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7KLV SDSHU VWXGLHV D JDPH RI VWUDWHJLF H[SHULPHQWDWLRQ LQ ZKLFK WKH SOD\HUV
OHDUQ IURP WKH H[SHULPHQWV RI RWKHUV DV ZHOO DV WKHLU RZQ� :H nUVW HVWDEOLVK WKH
HpFLHQW EHQFKPDUN ZKHUH WKH SOD\HUV FR�RUGLQDWH LQ RUGHU WR PD[LPLVH MRLQW H[�
SHFWHG SD\RmV� DQG WKHQ VKRZ WKDW� EHFDXVH RI IUHH�ULGLQJ� WKH VWUDWHJLF SUREOHP
OHDGV WR LQHpFLHQWO\ ORZ OHYHOV RI H[SHULPHQWDWLRQ LQ DQ\ HTXLOLEULXP ZKHQ WKH
SOD\HUV XVH VWDWLRQDU\ 0DUNRYLDQ VWUDWHJLHV� (pFLHQF\ FDQ EH DSSUR[LPDWHO\ UH�
WULHYHG SURYLGHG WKDW WKH SOD\HUV DGRSW VWUDWHJLHV ZKLFK VORZ GRZQ WKH UDWH DW
ZKLFK LQIRUPDWLRQ LV DFTXLUHG� WKLV LV DFKLHYHG E\ WKHLU WDNLQJ SHULRGLF EUHDNV
IURP H[SHULPHQWLQJ� ZKLFK JHW SURJUHVVLYHO\ ORQJHU� ,Q WKH SXEOLF LQIRUPDWLRQ
FDVH �DFWLRQV DQG H[SHULPHQWDO RXWFRPHV DUH ERWK REVHUYDEOH�� ZH H[KLELW D FODVV
RI QRQ�VWDWLRQDU\ HTXLOLEULD LQ ZKLFK WKH ��HpFLHQW DPRXQW RI H[SHULPHQWDWLRQ LV
SHUIRUPHG� EXW RQO\ LQ LQnQLWH WLPH� ,Q WKH SULYDWH LQIRUPDWLRQ FDVH �RQO\ DFWLRQV
DUH REVHUYDEOH� QRW RXWFRPHV�� WKH EUHDNV KDYH WZR DGGLWLRQDO HmHFWV� QRW RQO\
GR WKH\ HQDEOH WKH SOD\HUV WR nQHVVH WKH LQIHUHQFH SUREOHP� EXW DOVR WKH\ VHUYH WR
VLJQDO WKHLU H[SHULPHQWDO RXWFRPH WR WKH RWKHU SOD\HU� :H GHVFULEH DQ HTXLOLEULXP
ZLWK VLPLODU QRQ�VWDWLRQDU\ VWUDWHJLHV LQ ZKLFK WKH ��HpFLHQW DPRXQW RI H[SHUL�
PHQWDWLRQ LV DJDLQ SHUIRUPHG LQ LQnQLWH WLPH� EXW ZLWK D IDVWHU UDWH RI LQIRUPDWLRQ
DFTXLVLWLRQ� 7KH HTXLOLEULXP UDWH RI LQIRUPDWLRQ DFTXLVLWLRQ LV VORZHU LQ WKH IRUPHU
FDVH EHFDXVH WKH VKRUW�UXQ WHPSWDWLRQ WR IUHH�ULGH RQ LQIRUPDWLRQ DFTXLVLWLRQ LV
JUHDWHU ZKHQ LQIRUPDWLRQ LV SXEOLF�
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7KLV SDSHU GHVFULEHV D JDPH RI VWUDWHJLF H[SHULPHQWDWLRQ LQ ZKLFK WKH SOD\HUV OHDUQ IURP
WKH H[SHULPHQWDO RXWFRPHV RI RWKHUV DV ZHOO DV IURP WKHLU RZQ� :H FRQWUDVW WZR SRVVLEOH
PRGHOV� RQH ZKHUH D SOD\HU FDQ GLUHFWO\ REVHUYH KHU RSSRQHQW
V H[SHULPHQWDO RXWFRPHV
DQG D VHFRQG ZKHUH D SOD\HU
V DELOLW\ WR OHDUQ IURP RWKHUV LV OLPLWHG� EHFDXVH H[SHULPHQ�
WDO RXWFRPHV DUH SULYDWH� ,Q WKH ODWWHU FDVH� D SOD\HU FDQ GUDZ VRPH LQIHUHQFH DERXW KHU
RSSRQHQW
V RXWFRPHV E\ VWXG\LQJ WKH DFWLRQV KH WDNHV� )RU H[DPSOH� ZKHQ KH XVHV RQH
DFWLRQ IRU D ORQJ WLPH VKH FDQ LQIHU WKDW WKLV DFWLRQ LV IDYRXUDEOH ZLWKRXW XQGHUWDNLQJ
D FRVWO\ H[SHULPHQW KHUVHOI� VR ZKHQ RXWFRPHV DUH SULYDWH� KLV DFWLRQV GHWHUPLQH WKH
LQIRUPDWLRQ KH KLPVHOI DFTXLUHV DQG DOVR KRZ WKLV LQIRUPDWLRQ LV VLJQDOOHG WR WKH RWKHU
SOD\HUV� :H nQG WKH IROORZLQJ UHVXOWV LQ VXFK JDPHV� nUVW� D OHYHO RI H[SHULPHQWDWLRQ
ZKLFK LV DSSUR[LPDWHO\ VRFLDOO\ HpFLHQW FDQ EH LQGXFHG ZKHQ WKH SOD\HUV KDYH SXEOLF RU
SULYDWH LQIRUPDWLRQ SURYLGHG WKH SOD\HUV XVH VWUDWHJLHV ZKLFK VORZO\ DFTXLUH LQIRUPDWLRQ�
)RU WKLV WR KROG� LW LV LPSRUWDQW IRU SOD\HUV WR WDNH EUHDNV LQ H[SHULPHQWLQJ ZKLFK QRW
RQO\ VORZ WKH UDWH RI LQIRUPDWLRQ DFTXLVLWLRQ EXW DOVR VLJQDO LQIRUPDWLRQ LQ WKH SULYDWH
LQIRUPDWLRQ FDVH� :H FDOO WKHVH ?FRmHH EUHDNV�� 6HFRQGO\� D PRYH IURP SXEOLF WR SUL�
YDWH LQIRUPDWLRQ ZLOO JHQHUDOO\ LQFUHDVH WKH DPRXQW RI H[SHULPHQWDWLRQ WKH LQGLYLGXDOV
SHUIRUP DQG WKH UDWH DW ZKLFK WKH LQIRUPDWLRQ LV DFTXLUHG� 7KH LQFUHDVH LQ WKH DPRXQW
LV EHFDXVH RI WKH GHOD\ LQ WKH LQIHUHQFH DERXW WKH RSSRQHQW
V RXWFRPHV ZKHQ WKH\ DUH
SULYDWH� 7KH UDWH LV VORZHU XQGHU SXEOLF LQIRUPDWLRQ EHFDXVH WKH VKRUW�UXQ WHPSWDWLRQ
WR IUHH�ULGH LV JUHDWHU LQ WKDW FDVH�

,I WKH UHVXOWV RI UHVHDUFK DUH SXEOLF DQG WZR SOD\HUV IXQG LQGHSHQGHQW H[SHULPHQWV�
WKHQ WKH\ DUH HDFK SURYLGLQJ D SXEOLF JRRG �LQIRUPDWLRQ� WR WKH RWKHU� 7KH\ PXVW GHFLGH
KRZ ORQJ WR FRQWLQXH SURYLGLQJ WKLV SXEOLF JRRG� JLYHQ WKH\ KDYH WKH RSWLRQ RI IUHH�ULGLQJ
RQ WKH RWKHU
V FRVWO\ LQIRUPDWLRQ� DQG WKH IUHH�ULGLQJ SUREOHP FDXVHV WKH SOD\HUV WR XQGHU�
IXQG WKH DFTXLVLWLRQ RI LQIRUPDWLRQ� 7KH EHQFKPDUN FDVH RI VWUDWHJLF H[SHULPHQWDWLRQ
ZLWK SXEOLF LQIRUPDWLRQ KDV EHHQ ZHOO H[DPLQHG E\ %ROWRQ DQG +DUULV ������� LQ D PRUH
FRPSOH[ HQYLURQPHQW WKDQ WKDW XVHG LQ WKLV SDSHU�� 7KH\ FRQVLGHU D WZR�DUPHG EDQGLW
SUREOHP ZLWK %URZQLDQ QRLVH� ZH FRQVLGHU D WZR�DUPHG EDQGLW SUREOHP ZLWK 3RLVVRQ�
W\SH XQFHUWDLQW\� DQG GHULYH FRPSDUDEOH UHVXOWV� 7KHVH DUH RI LQWHUHVW LQ WKHLU RZQ ULJKW�
DQG DUH XVHG DV EXLOGLQJ EORFNV ZKHQ ZH DGGUHVV WKH LVVXH RI QRQ�VWDWLRQDU\ VWUDWHJLHV
LQ WKH FDVH nUVW RI SXEOLF LQIRUPDWLRQ DQG WKHQ RI SULYDWH LQIRUPDWLRQ�

:KHQ WKHUH LV SXEOLF LQIRUPDWLRQ WKHUH LV DQ REYLRXV VWDWH YDULDEOH LQ WKLV PRGHO ^
WKH SOD\HUV
 FRPPRQ EHOLHI ^ EXW WKHUH LV QR REYLRXV VWDWH YDULDEOH LQ WKH PRGHO ZLWK
SULYDWH LQIRUPDWLRQ EHFDXVH WKH SOD\HUV
 EHOLHIV DUH QRW FRPPRQO\ NQRZQ DQG� LQ JHQHUDO�
WKH HQWLUH SDVW KLVWRU\ RI KHU RSSRQHQW
V SOD\ LV UHOHYDQW LQ GHWHUPLQLQJ D SOD\HU
V EHOLHI
DERXW KHU RSSRQHQW
V H[SHULPHQWDO RXWFRPHV� 7KXV� ZKHQ ZH PRYH IURP SXEOLF WR
SULYDWH LQIRUPDWLRQ LW LV QHFHVVDU\ IRU XV WR FRQVLGHU HTXLOLEULD ZKHUH WKH SOD\HUV XVH
PRUH FRPSOH[ KLVWRU\�GHSHQGHQW VWUDWHJLHV� :H ZLVK WR FRPSDUH WKH KLVWRU\�GHSHQGHQW
HTXLOLEULD WKDW QDWXUDOO\ DULVH LQ WKH JDPH ZLWK SULYDWH LQIRUPDWLRQ ZLWK WKH HTXLOLEULD

�7KH\ FRQVLGHU HTXLOLEULD ZKHUH WKH SOD\HUV XVH VWDWLRQDU\ 0DUNRYLDQ VWUDWHJLHV �ZLWK WKH FRPPRQ
COHYHO RI RSWLPLVP
 DV WKH VWDWH YDULDEOH� DQG VKRZ WKDW� EHFDXVH SOD\HUV FDQ LPPHGLDWHO\ VHH HDFK RWKHUV

RXWFRPHV DQG FDQ DGMXVW WKHLU DFWLRQV WR HQVXUH DQ LQGLYLGXDOO\ RSWLPDO UDWH RI LQIRUPDWLRQ DFTXLVLWLRQ�
WKHUH LV DQ LQHpFLHQW DPRXQW RI H[SHULPHQWDWLRQ LQ PRGHOV ZLWK SXEOLF LQIRUPDWLRQ�
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WKDW DULVH LQ WKH JDPH ZLWK SXEOLF LQIRUPDWLRQ� DQG LW LV QRW FRUUHFW WR FRPSDUH WKHVH
KLVWRU\�GHSHQGHQW HTXLOLEULD ZLWK WKH VWDWLRQDU\ 0DUNRYLDQ HTXLOLEULD RI WKH JDPH ZLWK
SXEOLF LQIRUPDWLRQ �RWKHUZLVH ZH DUH FKDQJLQJ ERWK WKH FODVV RI VWUDWHJLHV ZH DOORZ
WKH SOD\HUV WR XVH DQG D FKDQJH LQ WKH LQIRUPDWLRQ VWUXFWXUH�� 2XU EHQFKPDUN VKRXOG
EH WKH RXWFRPHV RI WKH JDPH ZLWK SXEOLF LQIRUPDWLRQ ZKHUH WKH SOD\HUV FDQ DOVR XVH
KLVWRU\�GHSHQGHQW VWUDWHJLHV� +RZHYHU� EHFDXVH ZRUN KDV FRQFHQWUDWHG RQ HTXLOLEULD RI
WKH JDPH ZKHUH WKH SOD\HUV XVH VWDWLRQDU\ 0DUNRYLDQ VWUDWHJLHV� YHU\ OLWWOH LV NQRZQ
DERXW WKH HTXLOLEULD RI WKH JDPH ZKHUH WKH SOD\HUV FDQ XVH PRUH VRSKLVWLFDWHG DFWLRQV�
&RQVHTXHQWO\� WKH nUVW FRPSOHWHO\ QRYHO UHVXOW LQ WKLV SDSHU GHVFULEHV HTXLOLEULD LQ WKH
JDPH ZLWK SXEOLF LQIRUPDWLRQ ZKHUH WKH SOD\HUV XVH KLVWRU\�GHSHQGHQW VWUDWHJLHV�

:H nQG WKDW� LI H[SHULPHQWDO RXWFRPHV DUH SXEOLF LQIRUPDWLRQ� WKHQ WKHUH DUH �QRQ�
VWDWLRQDU\� HTXLOLEULD WKDW DSSURDFK WKH HpFLHQW OHYHO DQG UDWH RI H[SHULPHQWDWLRQ� 7KHVH
HTXLOLEULD DUH FKDUDFWHULVHG E\ D JUDGXDO HYROXWLRQ RI FRRSHUDWLRQ E\ WKH WZR SOD\HUV� 7KH
SOD\HUV DGMXVW WKH UDWH DW ZKLFK LQIRUPDWLRQ LV DFTXLUHG� VR WKDW WKH IXWXUH EHQHnWV IURP
SDUWLFLSDWLQJ LQ WKH FXUUHQW URXQG RI H[SHULPHQWDWLRQ DOZD\V RXWZHLJK WKH FXUUHQW FRVWV�
)RU WKLV WR KDSSHQ LW PXVW EH WKH FDVH WKDW WKH SOD\HUV QHYHU DFWXDOO\ VWRS H[SHULPHQWLQJ�
7KH HTXLOLEULD ZH EXLOG GLYLGH FRQWLQXRXV WLPH LQWR GLVFUHWH LQWHUYDOV RI OHQJWK c� ,Q
HDFK LQWHUYDO WKH SOD\HUV EHJLQ E\ SHUIRUPLQJ VRPH H[SHULPHQWDWLRQ� DQG WKHQ WKH\ VWRS
DQG XVH D VDIH DFWLRQ XQWLO WKH HQG RI WKH LQWHUYDO� 7KH DPRXQW WKH\ H[SHULPHQW LQ
HDFK LQWHUYDO RI OHQJWK c VKULQNV WR ]HUR� VR WKH UDWH DW ZKLFK LQIRUPDWLRQ LV DFTXLUHG
FRQYHUJHV WR ]HUR� 7KH H[SHULPHQWDWLRQ LV FRVWO\ IRU WKH SOD\HUV DQG LQ WKH VKRUW UXQ WKH\
ZRXOG UDWKHU XVH WKH VDIH DFWLRQ� KRZHYHU� LI WKH\ IDLO WR SHUIRUP WKH H[SHULPHQWDWLRQ
LQ DQ\ LQWHUYDO WKHLU RSSRQHQW QHYHU H[SHULPHQWV LQ WKH IXWXUH� 7KXV WKHUH LV D ORQJ�
UXQ FRVW WR QRW DELGLQJ E\ WKLV VWUDWHJ\� EHFDXVH WKH\ IRUJR DOO WKH IXWXUH LQIRUPDWLRQ
WKDW ZRXOG EH JHQHUDWHG E\ WKHLU RSSRQHQW
V DFWLRQV� 3URYLGHG WKH VWUDWHJ\ LV FDUHIXOO\
FKRVHQ LW LV SRVVLEOH WR PDNH WKLV ORQJ�UXQ FRVW JUHDWHU WKDQ DQ\ VKRUW�UXQ JDLQ IURP
GHYLDWLRQ� ,W LV LPSRUWDQW IRU WKH WHFKQLFDO UHVWULFWLRQV RQ VWUDWHJLHV LQ FRQWLQXRXV WLPH
WKDW SOD\HUV GR QRW KDYH WR UHVSRQG LPPHGLDWHO\ DIWHU WKHLU RSSRQHQW GHYLDWHV� 7KH
HTXLOLEULXP FRQVWUXFWLRQ GRHV QRW UHO\ RQ WKLV ^ DOO D SOD\HU QHHGV WR YHULI\ LV WKDW DW
WKH HQG RI WKH LQWHUYDO �RI OHQJWK c� KHU RSSRQHQW H[SHULPHQWHG LQ WKH HDUO\ SDUW RI
WKH LQWHUYDO� 7KH UHDGHU ZLOO QRWLFH WKDW WZR HOHPHQWV DUH HVVHQWLDO IRU WKLV HTXLOLEULXP
WR ZRUN� WKHUH PXVW EH DQ LQnQLWH WLPH KRUL]RQ DQG WLPH PXVW EH FRQWLQXRXV� ,I
WKHUH LV D SRLQW LQ WKH IXWXUH ZKHQ WKH SOD\HUV ZLOO VWRS H[SHULPHQWLQJ� WKHQ WKH ORQJ�
UXQ EHQHnWV YDQLVK DQG WKH VKRUW�UXQ FRVWV IRUFH D SOD\HU WR VWRS H[SHULPHQWLQJ QRZ�
7KXV WKLV HTXLOLEULXP FDQ RQO\ VXUYLYH LI WKH ORQJ�UXQ OHYHO RI H[SHULPHQWDWLRQ LV QHYHU
DFWXDOO\ DWWDLQHG� ,I WLPH LV GLVFUHWH� WKHQ SOD\HUV FDQ SURYLGH RQO\ GLVFUHWH FKXQNV RI
LQIRUPDWLRQ WR WKHLU RSSRQHQW DW D VWULFWO\ SRVLWLYH FRVW� 7KLV HTXLOLEULXP UHTXLUHV WKH
SOD\HUV WR PDNH LQnQLWHO\ PDQ\ DUELWUDULO\ VPDOO H[SHULPHQWV DW DUELWUDULO\ VPDOO FRVW
ZKLFK LV LPSRVVLEOH LQ GLVFUHWH WLPH� 7KLV UHVXOW LV VLPLODU WR WKRVH LQ G\QDPLF PRGHOV
RI WKH SULYDWH SURYLVLRQ RI SXEOLF JRRGV� ,W KDV EHHQ QRWHG WKDW DQ HpFLHQW OHYHO RI WKH
SURYLVLRQ RI WKH SXEOLF JRRG PD\ EH SRVVLEOH LQ WKH ORQJ UXQ LI WKH SOD\HUV DUH DOORZHG WR
JUDGXDOO\ PDNH VPDOOHU FRQWULEXWLRQV �IRU H[DPSOH� $GPDWL DQG 3HUU\ ������� 0DU[ DQG
0DWWKHZV ������� /RFNZRRG DQG 7KRPDV ������� DQG WKH SURYLVLRQ RI WKH SXEOLF JRRG LV
LUUHYHUVLEOH� ,Q WKRVH PRGHOV WLPH LV GLVFUHWH DQG WKH SOD\HUV FDQ FRQWLQXRXVO\ YDU\ WKHLU
�LUUHYHUVLEOH� FRQWULEXWLRQV WR WKH SXEOLF JRRG� ,QIRUPDWLRQ LV D QDWXUDO FDQGLGDWH IRU
WKRVH PRGHOV ^ FRPPXQLFDWLQJ LQIRUPDWLRQ LV FOHDUO\ LUUHYHUVLEOH� KRZHYHU� QR SUHYLRXV
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PRGHO KDV WUHDWHG WKLV H[SOLFLWO\�

2QFH WKH LQYHVWLJDWLRQ RI HTXLOLEULD ZLWK SXEOLF H[SHULPHQWDO RXWFRPHV LV FRPSOHWH
ZH PRYH RQ WR VWXG\LQJ WKH JDPH ZLWK SULYDWH H[SHULPHQWDO RXWFRPHV� )LUVW QRWH WKDW
EHFDXVH WKH FRmHH EUHDNV KDYH D SUH�GHWHUPLQHG OHQJWK� WKH DPRXQW RI WLPH VSHQW H[SHU�
LPHQWLQJ LQ DQ\ LQWHUYDO LV LQGHSHQGHQW RI WKH H[SHULPHQWDO RXWFRPHV� DQG VR WKH SOD\HUV
FDQQRW GHGXFH DQ\WKLQJ IURP HDFK RWKHU
V DFWLRQV GXULQJ DQ DFWLYLW\ SKDVH� 7KLV EUHDNV
WKH LQnQLWH UHJUHVV RI KDYLQJ EHOLHIV DERXW EHOLHIV DERXW � � � � 1H[W� ZKHQ H[SHULPHQWDO
RXWFRPHV DUH SULYDWH HDFK SOD\HU FDQQRW LPPHGLDWHO\ IUHH�ULGH RQ WKH RWKHU
V FRVWO\ UH�
VHDUFK� +HU DELOLW\ WR LQIHU KHU RSSRQHQW
V RXWFRPHV LV OLPLWHG E\ WKH ZD\ KLV DFWLRQV
VLJQDO KLV RXWFRPHV� VR WKH UDWH RI IUHH�ULGLQJ RQ H[SHULPHQWDO HmRUW LV HQGRJHQRXV� ,Q
SDUWLFXODU WKHUH LV D GHOD\ LQ WKH SOD\HUV FRUUHFWO\ LQWHUSUHWLQJ WKHLU RSSRQHQW
V DFWLRQV�
7KLV GHOD\ LQ DFTXLULQJ LQIRUPDWLRQ IURP RWKHUV OHDGV RQH WR H[SHFW WKHUH WR EH PRUH
H[SHULPHQWDWLRQ ZKHQ WKH SOD\HUV KDYH SULYDWH LQIRUPDWLRQ� 7ZR JHQHUDO SULQFLSOHV ZLOO
DSSO\� �D� ,I D SOD\HU REVHUYHV KHU RSSRQHQW HQJDJHG LQ UHVHDUFK VKH ZLOO JHQHUDOO\ UH�
YLVH KHU EHOLHI IRU VXFFHVVIXO H[SHULPHQWDWLRQ XSZDUGV DV WLPH SDVVHV� HYHQ ZKHQ VKH LV
QRW XVLQJ WKH DFWLRQ KHUVHOI� �7KLV� RI FRXUVH� DVVXPHV WKDW KHU RSSRQHQW ZLOO JHQHUDOO\
FKRRVH WR H[SHULPHQW PRUH LQ IDYRXUDEOH VWDWHV RI WKH ZRUOG�� �E� ,I D SOD\HU REVHUYHV KHU
RSSRQHQW VZLWFKLQJ IURP DFWLRQ 5 WR DFWLRQ 6� VD\� KHU EHOLHI WKDW DFWLRQ 5 LV SURnWDEOH
ZLOO PRYH GRZQZDUGV� 7KLV LV EHFDXVH KHU NQRZOHGJH RI KHU RSSRQHQWV VWUDWHJ\ DQG WKH
WLPLQJ RI WKH VZLWFK ZLOO JLYH KHU D ORW RI LQIRUPDWLRQ DERXW KHU RSSRQHQW
V H[SHULPHQ�
WDO UHVXOWV EHIRUH WKH VZLWFK� $V DQ H[DPSOH RI WKHVH SURFHVVHV FRQVLGHU DQ REVHUYHU
PRQLWRULQJ WKH EHKDYLRXU RI DQ LQGLYLGXDO H[SHULPHQWLQJ ZLWK %URZQLDQ PRWLRQ ZLWK DQ
XQFHUWDLQ GULIW� DV LQ %HUU\ DQG )ULVWHGW ������ &KDSWHU ��� :KLOH WKH LQGLYLGXDO XVHV
WKH ULVN\ DFWLRQ� NQRZOHGJH RI WKH RSWLPDO H[SHULPHQWDO VWUDWHJ\ ZRXOG OHDG DQ RXWVLGH
REVHUYHU WR UHYLVH XSZDUGV KHU EHOLHI IRU D KLJK GULIW� 7KH WLPH DW ZKLFK WKH H[SHULPHQWHU
PRYHV IURP WKH %URZQLDQ PRWLRQ VWUHDP WR WKH VDIH SURnW VWUHDP� ZKHQ FRPELQHG ZLWK
NQRZOHGJH RI WKH H[SHULPHQWHU
V �GHWHUPLQLVWLF� VWUDWHJ\� JLYHV WKH REVHUYHU DOO WKH UHO�
HYDQW LQIRUPDWLRQ IURP WKH H[SHULPHQWV ^ ZLWKRXW KDYLQJ WR SHUIRUP WKH H[SHULPHQWV
KHUVHOI� ,Q JHQHUDO� WKHVH WZR PHWKRGV RI H[WUDFWLQJ LQIRUPDWLRQ IURP DQ RSSRQHQW
V H[�
SHULPHQWDO VWUDWHJ\ ZLOO EH YHU\ HmHFWLYH LQ XQFRYHULQJ LQIRUPDWLRQ DERXW DQ RSSRQHQW
V
H[SHULPHQWDO UHVXOWV� +RZHYHU� XQOLNH WKH FDVH RI GLUHFW REVHUYDWLRQ RI H[SHULPHQWDO
UHVXOWV� DQ RXWVLGH REVHUYHU ZLOO QRW EH DEOH WR H[WUDFW DFFXUDWH LQIRUPDWLRQ DERXW H[�
SHULPHQWDO UHVXOWV LPPHGLDWHO\� ,W LV WKLV GHOD\ LQ REWDLQLQJ DFFXUDWH LQIRUPDWLRQ �DQG
WKH FRQVHTXHQW GHOD\ LQ IUHH�ULGLQJ RQ RWKHUV
 LQIRUPDWLRQ SURYLVLRQ� WKDW JHQHUDOO\ LQ�
FUHDVHV WKH DPRXQW RI H[SHULPHQWDWLRQ SHUIRUPHG LQ JDPHV RI VWUDWHJLF H[SHULPHQWDWLRQ
ZLWK SULYDWH LQIRUPDWLRQ� EHFDXVH SOD\HUV FDQ RYHUFRPH WKLV GHOD\ E\ H[SHULPHQWLQJ PRUH
RQ WKHLU RZQ DFFRXQW�

7ZR W\SHV RI G\QDPLF VLJQDOOLQJ GHYLFH DULVH LQ PRGHOV ZLWK SULYDWH H[SHULPHQWDO
RXWFRPHV� 7KH nUVW LV FDOOHG WKH ?FRmHH EUHDN� PHFKDQLVP� ZKLFK DULVHV LI ERWK UH�
VHDUFKHUV VLPXOWDQHRXVO\ WDNH VKRUW SUH�GHWHUPLQHG ?FRmHH EUHDNV� IURP XVLQJ WKH ULVN\
DFWLRQ LI WKH\ KDYH EHHQ XQVXFFHVVIXO� ,I D SOD\HU GRHV QRW VKRZ XS IRU FRmHH WKHQ WKH
RWKHU GHGXFHV WKDW KH KDV EHHQ VXFFHVVIXO DQG UHYLVHV KHU EHOLHI DFFRUGLQJO\� 7KLV VRUW
RI G\QDPLF VLJQDOOLQJ LV VHOI�HQIRUFLQJ LI WKH FRmHH EUHDNV DUH VXpFLHQWO\ VKRUW ^ QHLWKHU
SOD\HU EHQHnWV E\ O\LQJ DQG WKHUHE\ FRQYLQFLQJ KHU RSSRQHQW WKDW WKH VWDWH LV JRRG�
EHFDXVH LI VKH GRHV WKLV VKH ZLOO JHW QR PRUH LQIRUPDWLRQ IURP KHU RSSRQHQW� �,Q IDFW
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HDFK SOD\HU ZRXOG EH ZLOOLQJ WR SD\ D VPDOO FRVW WR EH DEOH WR WUXWKIXOO\ VLJQDO E\ WDNLQJ
D FRmHH EUHDN�� $V WKH SOD\HUV FDQ WDNH EUHDNV YHU\ RIWHQ� WKH FRmHH EUHDN HTXLOLEULXP
FDQ EH XVHG WR FRQVWUXFW JDPHV ZKHUH SOD\HUV VLJQDO WKHLU LQIRUPDWLRQ YHU\ IUHTXHQWO\�
7KLV SURYLGHV D FODVV RI HTXLOLEULD IRU WKH JDPH RI VWUDWHJLF H[SHULPHQWDWLRQ ZLWK SULYDWH
LQIRUPDWLRQ ZKLFK DSSUR[LPDWH WKH HTXLOLEULD RI JDPHV RI VWUDWHJLF H[SHULPHQWDWLRQ ZLWK
SXEOLF LQIRUPDWLRQ�

7KH VHFRQG W\SH RI VLJQDOOLQJ GHYLFH �QRW FRQVLGHUHG IXUWKHU LQ WKLV SDSHU� DULVHV ZKHQ
WKH SOD\HUV DOWHUQDWH LQ WKHLU H[SHULPHQWDWLRQ� VR WKDW RQH SOD\HU H[SHULPHQWV ZKLOVW WKH
RWKHU GRHV QRW DQG WKHQ WKH\ VZLWFK UROHV� EXW D SOD\HU FRQWLQXHV H[SHULPHQWLQJ LI VKH
KDV EHHQ VXFFHVVIXO� 7KXV� LI WKH SOD\HUV FRQWLQXH WR DOWHUQDWH� WKHLU DFWLRQV UHYHDO WKHLU
SULYDWH LQIRUPDWLRQ DW GLVFUHWH SRLQWV LQ WLPH� DQG LI WKH DOWHUQDWLRQ LV IUHTXHQW WKH
DV\PPHWU\ LQ WKH DJHQWV
 LQIRUPDWLRQ LV DOVR UHGXFHG� 7KXV DOWHUQDWLQJ H[SHULPHQWDWLRQ
LV DQ HmHFWLYH G\QDPLF VLJQDOOLQJ GHYLFH� ,Q WKH OLPLW WKH SOD\HUV
 DFWLRQV ZLOO ?FKDWWHU�
DQG WKLV FKDWWHULQJ DSSUR[LPDWHV SHUIHFW FRPPXQLFDWLRQ�

6HFWLRQ � LV H[SRVLWRU\� LW VHWV XS D VLPSOH EDQGLW PRGHO DQG GHVFULEHV WKH RSWLPDO
VWUDWHJ\� :H HVWDEOLVK WKH HpFLHQW EHQFKPDUN ZKHUH WKH SOD\HUV FR�RUGLQDWH LQ RUGHU WR
PD[LPLVH MRLQW H[SHFWHG SD\RmV� DQG WKHQ VKRZ WKDW� EHFDXVH RI IUHH�ULGLQJ� WKH VWUDWHJLF
SUREOHP OHDGV WR LQHpFLHQWO\ ORZ OHYHOV RI H[SHULPHQWDWLRQ LQ DQ\ HTXLOLEULXP ZKHQ WKH
SOD\HUV XVH VWDWLRQDU\ 0DUNRYLDQ VWUDWHJLHV� 7KH FRPSOHWHO\ QRYHO UHVXOWV RI WKH SDSHU
DSSHDU LQ 6HFWLRQV � DQG �� ZKHUH ZH LQWURGXFH WKH FRmHH EUHDNV DQG FRQVLGHU QRQ�
VWDWLRQDU\ HTXLOLEULD LQ ZKLFK WKH ��HpFLHQW DPRXQW RI H[SHULPHQWDWLRQ LV SHUIRUPHG�
nUVW LQ WKH FDVH RI SXEOLF LQIRUPDWLRQ� DQG WKHQ LQ WKH FDVH RI DV\PPHWULF LQIRUPDWLRQ
ZKHQ H[SHULPHQWDO RXWFRPHV DUH SULYDWH� ,Q 6HFWLRQ � ZH GLVFXVV ZKHWKHU WKH UHVXOWV
FDQ EH H[WHQGHG WR PRUH HODERUDWH PRGHOV� 6RPH RI WKH SURRIV DUH UHOHJDWHG WR WKH
$SSHQGL[�

� 3RLVVRQ %DQGLWV

7KH SXUSRVH RI WKLV VHFWLRQ LV WR GHVFULEH WKH VROXWLRQ WR D VLPSOH� FRQWLQXRXV�WLPH WZR�
DUPHG EDQGLW SUREOHP� 2QH DUP 6 LV CVDIH
 DQG \LHOGV D NQRZQ GHWHUPLQLVWLF oRZ SD\Rm
ZKHQHYHU LW LV SOD\HG� WKH RWKHU DUP 5 LV CULVN\
 DQG FDQ EH HLWKHU CEDG
 RU CJRRG
� ,I
LW LV EDG� WKHQ LW DOZD\V \LHOGV �� LI LW LV JRRG� WKHQ LW \LHOGV D NQRZQ OXPS�VXP UHZDUG
DW UDQGRP WLPHV ZKHQHYHU LW LV SOD\HG ^ WKH OXPS�VXPV DUULYLQJ DFFRUGLQJ WR D 3RLVVRQ
SURFHVV� :H DVVXPH WKDW WKH DJHQW VWULFWO\ SUHIHUV 5� LI LW LV JRRG� WR 6� DQG VWULFWO\
SUHIHUV 6 WR 5� LI LW LV EDG� VR VKH KDV D PRWLYH WR H[SHULPHQW ZLWK WKH ULVN\ DFWLRQ LQ
WKH KRSH RI GLVFRYHULQJ WKDW 5 LV LQGHHG JRRG� 7KH SUREOHP VKH IDFHV� KRZHYHU� LV WKDW
ZKHQ VKH SOD\V 5 VKH FDQQRW LPPHGLDWHO\ WHOO ZKHWKHU LW LV JRRG RU EDG� EHFDXVH LQ
HLWKHU FDVH VKH LQLWLDOO\ UHFHLYHV QR SD\Rm DW DOO� DQG WKH ORQJHU VKH ZDLWV ZLWKRXW JHWWLQJ
D OXPS�VXP� WKH OHVV RSWLPLVWLF VKH EHFRPHV� 2I FRXUVH� LI VKH GRHV HYHQWXDOO\ UHFHLYH D
OXPS�VXP WKHQ VKH EHFRPHV FHUWDLQ WKDW 5 LV JRRG DQG VKH ZLOO FRQWLQXH ZLWK 5 IRUHYHU�
EXW LI VKH ZDLWV DQG ZDLWV ZLWKRXW WKH OXPS�VXP DUULYLQJ WKHQ WKHUH ZLOO FRPH D WLPH
ZKHQ LW LV RSWLPDO IRU KHU WR FXW KHU ORVVHV DQG VZLWFK LUUHYRFDEO\ WR 6�

0RUH IRUPDOO\� WLPH W � >���� LV FRQWLQXRXV� DQG WKH GLVFRXQW UDWH LV U ! �� 7KH

�



NQRZQ oRZ SD\Rm RI WKH VDIH DUP LV V� WKH NQRZQ OXPS�VXP SD\Rm RI WKH ULVN\ DUP
LI LW LV JRRG LV K� WKH SDUDPHWHU RI WKH 3RLVVRQ SURFHVV ZKLFK GHWHUPLQHV WKH DUULYDO RI
WKH OXPS�VXPV LV w� DQG VR WKH H[SHFWHG SD\Rm IURP D JRRG DUP LV HTXLYDOHQW WR D oRZ
SD\Rm RI wK� :H DVVXPH WKDW � � V � wK�

,I DQ DJHQW SOD\V 6 RYHU D SHULRG RI WLPH GW WKHQ KHU SD\Rm LV V GW� DQG LI VKH SOD\V 5
RYHU WKLV SHULRG WKHQ KHU H[SHFWHG SD\Rm LV wx GW� ZKHUH x � I�� KJ LV XQNQRZQ� 7KXV� LI N
LQGLFDWHV KHU FXUUHQW FKRLFH EHWZHHQ 6 �N  �� DQG 5 �N  ��� WKHQ KHU H[SHFWHG FXUUHQW
SD\Rm �FRQGLWLRQDO RQ WKH XQNQRZQ VWDWH x RI WKH ULVN\ DUP� LV >��b N�V� Nwx@ GW� +HU
RYHUDOO REMHFWLYH LV WR FKRRVH D VWUDWHJ\ INWJWw� WKDW PD[LPLVHV

(
�= �

�
U HbU W >��b NW�V� NWwx@ GW M S�

w
�

ZKLFK H[SUHVVHV WKH SD\Rm LQ SHU�SHULRG WHUPV� 2I FRXUVH� WKLV FKRLFH RI VWUDWHJ\ LV
VXEMHFW WR WKH FRQVWUDLQW WKDW WKH DFWLRQ WDNHQ DW DQ\ WLPH W EH PHDVXUDEOH ZLWK UHVSHFW
WR WKH LQIRUPDWLRQ DYDLODEOH DW WKDW WLPH�

/HW SW GHQRWH WKH VXEMHFWLYH SUREDELOLW\ DW WLPH W WKDW WKH DJHQW DVVLJQV WR WKH ULVN\
DUP EHLQJ JRRG� VR WKDW SWwK LV KHU FXUUHQW H[SHFWDWLRQ RI WKH oRZ HTXLYDOHQW RI SOD\LQJ
5� %\ WKH /DZ RI ,WHUDWHG ([SHFWDWLRQV� ZH FDQ UHZULWH WKH DERYH SD\Rm DV

