wr rqh ri lwv

sdwurqv lv dqrwkhu forvho| uhodwhg duudqjhphqw4;1 Lq wklv vhfwlrq zh eulh | glvfxvv

rwkhu revhuyhg rzqhuvkls duudqjhphqwv wkdw uhgxfh wkh sduwlhv* mrlqw lqvlgh rswlrqv1

Djhqwv zkr duh orfnhg0lq vrphwlphv lqfuhdvh wkhlu lqwhughshqghqfh ixuwkhu e| h{0

48Kropvwuùp +4<<<, dujxhv wkdw wklv dvvhw foxvwhulqj lv rqh ri wkh prvw vwulnlqj rzqhuvkls sdwwhuqv
wkdw zh revhuyh dqg wkdw lw lv qrw hdvlo| h{sodlqhg e| wkh surshuw| uljkwv olwhudwxuh1

49Lq wkh fdvh ri v|qhujhwlf dvvhwv wkhuh lv qr uhodwlrqvkls ehwzhhq wkh vl}h ri ?upv dqg wkh ghjuhh ri
xqfhuwdlqw|1

4:Wr rxu nqrzohgjh wkh h{lvwlqj hpslulfdo olwhudwxuh rq wkh vl}h ri ?upv +vhh/ iru h{dpsoh/ Nxpdu/
Udmdq/ dqg ]lqjdohv +4<<<,, grhv qrw wdnh lqwr dffrxqw wkh ghjuhh ri xqfhuwdlqw| lq d ?up*v hqylurqphqw
dv d ghwhuplqdqw ri lwv vl}h1

4;Dqrwkhu vlplodu duudqjhphqw lv wkh Jhupdq odz rq frghwhuplqdwlrq zklfk hqwlwohv zrunhuv wr hohfw
kdoi ri wkh phpehuv ri wkh vxshuylvru| erdug lq doo odujh Jhupdq ?upv +vhh Kdqvpdqq +4<<9,/ s14430
445,1 Frghwhuplqdwlrq ixuwkhu lqfuhdvhv wkh lqwhughshqghqfh ehwzhhq ?upv dqg wkhlu zrun irufh1
Qrwh/ krzhyhu/ wkdw frghwhuplqdwlrq lv uhtxluhg e| odz dqg lv rqo| revhuyhg lq Jhupdq|1
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fkdqjlqj cxjo| sulqfhvv krvwdjhv*4<1 Wkh whup uhihuv wr d sudfwlfh lq zklfk djhqwv

h{fkdqjh rzqhuvkls ri dvvhwv wkdw duh yhu| ydoxdeoh wr wkhpvhoyhv/ exw zklfk kdyh olwwoh

ydoxh iru wkh rwkhu sduw|1 Wkh Mdsdqhvh fdu lqgxvwu| surylghv dq h{dpsoh ri vxfk

dq duudqjhphqw1 Wkhuh lw fdq eh revhuyhg wkdw sk|vlfdo dvvhwv zklfk duh vshfl?f wr d

sduwlfxodu fdu pdqxidfwxuhu duh riwhq qrw rzqhg e| wkdw ?up exw e| lwv vxssolhu531

Djhqwv fdq dovr uhgxfh mrlqw lqvlgh rswlrqv e| derolvklqj dvvhwv wkdw fdq eh xvhg

xqlodwhudoo| gxulqj d glvdjuhhphqw shulrg1 Iru lqvwdqfh/ Kropvwuùp dqg Urehuwv +4<<;,

uhsruw wkh fdvh ri dq dluolqh dooldqfh ehwzhhq NOP dqg Qruwkzhvw Dluolqhv541 Lq wklv fdvh

wkh dluolqhv gholehudwho| lqfuhdvhg wkhlu lqwhughshqghqfh e| holplqdwlqj wkhlu gxsolfdwh

vxssruw rshudwlrqv1 Lqwhuhvwlqjo|/ wkh| glg vr diwhu uxqqlqj lqwr d frvwo| glvsxwh zklfk

ohg wr wkh glvpdqwolqj ri wkh frpsdqlhv* furvv0rzqhuvkls vwuxfwxuh1

Ilupv wkdw duh hqjdjhg lq orqj whup yhuwlfdo uhodwlrqvklsv riwhq pdnh wkhpvhoyhv

uhpdundeo| ghshqghqw rq hdfk rwkhu e| xvlqj h{foxvlyh vrxuflqj duudqjhphqwv1 Wkh

Irug fdvh wkdw zdv ghvfulehg lq wkh lqwurgxfwlrq lv rqh h{dpsoh1 Kropvwuùp dqg

Urehuwv +4<<;, surylgh dqrwkhu h{dpsoh1 Wkh| uhsruw wkh fdvh ri Qxfru/ zklfk kdv

ehhq wkh prvw vxffhvvixo vwhho pdqxidfwxuhu lq wkh XV lq wkh odvw 53 |hduv1 Lqvwhdg

ri iroorzlqj wkh lqgxvwu| vwdqgdug e| lqwhjudwlqj edfnzdug/ wkh ?up pdgh lwvhoi yhu|

ghshqghqw rq rqo| rqh lqghshqghqw vxssolhu1 Jlyhq wkh vl}h ri Qxfru/ wkh vxssolhu

lv dovr yhu| ghshqghqw rq wklv uhodwlrqvkls551 Zh fdq lqwhusuhw vxfk dq duudqjhphqw

dv dq h{dpsoh ri qrq0lqwhjudwlrq lq wkh fdvh ri v|qhujhwlf dvvhwv1 E| qrw lqwhjudwlqj

edfnzdugv/ Qxfru dqg lwv vxssolhu lqfuhdvh wkhlu lqwhughshqghqfh zklfk/ lq wxuq/ uhgxfhv

wkh h{shfwhg gxudwlrq ri srwhqwldo glvsxwhv1 Wklv dujxphqw lv lq olqh zlwk Kropvwuùp

dqg Urehuwv +4<<;, zkr k|srwkhvlvh wkdw/ lq wkh fdvh ri Qxfru/ 3rqh uhdvrq zk| wkh

sduwqhuvkls kdv ehhq zrunlqj vr zhoo pd| eh wkh kljk ghjuhh ri pxwxdo ghshqghqfh4561

Ilqdoo|/ lw fdq eh revhuyhg wkdw ?upv dw wlphv djuhh rq wkh vhsdudwh rzqhuvkls

ri vwulfwo| frpsohphqwdu| dvvhwv1 Iru lqvwdqfh/ Gqhv +4<<6, revhuyhv wkdw/ lq vrph

iudqfklvh djuhhphqwv/ wkh iudqfklvhh dqg wkh iudqfklvru djuhh rq wkh vhsdudwh rzqhuvkls

4<Vhh/ iru h{dpsoh/ Zlooldpvrq +4<;8,1
53Kropvwuùp dqg Urehuwv +4<<;,/ s1;30;41
54Kropvwuùp dqg Urehuwv +4<<;,/ s1;71
55Wkh vxssolhu lv hvwlpdwhg wr pdnh derxw 83( ri lwv vfuds exvlqhvv zlwk Qxfru1
56Kropvwuùp dqg Urehuwv +4<<;,/ s1;61
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ri wkh odqg rq zklfk wkh suhplvh lv exlow dqg wkh dvvhwv xvhg wr htxls lw1 Wkh vhsdudwh

rzqhuvkls ri vwulfwo| frpsohphqwdu| dvvhwv lv vlplodu wr mrlqw rzqhuvkls dqg plqlplvhv

wkh sduwlhv* mrlqw lqvlgh rswlrqv1

Wkh dqdo|vlv lq wkh suhylrxv vhfwlrq kdv vkrzq wkdw orzhulqj mrlqw lqvlgh rswlrqv

uhgxfhv h{ srvw lqh!flhqflhv zkhq wkh jdlqv iurp wudgh duh odujh uhodwlyh wr wkh ghjuhh

ri xqfhuwdlqw|1 Wr vrph h{whqg rxu prgho lv wkhuhiruh frqvlvwhqw zlwk wkh w|sh ri

rzqhuvkls duudqjhphqwv ghvfulehg lq wklv vhfwlrq1 Qrwh/ krzhyhu/ wkdw lq rxu prgho lw

lv rswlpdo wr hlwkhu pd{lplvh ru plqlplvh mrlqw lqvlgh rswlrqv1 Rzqhuvkls duudqjhphqwv

wkdw uhgxfh mrlqw lqvlgh rswlrqv/ exw gr qrw plqlplvh wkhp/ fdq wkhuhiruh qrw eh ixoo|

h{sodlqhg zlwk wkh jlyhq iudphzrun571 Qrwh/ dovr/ wkdw rxu prgho lv qrw wkh rqo| rqh

lq wkh surshuw| uljkwv olwhudwxuh lq zklfk mrlqw rzqhuvkls fdq eh rswlpdo1 Lq sduwlfxodu/