(
�= �

�
U HbU W >��b NW�V� NWSWwK@ GW M S�

w
�

7KLV KLJKOLJKWV WKH SRWHQWLDO IRU EHOLHIV WR VHUYH DV D VWDWH YDULDEOH�

:HUH DQ DJHQW WR DFW P\RSLFDOO\ RYHU D SHULRG RI WLPH GW� VKH ZRXOG ZHLJK WKH VKRUW�
UXQ SD\Rm IURP SOD\LQJ 6� UV GW� DJDLQVW ZKDW VKH H[SHFWV IURP SOD\LQJ 5� USwK GW� 6R
OHW XV GHnQH SP DV WKH EHOLHI WKDW PDNHV KHU LQGLmHUHQW EHWZHHQ WKHVH FKRLFHV�

SP  
V

wK
�

)RU S ! SP LW LV P\RSLFDOO\ RSWLPDO WR SOD\ 5� IRU S � SP LW LV P\RSLFDOO\ RSWLPDO WR SOD\
6� $V ZH VKDOO VHH EHORZ� D IRUZDUG�ORRNLQJ DJHQW �ZKR YDOXHV LQIRUPDWLRQ� FRQWLQXHV WR
SOD\ 5 IRU VRPH EHOLHIV S � SP� DQG LV VDLG WR H[SHULPHQW�

:H VKDOO FRQVLGHU WKH FDVHV ZKHUH WKHUH LV D VLQJOH DJHQW� ZKHUH WKHUH DUH 1 DJHQWV
SOD\LQJ DV D WHDP� DQG ZKHUH WKHUH DUH 1 SOD\HUV ZKR DFW VWUDWHJLFDOO\ EXW XVH RQO\
0DUNRYLDQ VWUDWHJLHV ZLWK WKH VWDWH YDULDEOH EHLQJ WKH EHOLHI S�

��� 7KH VLQJOH�DJHQW SUREOHP

:KHQ 6 LV SOD\HG RYHU D SHULRG RI WLPH GW� WKH EHOLHI GRHV QRW FKDQJH� :KHQ 5 LV SOD\HG
RYHU D SHULRG RI WLPH GW� WKH OXPS�VXP K DUULYHV ZLWK SUREDELOLW\ w GW LI WKH ULVN\ DUP LV
JRRG�� DQG WKH SRVWHULRU EHOLHI MXPSV WR �� QR SD\Rm DUULYHV ZLWK SUREDELOLW\ �b w GW LI
WKH ULVN\ DUP LV JRRG� DQG ZLWK SUREDELOLW\ � LI WKH ULVN\ DUP LV EDG� ,I WKH DJHQW VWDUWV

�7KLV LV XS WR WHUPV RI WKH RUGHU R�GW�� ZKLFK ZH FDQ LJQRUH KHUH DQG LQ ZKDW IROORZV�

�



ZLWK WKH EHOLHI S� SOD\V 5 RYHU D SHULRG RI WLPH GW DQG GRHV QRW REWDLQ D UHZDUG� WKHQ
WKH XSGDWHG EHOLHI DW WKH HQG RI WKDW WLPH SHULRG LV

S � GS  
S ��b w GW�

�b S � S ��b w GW�

E\ %D\HV
 UXOH� 6LPSOLI\LQJ� ZH VHH WKDW WKH EHOLHI FKDQJHV E\

GS  bwS��b S� GW �

:H QRZ GHULYH WKH DJHQW
V %HOOPDQ HTXDWLRQ� %\ WKH 3ULQFLSOH RI 2SWLPDOLW\� WKH
DJHQW
V YDOXH IXQFWLRQ VDWLVnHV

X�S�  PD[
N�I���J

Q
U >��b N�V� NwKS@ GW � HbU GW( >X�S � GS� M S @

R

ZKHUH WKH nUVW WHUP LV WKH H[SHFWHG FXUUHQW SD\Rm DQG WKH VHFRQG WHUP LV WKH GLVFRXQWHG
H[SHFWHG FRQWLQXDWLRQ SD\Rm�

$V WR WKH H[SHFWHG FRQWLQXDWLRQ SD\Rm� ZLWK VXEMHFWLYH SUREDELOLW\ SNw GW WKH OXPS�
VXP DUULYHV DQG WKH DJHQW H[SHFWV D oRZ SD\Rm RI wK LQ WKH IXWXUH� ZLWK SUREDELOLW\
S��bNw GW����bS�  �bSNw GW QR OXPS�VXP DUULYHV DQG VKH H[SHFWV X�S��X��S�GS  
X�S�b NwS��b S�X��S� GW�

8VLQJ �bU GW WR DSSUR[LPDWH HbU GW� ZH VHH WKDW KHU GLVFRXQWHG H[SHFWHG FRQWLQXDWLRQ
SD\Rm LV

��b U GW� IX�S� � NwS>wKb X�S�b ��b S�X��S�@ GWJ

DQG VR KHU H[SHFWHG WRWDO SD\Rm LV

X�S� � U I��b N�V� NwKS � NwS>wKb X�S�b ��b S�X��S�@ U b X�S�J GW �

:KHQ WKLV LV PD[LPLVHG LW HTXDOV X�S�� 6LPSOLI\LQJ DQG UHDUUDQJLQJ� ZH WKXV REWDLQ WKH
%HOOPDQ HTXDWLRQ

X�S�  PD[
N�I���J

I��b N�V� NwKS � NwS>wKb X�S�b ��b S�X��S�@ UJ �

1RWH WKDW WKH PD[LPDQG LV DpQH LQ N� DQG WKDW WKH DJHQW LV LQGLmHUHQW EHWZHHQ WKH WZR
RSWLRQV ZKHQ VbwKS  wS>wKbX�S�b��bS�X��S�@ U� HDFK RSWLRQ UHVXOWLQJ LQ X�S�  V�
7KXV VKH LV HmHFWLYHO\ XQUHVWULFWHG E\ WKH GLVFUHWH QDWXUH RI KHU FKRLFH� DV XVXDO� WKHUH
LV QR VFRSH IRU UDQGRPLVDWLRQ LQ WKLV VLQJOH�DJHQW GHFLVLRQ SUREOHP�

6R� ZKHQ LW LV RSWLPDO WR SOD\ 6 �Ne  ��� X�S�  V DV RQH ZRXOG H[SHFW� DQG ZKHQ
LW LV RSWLPDO WR SOD\ 5 �Ne  ��� X VDWLVnHV WKH nUVW�RUGHU 2'(

wS��b S�X��S� � �U � wS�X�S�  �U � w�wKS����

ZKLFK KDV WKH VROXWLRQ

9��S�  wKS � & ��b S�

�
�b S

S

�U w

���

ZLWK & EHLQJ WKH FRQVWDQW RI LQWHJUDWLRQ�

�



3URSRVLWLRQ ��� ,Q WKH VLQJOH�DJHQW SUREOHP� WKHUH LV D FXW�Rm EHOLHI Se� JLYHQ E\

Se�  
UV

�U � w��wKb V� � UV
� SP���

VXFK WKDW EHORZ WKH FXW�Rm LW LV RSWLPDO WR SOD\ 6 DQG DERYH LW LV RSWLPDO WR SOD\ 5� 7KH
YDOXH IXQFWLRQ 9 e

� IRU WKH VLQJOH�DJHQW LV JLYHQ E\

9 e
� �S�  wKS� �Vb wKSe��

�
�b S

�b Se�

��
�b S

S

�U w �
Se�

�b Se�

�U w

���

ZKHQ S ! Se�� DQG 9 e
� �S�  V RWKHUZLVH�

3URRI� 7KH H[SUHVVLRQ IRU Se� LV GHULYHG E\ XVLQJ WKH YDOXHV X�S
e
��  V DQG X��Se��  � LQ

HTXDWLRQ ���� 1RWH WKDW IRU DQ\ VROXWLRQ X RI HTXDWLRQ ���� DW DQ\ S VXFK WKDW X�S�  V�
LW LV WKH FDVH WKDW X��S� � � LI S � Se� DQG WKDW X

��S� ! � LI S ! Se��

3OD\LQJ 6 ZKHQ S � >�� Se�� JLYHV D SD\Rm RI V� VLQFH 9 e
� �S�  V RQ WKDW LQWHUYDO�

SOD\LQJ 5 RQ DQ\ LQWHUYDO WR WKH OHIW RI Se� ZRXOG JLYH D SD\Rm OHVV WKDQ V DQG LV WKHUHIRUH
VXE�RSWLPDO� 3OD\LQJ 5 ZKHQ S � �Se�� �@ JLYHV D SD\Rm JUHDWHU WKDQ V� SOD\LQJ 6 RQ DQ\
LQWHUYDO WR WKH ULJKW RI Se� ZRXOG JLYH D SD\Rm RI V DQG LV WKHUHIRUH DOVR VXE�RSWLPDO�

8VLQJ 9 e
� �S

e
��  V LQ HTXDWLRQ ��� GHWHUPLQHV WKH FRQVWDQW RI LQWHJUDWLRQ &� JLYLQJ

WKH H[SUHVVLRQ IRU 9 e
� �

7KLV VROXWLRQ H[KLELWV DOO RI WKH IDPLOLDU SURSHUWLHV� ZKLFK ZHUH HOHJDQWO\ GHVFULEHG LQ
5RWKVFKLOG ������� WKH RSWLPDO VWUDWHJ\ KDV D WKUHVKROG ZKHUH WKH H[SHULPHQWHU VZLWFKHV
LUUHYRFDEO\ IURP 5 WR 6� WKHUH DUH RFFDVLRQV ZKHUH WKH H[SHULPHQWHU PDNHV D PLVWDNH
E\ VZLWFKLQJ IURP 5 WR 6 DOWKRXJK WKH ULVN\ DFWLRQ LV DFWXDOO\ EHWWHU �5 LV JRRG�� WKH
SUREDELOLW\ RI PLVWDNHV GHFUHDVHV DV WKH H[SHULPHQWHU EHFRPHV PRUH SDWLHQW� DQG DV WKH
H[SHFWHG UHZDUG IURP WKH ULVN\ DFWLRQ LQFUHDVHV�

��� 7KH 1�DJHQW WHDP SUREOHP

1RZ VXSSRVH WKDW WKHUH DUH 1 w � LGHQWLFDO DJHQWV �VDPH SULRU EHOLHI� VDPH GLVFRXQW
UDWH�� HDFK ZLWK LGHQWLFDO WZR�DUPHG EDQGLWV� ZKR DUH ZRUNLQJ DV D WHDP� L�H� WKH\ ZDQW
WR PD[LPLVH WKH DYHUDJH H[SHFWHG SD\Rm� ,QIRUPDWLRQ LV SXEOLF� WKH SOD\HUV FDQ REVHUYH
HDFK RWKHU
V DFWLRQV DQG RXWFRPHV� VR WKH SOD\HUV
 EHOLHIV UHPDLQ LGHQWLFDO WKURXJKRXW
WLPH�

,I . RI WKHP SOD\ 5 RYHU D SHULRG RI WLPH GW� WKHQ� LI D OXPS�VXP DUULYHV WKH\
DOO VZLWFK WR 5 HOVH WKHLU EHOLHI GHFD\V .�WLPHV DV IDVW� :KHQHYHU WKDW DUP LV JRRG�
WKH SUREDELOLW\ RI QRQH RI WKHP JHWWLQJ D OXPS�VXP LV �� b w GW�.  � b .wGW� WKH
SUREDELOLW\ RI H[DFWO\ RQH RI WKHP JHWWLQJ D OXPS�VXP LV .wGW�� b wGW�.b�  .wGW�
DQG WKH SUREDELOLW\ RI PRUH WKDQ RQH RI WKHP JHWWLQJ D OXPS�VXP LV QHJOLJLEOH��

�$JDLQ� ZH DUH LJQRULQJ WHUPV RI RUGHU R�GW��

�



/HPPD ��� ,Q WKH 1 �DJHQW WHDP SUREOHP� LW LV RSWLPDO HLWKHU IRU DOO SOD\HUV WR SOD\ 5
RU IRU QRQH RI WKHP WR GR VR�

3URRI� /HW X EH WKH YDOXH IXQFWLRQ IRU WKH WHDP SUREOHP� H[SUHVVHG DV DYHUDJH SD\�
Rm SHU WHDP PHPEHU� :KHQ WKH FXUUHQW EHOLHI LV S DQG WKH FXUUHQW FKRLFH LV IRU .
DJHQWV WR SOD\ 5� WKH DYHUDJH H[SHFWHG FXUUHQW SD\Rm LV U

K
��b .

1
�V� .

1
wKS

L
GW� 3DUDO�

OHOLQJ WKH FDOFXODWLRQ IRU WKH VLQJOH�DJHQW SUREOHP� ZH VHH WKDW WKH GLVFRXQWHG H[SHFWHG
FRQWLQXDWLRQ SD\Rm LV

��b U GW� IX�S� �.wS>wKb X�S�b ��b S�X��S�@ GWJ

DQG VR WKH DYHUDJH H[SHFWHG WRWDO SD\Rm LV

X�S� � U
Q
��b .

1
�V� .