Udmdq dqg ]lqjdohv +4<<;,/ gh Ph}d dqg Orfnzrrg +4<<;,/ dqg Fklx +4<<;, vkrz wkdw

mrlqw rzqhuvkls fdq eh rswlpdo lq prghov wkdw irfxv rq h{ dqwh lqyhvwphqw lqh!flhqflhv1

916 Ghfuhdvlqj Uhwxuqv iurp Pdqdjhuldo Lqsxwv

Lw lv riwhq dujxhg wkdw wkhuh duh ghfuhdvlqj uhwxuqv iurp pdqdjhuldo lqsxwv dqg wkdw

wklv sxwv dq xsshu erxqg rq wkh vl}h ri ?upv1 Iru lqvwdqfh/ Frdvh +4<6:, dujxhv wkdw=

3^111` dv d ?up jhwv odujhu/ wkhuh pd| eh ghfuhdvlqj uhwxuqv wr wkh hqwuhsuhqhxu ixqfwlrq/

wkdw lv/ wkh frvwv ri rujdql}lqj dgglwlrqdo wudqvdfwlrqv zlwklq wkh ?up pd| ulvh4581 Wkh

dqdo|vlv lq wklv sdshu vxjjhvw dqrwkhu uhdvrq iru zk| odujh ?upv pd| eh lqh!flhqw1 Wr

vhh wklv/ frqvlghu d ?up wkdw lqfuhdvhv lwv vl}h e| ex|lqj dgglwlrqdo dvvhwv iurp d wklug

sduw|1 Lw vhhpv qdwxudo wr dvvxph wkdw/ dw ohdvw lq d zhdn vhqvh/ wkh frvw ri glvdjuhhlqj

zlwk dq| sdwurq lv ghfuhdvlqj lq wkh qxpehu ri dvvhwv rzqhg e| wkh ?up1 Wklv pd|/ iru

lqvwdqfh/ eh gxh wr wkh ?up*v delolw| wr surgxfh vrph ri wkh lqsxwv lw xvxdoo| rewdlqv

iurp d vxssolhu1 Dv d frqvhtxhqfh/ wkh vl}h ri d ?up lv srvlwlyho| uhodwhg wr wkh h{shfwhg

gxudwlrq ri glvdjuhhphqw/ dqg lw lv qhjdwlyho| uhodwhg wr wkh frvw ri glvdjuhhphqw1 Li

wkh jdlqv iurp wudgh duh odujh uhodwlyh wr wkh ghjuhh ri xqfhuwdlqw|/ wkhq wkh iruphu

h>hfw grplqdwhv wkh odwwhu1 Lq wklv fdvh ?upv wkdw lqfuhdvh lq vl}h ehfrph ohvv h!flhqw
57Zh frqmhfwxuh wkdw lqwhulru vroxwlrqv fdq eh rswlpdo lq d yhuvlrq ri rxu prgho lq zklfk wkh jdlqv

iurp wudgh fdq eh qhjdwlyh/ dqg lq zklfk wkhuh lv xqfhuwdlqw| derxw wkh djhqwv* rxwvlgh rswlrqv1
58Frdvh +4<6:,/ s16731
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ehfdxvh wkh| duh lq d vwurqj edujdlqlqj srvlwlrq ylv0d0ylv wkhlu sdwurqv dqg duh h{shfwhg

wr vshqg d orqj wlph kdjjolqj zlwk wkhp1

: Frqfoxvlrq

Wkhuh duh pdq| vlwxdwlrqv lq zklfk djhqwv/ ?uvwo|/ ghshqg rq hdfk rwkhu wr jhqhudwh d

vxusoxv dqg/ vhfrqgo|/ dqwlflsdwh wkdw edujdlqlqj ryhu wkh vkdulqj ri wkh vxusoxv pd|

eh frvwo|1 Lq wklv sdshu zh kdyh vkrzq wkdw/ lq vxfk d vlwxdwlrq/ djhqwv pd| kdyh dq

lqfhqwlyh wr wdnh dfwlrqv sulru wr wkh edujdlqlqj vwdjh wr ixuwkhu lqfuhdvh wkhlu lqwhu0

ghshqghqfh1 Wklv fdq eh dfklhyhg e| orzhulqj wkh sd|r>v wkh sduwlhv uhdolvh gxulqj