1
wKS �.wS>wKb X�S�b ��b S�X��S�@ U b X�S�

R
GW �

7KXV WKH YDOXH IXQFWLRQ VDWLVnHV WKH %HOOPDQ HTXDWLRQ

X�S�  PD[
.�I��������1J

Q
��b .

1
�V� .

1
wKS�.wS>wK b X�S�b ��b S�X��S�@ U

R
�

1RWH WKDW WKH PD[LPDQG LV DpQH LQ . � DQG WKDW WKH WHDP LV LQGLmHUHQW EHWZHHQ DOO OHYHOV
RI . ZKHQ Vb wKS  1wS>wKb X�S�b ��b S�X��S�@ U� DOO RI WKHP UHVXOWLQJ LQ X�S�  V�
7KXV DW DOO EHOLHIV HLWKHU .e  1 RU .e  � LV RSWLPDO�

6R� ZKHQ LW LV RSWLPDO IRU WKHP DOO WR SOD\ 6� X�S�  V DV XVXDO� DQG ZKHQ LW LV
RSWLPDO IRU WKHP DOO WR SOD\ 5� X VDWLVnHV

1wS��b S�X��S� � �U �1wS�X�S�  �U �1w�wKS���

ZKLFK LV OLNH HTXDWLRQ ��� ZLWK w UHSODFHG E\ 1w �UHoHFWLQJ DQ 1 �WLPHV IDVWHU UDWH
RI LQIRUPDWLRQ DFTXLVLWLRQ�� DQG K UHSODFHG E\ K 1 �UHoHFWLQJ WKH IDFW WKDW OXPS�VXP
UHZDUGV DUH VKDUHG DPRQJVW WKH 1 WHDP PHPEHUV�� 7KLV KDV WKH VROXWLRQ

91 �S�  wKS � & ��b S�

�
�b S

S

�U 1w

����

3URSRVLWLRQ ��� ,Q WKH 1 �DJHQW WHDP SUREOHP� WKHUH LV D FXW�Rm EHOLHI Se1 JLYHQ E\

Se1  
UV

�U �1w��wKb V� � UV
� Se����

VXFK WKDW EHORZ WKH FXW�Rm LW LV RSWLPDO IRU DOO WR SOD\ 6 DQG DERYH LW LV RSWLPDO IRU DOO
WR SOD\ 5� 7KH YDOXH IXQFWLRQ 9 e

1 IRU WKH 1 �DJHQW WHDP LV JLYHQ E\

9 e
1 �S�  wKS� �Vb wKSe1 �

�
�b S

�b Se1

��
�b S

S

�U 1w �
Se1

�b Se1

�U 1w

���

ZKHQ S ! Se1 � DQG 9 e
1 �S�  V RWKHUZLVH�
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3URRI� $V LQ WKH SURRI RI 3URSRVLWLRQ ���� Se1 LV GHWHUPLQHG E\ VHWWLQJ X�Se1 �  V DQG
X��Se1 �  � LQ HTXDWLRQ ���� 'HWHUPLQLQJ WKH FRQVWDQW RI LQWHJUDWLRQ & DV EHIRUH JLYHV
WKH H[SUHVVLRQ IRU 9 e

1 �

7KH DERYH SURSRVLWLRQ GHWHUPLQHV WKH HpFLHQW H[SHULPHQWDWLRQ VWUDWHJLHV IRU 1 SOD\�
HUV DFWLQJ DV D WHDP� :H FDQ GLVWLQJXLVK WZR DVSHFWV RI HpFLHQF\ KHUH� *LYHQ D VWUDWHJ\
SURnOH I�N��W� � � � � N1�W�JWw� IRU WKH WHDP PHPEHUV� WKH LQWHJUDO

5�
�

31
Q � NQ�W GW PHDVXUHV

WKH RYHUDOO DPRXQW RI WLPH WKDW D ULVN\ DUP ZDV XVHG� :H ZLOO FDOO WKLV QXPEHU WKH DPRXQW
RI H[SHULPHQWDWLRQ WKDW LV SHUIRUPHG� 2Q WKH RWKHU KDQG� WKH VXP .W  

31
Q � NQ�W PHD�

VXUHV KRZ PDQ\ ULVN\ DUPV DUH XVHG DW D JLYHQ WLPH W� :H ZLOO FDOO WKLV QXPEHU WKH
LQWHQVLW\ RI H[SHULPHQWDWLRQ�

3URSRVLWLRQ ��� VKRZV WKDW WKH HpFLHQW DPRXQW RI H[SHULPHQWDWLRQ LV 1 WLPHV WKH
WLPH LW WDNHV IRU WKH DJHQWV
 FRPPRQ EHOLHI WR GHFD\ WR Se1 ZKHQ DOO SOD\HUV XVH WKH
ULVN\ DUP DOO WKH ZD\ WKURXJK� $ VLPSOH FDOFXODWLRQ VKRZV WKDW IRU SULRUV S� ! Se1
WKLV HpFLHQW DPRXQW LV >OQ

�bSe1
Se
1

b OQ �bS�
S�
@ w� 7KH HpFLHQW LQWHQVLW\ RI H[SHULPHQWDWLRQ

H[KLELWV D EDQJ�EDQJ IHDWXUH� EHLQJ 1 ZKHQ WKH FXUUHQW EHOLHI LV DERYH Se1 � DQG � ZKHQ
LW LV EHORZ� 7KXV� WKH HpFLHQW LQWHQVLW\ LV PD[LPDO DW HDUO\ VWDJHV� DQG PLQLPDO ODWHU
RQ�

$V ZH VKDOO VHH QH[W� HTXLOLEULD RI WKH 1 �SOD\HU VWUDWHJLF SUREOHP DUH QHYHU HpFLHQW�
$OWKRXJK LW LV SRVVLEOH WR JHQHUDWH WKH HpFLHQW DPRXQW RI H[SHULPHQWDWLRQ LQ VXFK DQ
HTXLOLEULXP� WKH LQWHQVLW\ RI H[SHULPHQWDWLRQ ZLOO DOZD\V EH LQHpFLHQW EHFDXVH RI HDFK
SOD\HU
V LQFHQWLYH WR IUHH�ULGH RQ WKH HmRUWV RI WKH RWKHUV�

��� 7KH 1�SOD\HU VWUDWHJLF SUREOHP ^ SXUH VWUDWHJLHV

:H FRQWLQXH WR DVVXPH WKDW WKH SOD\HUV KDYH WKH VDPH SULRU EHOLHI� WKH VDPH GLVFRXQW
UDWH� LGHQWLFDO WZR�DUPHG EDQGLWV� DQG WKDW LQIRUPDWLRQ LV SXEOLF� :H FRQVLGHU VWDWLRQDU\
0DUNRYLDQ SXUH VWUDWHJLHV ZLWK WKH FRPPRQ EHOLHI DV WKH VWDWH YDULDEOH� 2XU FRQFLVH
WUHDWPHQW ODUJHO\ UHoHFWV WKH DSSURDFK WDNHQ LQ %ROWRQ DQG +DUULV ������ �������

/HW NQ � I�� �J LQGLFDWH WKH FXUUHQW FKRLFH RI SOD\HU Q EHWZHHQ 6 �NQ  �� DQG 5
�NQ  ��� OHW .  
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Q � NQ DQG .�Q  . b NQ� VR WKDW .�Q VXPPDULVHV WKH FXUUHQW

FKRLFHV RI WKH RWKHU SOD\HUV� 7DNLQJ LQWR DFFRXQW WKH LQIRUPDWLRQ JHQHUDWHG LI WKH RWKHU
SOD\HUV SOD\ 5� ZH VHH WKDW SOD\HU Q
V YDOXH IXQFWLRQ VDWLVnHV WKH %HOOPDQ HTXDWLRQ

XQ�S�  PD[
NQ�I���J

I��b NQ�V� NQwKS� �NQ �.�Q�wS>wKb XQ�S�b S��b S�X�Q�S�@ UJ �

,PPHGLDWHO\ ZH VHH WKDW WKH EHVW UHVSRQVH� NeQ�S�� LV GHWHUPLQHG E\ FRPSDULQJ WKH RS�
SRUWXQLW\ FRVW RI SOD\LQJ 5� Vb wKS� ZLWK wS >wKb XQ�S�b ��b S�X�Q�S�@  U�

NeQ�S�

�!�
!�
 � LI Vb wKS ! wS >wKb XQ�S�b ��b S�X�Q�S�@  U �
� I�� �J LI Vb wKS  wS >wKb XQ�S�b ��b S�X�Q�S�@  U �
 � LI Vb wKS � wS >wKb XQ�S�b ��b S�X�Q�S�@  U �

�7KH UHDGHU LV UHIHUUHG WR WKLV ZRUN IRU D FDUHIXO DQG GHWDLOHG GHVFULSWLRQ RI PDQ\ VWDWLRQDU\ 0DUNRY
HTXLOLEULD LQ WKH FDVH ZKHUH WKH DJHQWV VDPSOH %URZQLDQ PRWLRQ ZLWK DQ XQNQRZQ GULIW�

�



,I WKH EHVW UHVSRQVH LV WR SOD\ 5 �NeQ  �� WKHQ SOD\HU Q
V YDOXH IXQFWLRQ XQ VDWLVnHV

.wS��b S�X��S� � �U �.wS�X�S�  �U �.w�wKS���

ZLWK .  .�Q � ��
� 7KH VROXWLRQ WR ��� LV

9.�S�  wKS � & ��b S�

�
�b S

S

�U .w

�����

,I WKH EHVW UHVSRQVH LV WR IUHH�ULGH E\ SOD\LQJ 6 �NeQ  �� WKHQ XQ VDWLVnHV

.wS��b S�X��S� � �U �.wS�X�S�  UV�.w�KS����

ZLWK .  .�Q� 7KH VROXWLRQ WR ���� LV

).�S�  V�
.w�wKb V�

U �.w
S � & ��b S�

�
�b S

S

�U .w

�����

)LQDOO\� IRU .�Q ! �� SOD\HU Q LV LQGLmHUHQW LI DQG RQO\ LI XQ�S�  V�.�Q�Vb wKS��
1RWH WKDW WKH HTXDWLRQ X  �. � ��V b.wKS GHnQHV D GLDJRQDO OLQH '. LQ WKH �S� X��
SODQH ZKLFK FXWV WKH VDIH SD\Rm OLQH X  V DW S  SP� WKH P\RSLF VZLWFK�SRLQW� ,I WKH
JUDSKV RI ).�Q DQG 9.�Q�� PHHW '.�Q DW WKH VDPH EHOLHI SF WKHQ ) �

.�Q
�SF�  9 �

.�Q���SF��
ZKLFK LV D PDQLIHVWDWLRQ RI WKH XVXDO VPRRWK�SDVWLQJ SURSHUW\�

��� 7KH 1�SOD\HU VWUDWHJLF SUREOHP ^ LQHpFLHQF\

8VLQJ WKH DERYH UHVXOWV� ZH FDQ QRZ VKRZ WKH IROORZLQJ�

3URSRVLWLRQ ��� $OO 0DUNRY 3HUIHFW (TXLOLEULD RI WKH 1 �SOD\HU VWUDWHJLF JDPH DUH LQ�
HpFLHQW�

3URRI� $OO ZH QHHG WR VKRZ LV WKDW WKH HpFLHQW VWUDWHJLHV IURP 3URSRVLWLRQ ��� DUH QRW
DQ HTXLOLEULXP� 6XSSRVH WKHUHIRUH WKDW SOD\HUV �� � � � � 1 b � XVH WKH ULVN\ DUP DW EHOLHIV
DERYH WKH FXW�Rm Se1 DQG WKH VDIH DUP EHORZ� ,I SOD\HU 1 DGRSWV WKH VDPH VWUDWHJ\� KHU
SD\Rm IXQFWLRQ LV 9 e

1 � ,I� IRU VRPH q ! �� VKH GHYLDWHV E\ VZLWFKLQJ WR 6 RQ WKH LQWHUYDO
@Se1 � S

e
1 � q@� WKH UHVWULFWLRQ RI KHU SD\Rm IXQFWLRQ X1 WR WKLV LQWHUYDO VROYHV ���� ZLWK

X1 �S
e
1 �  V� (YDOXDWLQJ ���� DW Se1 VKRZV WKDW

�1 b ��wSe1 ��b Se1 �X
�
1 �S

e
1 �  �1 b ��wSe1 �wK b V� ! ��

�1RWH WKDW HTXDWLRQ ��� IRU WKH VWUDWHJLF SUREOHP LV WKH VDPH 2'( DV WKDW IRU WKH WHDP SUREOHP
ZLWK . SOD\HUV� FI� HTXDWLRQ ���� 7R VHH ZK\� VXSSRVH WKDW WKH ULVN\ DUP LV JRRG� 7KHQ� ZKHQHYHU
. DJHQWV SOD\ WKH ULVN\ DUP� D OXPS�VXP DUULYHV ZLWK SUREDELOLW\ .wGW RYHU WKH QH[W LQVWDQW� ,Q WKH
.�DJHQW WHDP SUREOHP� WKLV OXPS�VXP LV VKDUHG DPRQJVW . SOD\HUV� VR WKH H[SHFWHG OXPS�VXP UHZDUG
RYHU WKH QH[W LQVWDQW LV K

..wGW  KwGW SHU SOD\HU� ,Q WKH VWUDWHJLF SUREOHP� WKH OXPS�VXP DUULYHV
ZLWK SUREDELOLW\ wGW RQ SOD\HU Q
V DUP DQG ZLWK SUREDELOLW\ �. b ��wGW RQ VRPHRQH HOVH
V DUP� 6LQFH
SOD\HU Q NHHSV KHU RZQ OXPS�VXP LQ IXOO DQG UHFHLYHV QR VKDUH RI VRPHRQH HOVH
V� KHU H[SHFWHG OXPS�VXP
UHZDUG LV DOVR KwGW�

��



6LQFH X1 �S
e
1 �  9 e

1 �S
e
1 �  V DQG X�1 �S

e
1 � ! �9 e

1 �
��Se1 �  �� WKH GHYLDWLRQ LV FOHDUO\

SURnWDEOH IRU EHOLHIV VXpFLHQWO\ FORVH WR Se1 � �,Q IDFW� E\ FKRRVLQJ q VXpFLHQWO\ VPDOO�
SOD\HU 1 FDQ DFKLHYH D SD\Rm IXQFWLRQ X1 ! 9 e

1 RQ WKH ZKROH RI @S
e
1 � �> ��

7KXV� WKH LQFHQWLYH WR IUHH�ULGH RQ WKH H[SHULPHQWDWLRQ HmRUWV RI WKH RWKHU SOD\HUV
PDNHV LW LPSRVVLEOH WR UHDFK HpFLHQF\� ,Q WKH IROORZLQJ WZR VXEVHFWLRQV� ZH WXUQ WR
WKH TXHVWLRQ DV WR ZKDW FDQ EH DFKLHYHG LQ 0DUNRY SHUIHFW HTXLOLEULD� :H VKDOO FRQVLGHU
V\PPHWULF PL[HG VWUDWHJ\ HTXLOLEULD RI WKH 1 �SOD\HU JDPH DQG DV\PPHWULF SXUH VWUDWHJ\
HTXLOLEULD RI WKH ��SOD\HU JDPH� ,Q 6HFWLRQ �� ZH VKDOO WKHQ VKRZ WKDW HTXLOLEULD LQ QRQ�
VWDWLRQDU\ VWUDWHJLHV FDQ FRPH DUELWUDULO\ FORVH WR HpFLHQF\�

��� 7KH 1�SOD\HU VWUDWHJLF SUREOHP ^ V\PPHWULF 03(

6LQFH WKH HpFLHQW VWUDWHJ\ SURnOH LV V\PPHWULF DQG 0DUNRYLDQ ZLWK WKH EHOLHI DV VWDWH
YDULDEOH� LW LV QDWXUDO WR DVN ZKDW RXWFRPHV FDQ EH DFKLHYHG LQ V\PPHWULF 0DUNRYLDQ
HTXLOLEULD RI WKH 1 �SOD\HU JDPH� :H PDLQWDLQ WKH DVVXPSWLRQV RI WKH SUHYLRXV VXE�
VHFWLRQV� EXW DOORZ IRU PL[HG VWUDWHJLHV QRZ� )ROORZLQJ %ROWRQ DQG +DUULV ������� ZH
DFWXDOO\ FRQVLGHU WKH WLPH�GLYLVLRQ JDPH LQ ZKLFK DJHQW Q DOORFDWHV D IUDFWLRQ �Q RI WKH
FXUUHQW SHULRG >W� W � GW� WR 5� DQG WKH UHPDLQGHU WR 6� WKLV LV LVRPRUSKLF WR WKH SOD\HU
XVLQJ WKH PL[HG VWUDWHJ\ WKDW SODFHV SUREDELOLW\ �Q RQ SOD\LQJ 5� DQG WKH UHPDLQGHU RQ
6�

6R� OHW �Q � >�� �@ LQGLFDWH WKH FXUUHQW GHFLVLRQ RI SOD\HU Q� .  
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Q � �Q� DQG
.�Q  . b �Q� 2QFH DJDLQ WDNLQJ LQWR DFFRXQW WKH LQIRUPDWLRQ JHQHUDWHG E\ WKH RWKHU
SOD\HUV� ZH VHH WKDW SOD\HU Q
V YDOXH IXQFWLRQ VDWLVnHV WKH %HOOPDQ HTXDWLRQ

XQ�S�  PD[
�Q�>���@

I��b �Q�V� �QwKS � ��Q �.�Q�wS >wKb XQ�S�b ��b S�X�Q�S�@  UJ �

$JDLQ WKH EHVW UHVSRQVH� �eQ�S�� LV GHWHUPLQHG E\ FRPSDULQJ WKH RSSRUWXQLW\ FRVW RI
H[SHULPHQWDWLRQ� Vb wKS� ZLWK wS >wKb XQ�S�b ��b S�X�Q�S�@  U�

�eQ�S�

�!�
!�
 � LI Vb wKS ! wS >wKb XQ�S�b ��b S�X�Q�S�@  U �
� >�� �@ LI Vb wKS  wS >wKb XQ�S�b ��b S�X�Q�S�@  U �
 � LI Vb wKS � wS >wKb XQ�S�b ��b S�X�Q�S�@  U �

,Q DQ\ 0DUNRY SHUIHFW HTXLOLEULXP SOD\HU Q
V YDOXH IXQFWLRQ ZLOO EH GHnQHG SLHFHZLVH�
ZKHQ DOO WKH WLPH LV GHYRWHG WR 6 LW VDWLVnHV HTXDWLRQ ���� ZLWK .  .�Q DQG LV RI WKH
IRUP ).�Q� ZKHQ DOO WKH WLPH LV GHYRWHG WR 5 LW VDWLVnHV HTXDWLRQ ��� ZLWK .  .�Q��
DQG LV RI WKH IRUP 9.�Q��� DQG ZKHQ WKH WLPH LV GLYLGHG VWULFWO\ EHWZHHQ 6 DQG 5 LW
VDWLVnHV

wS��b S�X��S� � wSX�S�  �U � w�wKSb UV�����

ZKLFK KDV WKH VROXWLRQ

: �S�  V�
U � w

w
�wK b V� �

UV

w
��b S� OQ

�
�b S

S

�
� & ��b S������

1RWH WKDW ZKHQ .�Q ! �� SOD\HU Q LV LQGLmHUHQW LI DQG RQO\ LI �S�:Q�S�� � '.�Q� DQG LI
WKH JUDSKV RI:Q DQG 9.�Q�� PHHW '.�Q DW WKH VDPH EHOLHI SF WKHQ: �

Q�SF�  9 �
.�Q���SF��

��



2XU QH[W UHVXOW GHVFULEHV WKH XQLTXH V\PPHWULF 0DUNRY SHUIHFW HTXLOLEULXP RI WKH
VWUDWHJLF H[SHULPHQWDWLRQ JDPH� /HW

l�S�  
�b S

S

GHQRWH WKH CRGGV UDWLR
 FRUUHVSRQGLQJ WR WKH EHOLHI S�

3URSRVLWLRQ ��� �1 SOD\HUV� V\PPHWULF VWUDWHJLHV� ,Q WKH 1 �SOD\HU WLPH�GLYLVLRQ
JDPH ZLWK SXEOLF LQIRUPDWLRQ� WKHUH LV D XQLTXH V\PPHWULF HTXLOLEULXP LQ 0DUNRYLDQ
VWUDWHJLHV ZLWK WKH FRPPRQ SRVWHULRU EHOLHI DV WKH VWDWH YDULDEOH� ,Q WKLV HTXLOLEULXP� DOO
WLPH LV GHYRWHG WR WKH VDIH DUP DW EHOLHIV EHORZ WKH VLQJOH�SOD\HU FXW�Rm Se�� DOO WLPH LV
GHYRWHG WR WKH ULVN\ DUP DW EHOLHIV DERYH D FXW�Rm aS1 ! Se� VROYLQJ

�1 b ��

�
�

l�SP�
b

�

l�aS1 �

�
 

U � w

w

�
�

�b aS1
b

�

�b Se�
b

�

l�Se��
OQ

�
l�Se��

l�aS1 �

��
�

DQG D SRVLWLYH IUDFWLRQ RI WLPH LV GHYRWHG WR HDFK DUP DW EHOLHIV VWULFWO\ EHWZHHQ Se� DQG
aS1 � 7KH IUDFWLRQ RI WLPH WKDW HDFK SOD\HU DOORFDWHV WR WKH ULVN\ DUP DW VXFK D EHOLHI LV

�e�S�  
�

1 b �

�
: e�S�b V

Vb wKS

�
����

ZLWK

: e�S�  V�
UV

w

�
l�Se��

�
�b

�b S

�b Se�

�
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�
l�Se��
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3URRI� 6XSSRVH WKDW DOO 1 SOD\HUV XVLQJ WKH 0DUNRY VWUDWHJ\ � � >�� �@ � >�� �@
FRQVWLWXWHV DQ HTXLOLEULXP RI WKH WLPH�GLYLVLRQ JDPH ZLWK FRPPRQ YDOXH IXQFWLRQ X� /HW
SF  LQIIS � >�� �@ � X�S� ! VJ� VR WKDW X�S�  V DQG ��S�  � RQ >�� SF@� DQG X�S� ! V
DQG ��S� ! � RQ @SF� �@� ,W LV HDV\ WR VHH WKDW SF � Se�� IRU LI ZH KDG SF ! Se�� LW ZRXOG EH
D SURnWDEOH GHYLDWLRQ WR VZLWFK IURP 6 WR 5 RQ WKH LQWHUYDO @Se�� SF>�

2Q WKH LQWHUYDO @SF� �> WKH YDOXH IXQFWLRQ VDWLVnHV DQ 2'( WKDW LV D FRPELQDWLRQ RI
���� WR WKH OHIW RI '1b� DQG ��� ZLWK .  1 WR WKH ULJKW RI '1b�� 5HOHYDQW WR XV DUH
DOO VROXWLRQV RI WKLV 2'( ZKRVH JUDSKV LQ WKH �S� X��SODQH OLH LQ WKH WULDQJOH ZLWK FRUQHUV
��� V�� �SP� V� DQG ��� wK�� ,W LV VWUDLJKWIRUZDUG WR VHH WKDW DOO WKHVH VROXWLRQV FDQ EH
SDUDPHWHULVHG E\ WKH SRLQW ZKHUH WKH\ FURVV WKH GLDJRQDO '1b� DQG WKDW� GHSHQGLQJ RQ
WKLV SRLQW� WZR SRVVLELOLWLHV DULVH� HLWKHU WKH VROXWLRQ VWD\V VWULFWO\ DERYH WKH OHYHO V RU LW
UHDFKHV WKLV OHYHO� ([DFWO\ RQH VROXWLRQ KDV D SRLQW RI WDQJHQF\ ZLWK WKH OHYHO V� OHW S�F
EH WKH FRUUHVSRQGLQJ EHOLHI� $OO RWKHU VROXWLRQV WKDW UHDFK WKH OHYHO V FRPLQJ GRZQ DQG
WR WKH OHIW IURP '1b� GR VR DW D EHOLHI WR WKH ULJKW RI S

�
F� 7KXV� WKH FXW�Rm SF WKDW ZH

GHnQHG IRU WKH HTXLOLEULXP YDOXH IXQFWLRQ VDWLVnHV S�F � SF � Se��

1RZ� S�F LV GHWHUPLQHG E\ VHWWLQJ X�S�F�  V DQG X��SF�  � LQ WKH 2'( ����� $V WKLV
HTXDWLRQ GLmHUV IURP ��� RQO\ E\ KDYLQJ V LQVWHDG RI X�S�� LW LV LPPHGLDWH WKDW S�F  Se��
WKH VLQJOH�SOD\HU FXW�Rm JLYHQ LQ 3URSRVLWLRQ ���� 7KLV LQ WXUQ SURYHV WKDW SF  Se��

��



)LQDOO\� XVLQJ : �Se��  V LQ HTXDWLRQ ���� GHWHUPLQHV WKH FRQVWDQW RI LQWHJUDWLRQ &�
JLYLQJ WKH H[SUHVVLRQ ���� IRU WKH YDOXH IXQFWLRQ RYHU WKH UDQJH ZKHUH ERWK DFWLRQV DUH
XVHG IRU D SRVLWLYH IUDFWLRQ RI WLPH� *LYHQ WKLV IXQFWLRQ� WKH H[SUHVVLRQ ���� IRU WKH VKDUH
RI WLPH �e DOORFDWHG WR 5 IROORZV IURP HDFK SOD\HU
V %HOOPDQ HTXDWLRQ DQG ����� $V : e