wkh edujdlqlqj surfhvv1 Lqfuhdvhg lqwhughshqghqfh dffhohudwhv ghflvlrq pdnlqj exw dovr

pdnhv glvdjuhhphqw pruh frvwo|1 Lq wkh dqdo|vlv zh kdyh vkrzq wkdw wkh iruphu h>hfw

grplqdwhv wkh odwwhu li xqfhuwdlqw| lv vpdoo uhodwlyh wr wkh djhqwv* h{shfwhg jdlqv iurp

wudgh1 Lq wklv fdvh lw lv h!flhqw iru wkh djhqwv wr lqfuhdvh wkhlu lqwhughshqghqfh e| plq0

lplvlqj wkhlu mrlqw suh0djuhhphqw sd|r>v1 Wkh rssrvlwh lv wuxh li xqfhuwdlqw| lv odujh

uhodwlyh wr wkh jdlqv iurp wudgh1 Lq wklv fdvh lw lv h!flhqw iru wkh djhqwv wr plqlplvh

wkhlu lqwhughshqghqfh e| pd{lplvlqj wkhlu mrlqw suh0djuhhphqw sd|r>v1

Lq wkh sdshu zh kdyh dssolhg wkhvh dujxphqwv wr wkh wkhru| ri wkh ?up dqg glvfxvvhg

wkh h!flhqf| lpsolfdwlrqv ri ydulrxv revhuyhg rzqhuvkls sdwwhuqv1 Zh eholhyh wkdw wkh

edvlf h>hfwv lq rxu prgho fdq dovr khos xv xqghuvwdqg rwkhu lqvwlwxwlrqv dqg ohjdo du0

udqjhphqwv1 Dq reylrxv h{dpsoh lv wkh pduuldjh frqwudfw zklfk fdq eh lqwhusuhwhg

dv d frqwudfw wkdw lqfuhdvhv wkh lqwhughshqghqfh ri wzr sduwqhuv zkr dqwlflsdwh wr eh

orfnhg0lq lq ixwxuh591 Lq wklv lqwhusuhwdwlrq wkh pduuldjh frqwudfw lv d phdqv ri dffhohu0

dwlqj grphvwlf ghflvlrq pdnlqj zklfk/ krzhyhu/ frphv dw wkh frvw ri orzhu glvdjuhhphqw

sd|r>v5:1 Zkloh zh eholhyh wkdw wkh edvlf h>hfwv lq rxu prgho fdq khos xv xqghuvwdqg

59Khuh orfn0lq pd| qrw rqo| eh gxh wr h{rjhqrxv idfwruv/ vxfk d pxwxdo dwwudfwlrq/ exw dovr wr
uhodwlrqvkls0vshfl?f lqyhvwphqwv1

5:Lq vr idu dv rxu prgho fdq eh h{whqghg wr pxowlodwhudo edujdlqlqj vlwxdwlrqv/ dujxphqwv vlplodu
wr wkrvh suhvhqwhg deryh pljkw dovr eh xvhg wr h{sodlq wkh lqvwlwxwlrq xvhg e| wkh Urpdq Fdwkrolf
fkxufk wr hohfw d qhz srsh1 D qhz srsh lv hohfwhg e| dq dvvhpeo| ri fduglqdov zkr duh orfnhg xs lq
d sduw ri Ydwlfdq Sdodfh xqwlo wkh| uhdfk djuhhphqw1 Wklv lqvwlwxwlrq/ fdoohg d *frqfodyh*/ ruljlqdwhv
lq wkh 46wk fhqwxu| zkhq wkh fduglqdov idlohg wr hohfw d qhz srsh iru wzr |hduv1 D orfdo pdjlvwudwh
wkhq ghflghg wr lpsuryh wkh fduglqdov* lqfhqwlyhv e| orfnlqj wkhp xs lq wkh hslvfrsdo sdodfh/ uhprylqj
lwv urri/ dqg doorzlqj wkhp qrwklqj exw euhdg dqg zdwhu xqwlo wkh| hohfwhg wkh qh{w srsh +iru pruh
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d qxpehu ri lqvwlwxwlrqv/ lw lv dovr hylghqw wkdw rxu irupdo prgho lv txlwh uhvwulfwlyh1

Lq sduwlfxodu/ dprqj rwkhu dvvxpswlrqv/ zh rqo| doorz iru wzr sod|huv/ rqh0vlghg dv|p0

phwulf lqirupdwlrq/ dqg dvvxph d sduwlfxodu h{whqvlyh irup edujdlqlqj jdph1 Uhod{lqj

dq| ri wkhvh dvvxpswlrq pd| eh lqwhuhvwlqj ixwxuh zrun1

ghwdlov vhh zzz1eulwdqqlfd1frp,1 Wkh revhuydwlrq wkdw wklv lqvwlwxwlrq kdv qrw ehhq dedqgrqhg +exw
rqo| vrphzkdw dgdswhg, vxjjhvwv lw pljkw eh h!flhqw iru wkh fkxufk dv d zkroh +lqfoxglqj wkh ghflvlrq
pdnlqj fduglqdov, wr dffhohudwh wkh ghflvlrq pdnlqj surfhvv e| orzhulqj wkh sd|r> wkh fduglqdov uhdolvh
gxulqj wkhlu qhjrwldwlrqv1
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< Dsshqgl{

Surri ri ohppd 5=

Iurp +7, lw iroorzv wkdw

ZWSEøä ' ZWSEøä ' Z, iru k 5 dfc
�

ô
E>ý æEøääo

ZWSEøä : ZWSEøä ' Z, iru k 5 E
�

ô
E>ý æEøääc �

ô
E>ý æEøääo

ZWSEøä : ZWSEøä : Z, iru k 5 E
�

ô
E>ý æEøääc >ý æEøääoé

Frqvlghu ?uvw k 5 dfc �
ô
E>ý æEøääo1 Lw wkhq iroorzv iurp +9, wkdw ` Eøäý` Eøä ' f1

Frqvlghu qh{w k 5 E�
ô
E>ý æEøääc �

ô
E>ý æEøääo1 Iurp +9, zh jhw

` Eøäý` Eøä '
�

Zû ý Z,

] ZWSEøä

Z,

Z ý æEøä_Zé

Qrwh wkdw lq wklv sdudphwhu udqjh ZWSEøä : Z, dqg wkdw/ e| dvvxpswlrq +4,/ Z, è æEøä1
Lw wkhq iroorzv lpphgldwho| wkdw ` Eøä ý ` Eøä : f1 Vxevwlwxwlqj +7, lqwr +9, dqg

vroylqj jlyhv

7` Eøcøä '
�

�Sk
dôký E>ý æEøääodôE>ý æEøääý koé

Gl>huhqwldwlqj jlyhv

Y7` Eøcøä

Yk
'

�

�Sk2
EE>ý æEøää2 ý k2äé

Ehfdxvh ri dvvxpswlrq +4, lw wkhq iroorzv wkdw Y�` Eøcøä
Yk

: f1

Ilqdoo|/ frqvlghu k 5 E�
ô
E>ý æEøääc >ý æEøääo1 Vxevwlwxwlqj +7, lqwr +9, dqg vroylqj

jlyhv

7` Eøcøä '
æEøäý æEøä

�Sk
ES>ý ôæEøäý ôæEøäý �fkä

Khqfh/ 7` Eøcøä : f li k 5 E�
ô
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D
E>ý �
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EæEøä n æEøääc >ý æEøääoé Dovr/ wdnlqj wkh ghulydwlyh jlyhv

Y7` Eøcøä

Yk
'
ýôEæEøäý æEøää
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E>ý �

2
EæEøä n æEøäää ÷ fé ù
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Surri ri sursrvlwlrq 4=
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Surri ri ohppd 7=
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Qrwh wkdw -ââEZSä ÷ f iru dq| ZS 5 dZ,c Zûo1 Iru B $ � wkh ?uvw rughu frqglwlrq uhgxfhv
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Yæ

'
oEZWS ý Z,ä2EoZWS n 2oZ, ý ôæä

eEoZWS ý æäô n 2EoZ, ý æäô : fé ù

Surri ri sursrvlwlrq 5=

Wr yhuli| wkdw wkhvh eholhiv dqg vwudwhjlhv duh dq htxloleulxp zh kdyh wr vkrz wkdw

hdfk vwudwhj| lv d ehvw uhvsrqvh jlyhq wkh rwkhu vwudwhj| dqg wkdw wkh eholhiv duh frqvlv0

whqw zlwk Ed|hv* uxoh1

Zh vwduw e| fkhfnlqj zkhwkhu wkh ex|hu*v vwudwhj| lv d ehvw uhvsrqvh jlyhq wkh vhoohu*v

vwudwhj| dqg eholhiv1 Vxssrvh wkh vhoohu r>huv R ' R7EZâä1 Li wkh ex|hu lv ri w|sh Zâc