LV VWULFWO\ FRQYH[� �e LV VWULFWO\ LQFUHDVLQJ WR �� DV S � SP� 7KXV WKHUH LV D XQLTXH
FXW�Rm aS1 � SP ZKHUH �e�aS1 �  �� 6LPSOLI\LQJ : e�aS1 �b V  �1 b ���Vb wKaS1 � JLYHV
WKH HTXDWLRQ VDWLVnHG E\ aS1 �

6HYHUDO SRLQWV DUH QRWHZRUWK\� )LUVW� WKH ORZHU FXW�Rm EHOLHI DW ZKLFK DOO H[SHULPHQ�
WDWLRQ LQ WKH V\PPHWULF 03( VWRSV GRHV QRW GHSHQG RQ WKH QXPEHU RI SOD\HUV� TXLWH
VXUSULVLQJO\� LW HTXDOV WKH RSWLPDO FXW�Rm IURP WKH VLQJOH�SOD\HU SUREOHP� 7KLV PHDQV
WKDW ZH GR QRW KDYH WKH HQFRXUDJHPHQW HmHFW RI %ROWRQ DQG +DUULV ������� ,Q WKHLU
PRGHO� DQ DJHQW ZKR RQ KLV RZQ ZRXOG EH LQGLmHUHQW EHWZHHQ WKH WZR DFWLRQV� VWULFWO\
SUHIHUV WKH ULVN\ DFWLRQ ZKHQ RWKHU SOD\HUV DUH SUHVHQW� ,Q IDFW� KLV RZQ H[SHULPHQWD�
WLRQ PD\ SURGXFH IDYRXUDEOH LQIRUPDWLRQ WKDW ZLOO PDNH HYHU\ERG\ PRUH RSWLPLVWLF� DQG
WKXV HQFRXUDJH WKH RWKHU SOD\HUV WR SHUIRUP VRPH PRUH H[SHULPHQWDWLRQ WKHPVHOYHV IURP
ZKLFK WKH nUVW SOD\HU ZLOO HYHQWXDOO\ EHQHnW� 1RWH WKDW LW LV FUXFLDO IRU WKLV DUJXPHQW
WKDW WKHUH EH D VXpFLHQWO\ JRRG FKDQFH IRU EHOLHIV WR EHFRPH PRUH RSWLPLVWLF RYHU WKH
QH[W LQVWDQW� 7KLV LV WKH FDVH LQ %ROWRQ DQG +DUULV
 IUDPHZRUN ZKHUH FKDQJHV LQ EHOLHIV
DUH GULYHQ E\ WKH LQFUHPHQWV RI D :LHQHU SURFHVV� VR WKDW WKH FKDQFH RI DQ XSZDUG UHYL�
VLRQ RI EHOLHIV RYHU D VKRUW WLPH LQWHUYDO VWD\V ERXQGHG DZD\ IURP ]HUR HYHQ DV WKH OHQJWK
RI WKLV LQWHUYDO VKULQNV WR ]HUR� :LWK RXU 3RLVVRQ EDQGLWV� EHOLHIV FDQ RQO\ EHFRPH PRUH
RSWLPLVWLF LI D VXFFHVV RFFXUV� DQG WKH FKDQFH RI WKLV KDSSHQLQJ RYHU D JLYHQ WLPH LQWHUYDO
JRHV WR ]HUR ZLWK WKH OHQJWK RI WKH LQWHUYDO�� $OPRVW VXUHO\� EHOLHIV DQ LQVWDQW ODWHU ZLOO
EH PRUH SHVVLPLVWLF� VR WKHUH LV QR KRSH WKDW DQ H[WUD ELW RI H[SHULPHQWDWLRQ PLJKW EH
UHFLSURFDWHG E\ WKH RWKHU SOD\HUV�

6HFRQG� WKH H[SHFWHG HTXLOLEULXP SD\Rm WKDW HDFK SOD\HU REWDLQV DW EHOLHIV ZKHUH
ERWK DUPV DUH XVHG D SRVLWLYH IUDFWLRQ RI WLPH GRHV QRW GHSHQG RQ WKH QXPEHU RI SOD\HUV
HLWKHU� FI� HTXDWLRQ ����� 7KH UHDVRQ IRU WKLV LV WKDW WKH UHOHYDQW 2'(� HTXDWLRQ ����� LV
MXVW WKH LQGLmHUHQFH FRQGLWLRQ RI D VLQJOH SOD\HU� DQG WKDW WKH ERXQGDU\ FRQGLWLRQ DW WKH
ORZHU FXW�Rm EHOLHI LV WKH VDPH IRU DQ\ QXPEHU RI SOD\HUV� 3XW GLmHUHQWO\� WKH FRPELQHG
LQWHQVLW\ RI H[SHULPHQWDWLRQ E\ 1b� SOD\HUV ZKHQ ERWK DUPV DUH XVHG D SRVLWLYH IUDFWLRQ
RI WLPH LV LQGHSHQGHQW RI WKH WRWDO QXPEHU RI SOD\HUV� 1 � FI� HTXDWLRQ ����� 2YHU WKDW
UDQJH RI EHOLHIV� WKHUHIRUH� D SOD\HU
V EHVW UHVSRQVH DQG SD\Rm GR QRW GHSHQG RQ 1 HLWKHU�
:KDW GRHV GHSHQG RQ 1 LV WKH XSSHU FXW�Rm EHOLHI� RI FRXUVH� ZLWK PRUH SOD\HUV� WKH
WHPSWDWLRQ WR IUHH�ULGH EHFRPHV VWURQJHU� DQG aS1 LQFUHDVHV� )RUPDOO\� WKLV LV PRVW HDVLO\
VHHQ IURP HTXDWLRQ ����� JLYHQ WKDW �e�aS1 �  � DQG : e LV D VWULFWO\ LQFUHDVLQJ IXQFWLRQ�
aS1 PXVW LQFUHDVH ZLWK 1 � ,QIRUPDOO\� WKH LQGLmHUHQFH GLDJRQDO '1b� URWDWHV FORFNZLVH
DV 1 LQFUHDVHV�

7KLUG� WKH SURSRVLWLRQ LPSOLHV WKDW WKHUH LV QR V\PPHWULF 03( LQ SXUH VWUDWHJLHV�
,Q IDFW� DQ\ FDQGLGDWH IRU VXFK DQ HTXLOLEULXP XQUDYHOV EHFDXVH RI IUHH�ULGLQJ DW ORZHU
EHOLHIV� :KDW VRUW RI EHKDYLRXU FDQ DULVH LQ D SXUH�VWUDWHJ\ 03( ZLOO EH DGGUHVVHG QH[W�
)RU HDVH RI H[SRVLWLRQ� ZH UHVWULFW RXUVHOYHV WR WKH WZR�SOD\HU FDVH IURP QRZ RQ�

�7HFKQLFDOO\ VSHDNLQJ� WKH GLmHUHQFH LV WKDW WKH EHOLHI SURFHVV LQ %ROWRQ DQG +DUULV ������ LV RI
LQnQLWH YDULDWLRQ� ZKLOH RXUV LV RI nQLWH YDULDWLRQ�

��



��� 7KH ��SOD\HU VWUDWHJLF SUREOHP � SXUH�VWUDWHJ\ HTXLOLEULD

:H ZLOO SUHVHQW WZR W\SHV RI DV\PPHWULF 0DUNRY SHUIHFW HTXLOLEULXP LQ SXUH VWUDWHJLHV�
7KH nUVW W\SH RI 03( FRQVLVWV RI VWUDWHJLHV ZKHUH WKH DFWLRQ RI HDFK SOD\HU VZLWFKHV DW
nQLWHO\ PDQ\ EHOLHIV� $V D FRQVHTXHQFH� WKHUH LV D ODVW SRLQW LQ WLPH DW ZKLFK DQ\ SOD\HU
LV ZLOOLQJ WR H[SHULPHQW� $V LQ WKH V\PPHWULF 03(� WKH EHOLHI DW ZKLFK WKLV KDSSHQV
�SURYLGHG QR VXFFHVV KDV EHHQ REVHUYHG� ZLOO EH WKH VLQJOH�SOD\HU FXW�Rm Se�� 6R WKH VDPH
LQHpFLHQF\ DULVHV� ERWK WKH DPRXQW DQG WKH LQWHQVLW\ RI H[SHULPHQWDWLRQ DUH WRR ORZ�

,Q WKH VHFRQG W\SH RI 03(� HDFK SOD\HU
V VWUDWHJ\ KDV LQnQLWHO\ PDQ\ VZLWFKLQJ
SRLQWV� DQG DOWKRXJK WKHUH LV D nQLWH WLPH DIWHU ZKLFK QR SOD\HU HYHU H[SHULPHQWV DJDLQ�
QR VLQJOH SOD\HU KDV D ODVW WLPH IRU H[SHULPHQWDWLRQ� 7KDW LV� LPPHGLDWHO\ SULRU WR
UHDFKLQJ D FHUWDLQ FXW�Rm EHOLHI� WKH SOD\HUV VZLWFK UROHV LQFUHDVLQJO\ IDVW� DQG LQnQLWHO\
RIWHQ� :H ZLOO VHH WKDW ZH FDQ WDNH WKLV FXW�Rm EHOLHI WR EH WKH HpFLHQW FXW�Rm Se� WKDW
ZRXOG EH FKRVHQ E\ D WZR�SOD\HU WHDP� 6WLOO� WKH HTXLOLEULXP LV LQHpFLHQW� DOWKRXJK
WKH HpFLHQW DPRXQW RI H[SHULPHQWDWLRQ LV SHUIRUPHG� LW LV SHUIRUPHG ZLWK DQ LQHpFLHQW
LQWHQVLW\�

:LWK nQLWHO\ PDQ\ EHOLHIV DW ZKLFK D SOD\HU FKDQJHV KLV DFWLRQ� D 0DUNRY SHUIHFW
HTXLOLEULXP KDV WKUHH SKDVHV� :KHQ WKH SOD\HUV DUH RSWLPLVWLF �S ! xSU�� ERWK SOD\ 5�
ZKHQ WKH\ DUH SHVVLPLVWLF �S � Se��� ERWK SOD\ 6� LQ EHWZHHQ� RQH RI WKHP IUHH�ULGHV
E\ SOD\LQJ 6 ZKLOH WKH RWKHU LV SOD\LQJ 5� 7KLV PLG�UDQJH RI EHOLHIV IXUWKHU VSOLWV LQWR
WZR UHJLRQV� 7KH UROHV RI IUHH�ULGHU DQG CORQH UDQJHU
 DUH DVVLJQHG IRU WKH ZKROH RI WKH
XSSHU UHJLRQ �S ! xSC�� LQ WKH ORZHU UHJLRQ �S � xSC�� SOD\HUV FDQ VZDS UROHV� 1RWH WKDW
WKH ORZHU WKUHVKROG EHOLHI DW ZKLFK DOO H[SHULPHQWDWLRQ VWRSV LV WKH VLQJOH�DJHQW FXW�Rm�
LQ SDUWLFXODU� LW LV WKH VDPH IRU DOO HTXLOLEULD RI WKLV W\SH� ZKHUHDV WKH KLJKHU WKUHVKROG
EHOLHIV DUH GHWHUPLQHG HQGRJHQRXVO\ E\ KRZ WKH EXUGHQ RI H[SHULPHQWDWLRQ LV VKDUHG LQ
WKH ORZHU UHJLRQ @Se�� xSC@�

7KH SURSRVLWLRQ EHORZ nUVW GHVFULEHV WKH CVLPSOHVW
 VXFK HTXLOLEULXP� LQ ZKLFK RQH
SDUWLFXODU SOD\HU H[SHULPHQWV DQG WKH RWKHU IUHH�ULGHV WKURXJKRXW WKH ORZHU UHJLRQ� 7KLV
HTXLOLEULXP H[KLELWV WKH OHDVW DPRXQW RI H[SHULPHQWDWLRQ� LQ WKDW WKH SDUW RI WKH VWDWH
VSDFH ZKHUH ERWK SOD\HUV H[SHULPHQW LV VPDOOHVW� L�H� WKH KLJK WKUHVKROG LV DV FORVH WR
� DV LW FDQ EH LQ DQ HTXLOLEULXP RI WKLV W\SH� :H FKDUDFWHULVH WKH WKUHVKROGV XVLQJ WKH
QRWDWLRQ l�S�  �bS