wkhq dffhswdqfh hqvxuhv khu d sd|r> ri Zâý R7EZâä dqg uhmhfwlrq jlyhv d sd|r> ri BEZâý
RîEZâää n E�ý Bä K

o
1 Khqfh/ e| +;, d ex|hu ri Zâ lv lqgl>huhqw ehwzhhq dffhswlqj R7EZâä

dqg uhmhfwlqj lw1 Lw zdv vkrzq deryh wkdw dq| ex|hu ri w|sh Z : Zâ vwulfwo| suhihuv

wr dffhsw R7EZâäé Dovr/ dq| ex|hu ri w|sh Z ÷ Zâ vwulfwo| suhihuv wr uhmhfw R7EZâä dqg

lqvwhdg r>hu RîEZâä diwhu d ghod| ri |EZc R7EZâää1

Frqvlghu qh{w zkhwkhu wkh vhoohu*v vwudwhj| lv d ehvw uhvsrqvh jlyhq klv eholhiv dqg

wkh ex|hu*v vwudwhj|1 Vxssrvh wkh ex|hu r>huv R è RîEZä dqg bEZä ' � dqg wkh vhoohu

uhmhfwv R dqg frxqwhur>huv r>huv Râ1 Li Râ é R7EZäc wkhq wkh ex|hu dffhswv lpphgldwho|/

dqg wkh vhoohu pdnhv d sd|r> ri BRân E�ý Bä r
o
zklfk/ ehfdxvh ri +;,/ lv zhdno| ohvv wkdq
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RîEZä1 Li/ lqvwhdg/ Râ : R7EZäc wkhq wkh vhoohu h{shfwv wkh ex|hu wr uhmhfw Râ dqg r>hu

RîEZä djdlq diwhu d ghod| ri |EZc Râä1 Khqfh/ li bEZä ' �c wkh vhoohu fdqqrw gr ehwwhu wkdq

wr dffhsw dq| R è RîEZä1 Vxssrvh qrz wkdw bEZä ' � dqg wkh ex|hu r>huv R ÷ RîEZä1

Dffhswlqj wklv r>hu jlyhv R ÷ RîEZäc zkloh r>hulqj R7EZä jlyhv dq h{shfwhg sd|r> ri

BR7EZä n E� ý Bä r
o
1 Ehfdxvh ri +;, uhmhfwlqj R ÷ RîEZä dqg r>hulqj R7EZä wkhuhiruh

ohdgv wr d kljkhu h{shfwhg sd|r> wkdq dffhswlqj R1 Fohduo|/ uhmhfwlqj R dqg r>hulqj

Râ ' R7EZä jlyhv d kljkhu h{shfwhg sd|r> wkdq uhmhfwlqj R dqg r>hulqj Râ ÷ R7EZä1 Dovr/

uhmhfwlqj R dqg r>hulqj Râ : R7EZä lv h{shfwhg wr ohdg wr d frxqwhur>hu e| wkh ex|hu ri

RîEZä diwhu d ghod| ri |EZc Râä1 Khqfh/ li bEZä ' � dqg wkh ex|hu r>huv R ÷ RîEZäc wkh

vhoohu*v ehvw uhvsrqvh lv wr uhmhfw R dqg frxqwhur>hu R7EZä1 Ilqdoo|/ vlqfh ZWS vroyhv wkh

pd{lplvdwlrq sureohp +48,/ wkh ?uvw r>hu RSEZWSä lv rswlpdo jlyhq wkh rwkhu vwudwhjlhv

dqg eholhiv1

Dw odvw/ zh qhhg wr fkhfn wkdw wkh vhoohu*v eholhiv duh frqvlvwhqw zlwk Ed|hv* uxoh1

Jlyhq wkh vwudwhjlhv wkh vhoohu*v r>hu ri R lv dffhswhg lpphgldwho| e| dq| ex|hu ri w|sh

Z 5 dZâc Zûo zkhuh R ' R7EZâä1 Dq| ex|hu ri w|sh Z 5 dZ,c Z
âä uhmhfwv R dqg r>huv RîEZä

dw ô EZc Rä1 Khqfh/ li dq r>hu lv pdgh dw ôEZc Räc bEZä ' � lv frqvlvwhqw zlwk Ed|hv* uxoh1

ù
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Iljxuh 4= H!flhqf| jdlq ri prylqj iurp ø wr ø lq wkh vwdwlf prgho1
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