S
DJDLQ�

3URSRVLWLRQ ��� �7ZR SOD\HUV� SXUH VWUDWHJLHV� nQLWH QXPEHU RI VZLWFKHV�
,Q WKH WZR�SOD\HU VWUDWHJLF H[SHULPHQWDWLRQ SUREOHP ZLWK SXEOLF LQIRUPDWLRQ� WKHUH LV D
SXUH�VWUDWHJ\ 0DUNRY SHUIHFW HTXLOLEULXP ZKHUH WKH SOD\HUV
 DFWLRQV GHSHQG DV IROORZV RQ
WKH FRPPRQ SRVWHULRU EHOLHI� 7KHUH DUH WKUHH FXW�Rm EHOLHIV Se� � aSC � aSU VXFK WKDW� RQ
�aSU� �@� ERWK SOD\HUV SOD\ 5� RQ �aSC� aSU@� SOD\HU � SOD\V 5 DQG SOD\HU � SOD\V 6� RQ �Se�� aSC@�
SOD\HU � SOD\V 6 DQG SOD\HU � SOD\V 5� RQ >�� Se�@� WKH\ ERWK SOD\ 6� 7KH ORZ FXW�Rm� Se��
LV JLYHQ LQ 3URSRVLWLRQ ���� WKH RWKHU WZR DUH JLYHQ E\ WKH VROXWLRQ WR
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0RUHRYHU� LQ DQ\ SXUH�VWUDWHJ\ 03( ZLWK nQLWHO\ PDQ\ VZLWFKLQJ SRLQWV WKHUH DUH
WKUHH FXW�Rm EHOLHIV Se� � xSC � xSU� ZLWK aSC � xSC DQG xSU � aSU� VXFK WKDW� RQ �xSU� �@� ERWK
SOD\HUV SOD\ 5� WKURXJKRXW �xSC� xSU@� RQH SOD\HU SOD\V 5 DQG WKH RWKHU SOD\V 6� RQ �Se�� xSC@�
WKH SOD\HUV VKDUH WKH EXUGHQ RI H[SHULPHQWDWLRQ� RQ >�� Se�@� WKH\ ERWK SOD\ 6�

3URRI� 6HH WKH $SSHQGL[�

1RWH WKDW LQ WKH CVLPSOHVW
 DQG� DW WKH VDPH WLPH� CZRUVW
 HTXLOLEULXP �ZLWK FXW�RmV
Se�� aSC DQG aSU� WKH SOD\HU ZKR XVHV WKH ULVN\ DUP ORQJHU KDV WKH ORZHU H[SHFWHG SD\Rm�
$V WKH EXUGHQ RI H[SHULPHQWDWLRQ LV VKDUHG PRUH DQG PRUH HTXDOO\ LQ WKH ORZHU UHJLRQ
RI WKH PLG�UDQJH RI EHOLHIV� WKH XSSHU UHJLRQ RI WKLV UDQJH VKULQNV ^ ZH DSSURDFK SD\Rm
V\PPHWU\ EXW QRW WKH SD\RmV RI WKH ��SOD\HU V\PPHWULF 03( RI 3URSRVLWLRQ ���� VLQFH
KHUH WKH IUDFWLRQ RI WLPH HDFK SOD\HU DOORFDWHV WR WKH ULVN\ DUP DSSURDFKHV �

�
IRU WKH

HQWLUH UHJLRQ RI VWULFW PL[LQJ�

,I ZH DOORZ SOD\HUV WR VZLWFK EHWZHHQ DFWLRQV DW LQnQLWHO\ PDQ\ EHOLHIV� WKH\ FDQ WDNH
WXUQV H[SHULPHQWLQJ LQ VXFK D ZD\ WKDW QR SOD\HU HYHU KDV D ODVW WLPH �RU ORZHVW EHOLHI�
DW ZKLFK KH LV VXSSRVHG WR XVH WKH ULVN\ DUP� 6XUSULVLQJO\� LW LV SRVVLEOH WR UHDFK FXW�Rm
EHOLHIV EHORZ Se� LQ VXFK DQ HTXLOLEULXP� ,Q IDFW� LW LV SRVVLEOH WR DWWDLQ WKH HpFLHQW FXW�Rm
Se�� EXW LW LV UHDFKHG WRR VORZO\�

3URSRVLWLRQ ��� �7ZR SOD\HUV� SXUH VWUDWHJLHV� LQnQLWH QXPEHU RI VZLWFKHV�
7KHUH LV D VWULFWO\ GHFUHDVLQJ VHTXHQFH RI EHOLHIV IS\LJ

�
L b� ZLWK S\�  Se� DQG OLPL�� S\L  Se�

VXFK WKDW WKH IROORZLQJ SXUH VWUDWHJLHV FRQVWLWXWH D 0DUNRY SHUIHFW HTXLOLEULXP RI WKH WZR�
SOD\HU VWUDWHJLF H[SHULPHQWDWLRQ SUREOHP ZLWK SXEOLF LQIRUPDWLRQ� RQ @S\b�� �@� ERWK SOD\HUV

SOD\ 5� RQ @S\L��� S
\
L @� SOD\HU � SOD\V 5 DQG SOD\HU � SOD\V 6 LI L LV HYHQ� ZKHUHDV SOD\HU

� SOD\V 6 DQG SOD\HU � SOD\V 5 LI L LV RGG� RQ >�� S\�@� WKH\ ERWK SOD\ 6� �1RWH WKDW S\b�
DQG S\b� DUH SOD\LQJ WKH UROHV RI aSU DQG aSC IURP 3URSRVLWLRQ �����

3URRI� 7R EH DGGHG�

$ VLPSOH FDOFXODWLRQ VKRZV WKDW WKH DPRXQW RI H[SHULPHQWDWLRQ SHUIRUPHG LQ WKLV
HTXLOLEULXP HTXDOV >OQ

�bSe
�

Se
�

b OQ �bS�
S�
@ w� ZKLFK LV WKH HpFLHQW DPRXQW DFFRUGLQJ WR RXU

UHPDUN DIWHU 3URSRVLWLRQ ���� +RZHYHU� WKH LQWHQVLW\ RI H[SHULPHQWDWLRQ LV HpFLHQW RQO\
DW WLPHV EHIRUH S\b� DQG DIWHU S

\
� LV UHDFKHG� DW WLPHV LQ EHWZHHQ LW LV �� DQG WKHUHIRUH

nUVW WRR ORZ WKHQ WRR KLJK UHODWLYH WR WKH HpFLHQW EHQFKPDUN�

��



� 1RQ�6WDWLRQDU\ (TXLOLEULD ZLWK 3XEOLF ,QIRUPD�

WLRQ

:H ZLOO QRZ PRYH RQ WR GHVFULELQJ D FODVV RI HTXLOLEULD ZKHUH WKH SOD\HUV GR QRW XVH
0DUNRYLDQ VWUDWHJLHV� 7KHUH DUH WKUHH PDLQ UHDVRQV IRU GRLQJ WKLV� 7KH nUVW LV WKDW ZH
DUH LQWHUHVWHG LQ FRPSDULQJ HTXLOLEULD RI WKH JDPH ZLWK SXEOLF LQIRUPDWLRQ WR HTXLOLEULD
RI WKH JDPH ZLWK SULYDWH LQIRUPDWLRQ� ,Q WKH JDPH ZLWK SULYDWH LQIRUPDWLRQ WKHUH DUH
QR QDWXUDO VWDWH YDULDEOHV� VR ZH DUH REOLJHG WR FRQVLGHU HTXLOLEULD ZKHUH WKH SOD\HUV XVH
VWUDWHJLHV WKDW DUH PRUH FRPSOH[ DQG KLVWRU\�GHSHQGHQW� 7R PDNH D IDLU FRPSDULVRQ�
WKHUHIRUH� ZH RXJKW WR FRQVLGHU HTXLOLEULD RI WKH JDPH ZLWK SXEOLF LQIRUPDWLRQ ZKHQ WKH
SOD\HUV DUH DEOH WR XVH PRUH VRSKLVWLFDWHG VWUDWHJLHV� 7KH VHFRQG UHDVRQ LV WKDW WKH
HTXLOLEULD ZH FRQVWUXFW IRU JDPHV ZLWK SULYDWH LQIRUPDWLRQ KDYH D QDWXUDO DQDORJXH LQ
JDPHV ZLWK SXEOLF LQIRUPDWLRQ� VR ZH ZRXOG EH UHPLVV LQ QRW GHVFULELQJ WKHVH� 7KLUGO\�
PRGHOV RI VWUDWHJLF H[SHULPHQWDWLRQ ZLWK SXEOLF LQIRUPDWLRQ DUH HVVHQWLDOO\ PRGHOV RI
SULYDWH SURYLVLRQ RI SXEOLF JRRGV DQG WKHUH LV DOUHDG\ D OLWHUDWXUH RQ WKLV WRSLF VKRZLQJ
WKDW QRQ�0DUNRYLDQ VWUDWHJLHV DUH XVHIXO LQ JHQHUDWLQJ HpFLHQF\��

)RFXVLQJ RQ WKH WZR�SOD\HU FDVH� ZH FRQVWUXFW D IDPLO\ RI HTXLOLEULD RI WKH H[SHULPHQ�
WDWLRQ JDPH ZLWK SXEOLF LQIRUPDWLRQ ZKHUH� WKURXJK WKH XVH RI QRQ�0DUNRYLDQ VWUDWHJLHV�
SOD\HUV DFKLHYH SD\RmV DUELWUDULO\ FORVH WR WKH HpFLHQW OHYHO JLYHQ E\ WKH WHDP VROXWLRQ�
2Q WKH HTXLOLEULXP SDWK WKH SOD\HUV ZLOO ERWK XVH DFWLRQ 5 DV ORQJ DV WKHLU FRPPRQ
EHOLHI VDWLVnHV S w Se�� :KHQ WKHLU FRPPRQ EHOLHI LV EHORZ Se�� WLPH LV SDUWLWLRQHG LQWR
D VHTXHQFH RI nQLWH LQWHUYDOV RI HTXDO OHQJWK �H[FHSW SRVVLEO\ IRU WKH YHU\ nUVW LQWHUYDO�
ZKLFK FDQ EH VKRUWHU LI WKH SOD\HU
V EHOLHI DW WKH EHJLQQLQJ RI WKH JDPH LV DOUHDG\ EHORZ
Se��� 2Q WKH HTXLOLEULXP SDWK� ERWK SOD\HUV H[SHULPHQW GXULQJ WKH nUVW SDUW RI HDFK LQ�
WHUYDO� LI� GXULQJ WKDW WLPH� QR SOD\HU KDV UHFHLYHG D UHZDUG� ERWK SOD\HUV WDNH D ?FRmHH
EUHDN� IURP XVLQJ WKH ULVN\ DUP GXULQJ WKH UHPDLQLQJ SDUW RI WKH LQWHUYDO� 7KH OHQJWK
RI WKH EUHDNV LV VWULFWO\ ERXQGHG DZD\ IURP ]HUR DQG JURZV IURP LQWHUYDO WR LQWHUYDO�
H[SDQGLQJ LQ VXFK D ZD\ WKDW WKH SOD\HUV
 EHOLHI FDQQRW UHDFK WKH HpFLHQW FXW�Rm Se� LQ
nQLWH WLPH� $ GHYLDWLRQ IURP WKH ULVN\ WR WKH VDIH DUP GXULQJ WKH nUVW SDUW RI VXFK DQ
LQWHUYDO LV GHWHUUHG E\ WKH RSSRQHQW
V FUHGLEOH WKUHDW QHYHU WR XVH WKH ULVN\ DUP DJDLQ�

7KH QRWDWLRQ XVHG WR GHVFULEH WKLV QRQ�VWDWLRQDU\ HTXLOLEULXP LV DV IROORZV� 7KH
OHQJWK RI WKH WLPH LQWHUYDOV WKDW FRPH LQWR SOD\ DW EHOLHIV EHORZ Se� LV c ! �� 7KH LWK
LQWHUYDO �L  �� �� �� � � �� FRQVLVWV RI DQ ?DFWLYLW\ SKDVH� RI OHQJWK DL IROORZHG E\ D EUHDN
RI OHQJWK EL  cb DL� :H LPSRVH DQ XSSHU ERXQG xD � c RQ WKH H[SHULPHQWDWLRQ WLPH�
ZKLFK PHDQV D ORZHU ERXQG RQ WKH OHQJWK RI WKH FRmHH EUHDNV�

7KH VHTXHQFH RI LQWHUYDOV ZLWK WKHLU DFWLYLW\ SKDVHV DQG FRmHH EUHDNV OHDGV WR D
GHFUHDVLQJ VHTXHQFH RI EHOLHIV ASL �L  �� �� � � �� WKDW� DV ORQJ DV QR VXFFHVV LV REVHUYHG� DUH
UHDFKHG FRQVHFXWLYHO\ RQ WKH HTXLOLEULXP SDWK� :H DQFKRU WKLV VHTXHQFH DW WKH RQH�SOD\HU
FXW�Rm E\ VHWWLQJ AS�  Se�� :H WKHQ GHnQH UHFXUVLYHO\�

ASL��  
ASL H[S�b�wDL�

�b ASL � ASL H[S�b�wDL�
�

7KXV� LI WKH SOD\HUV HQWHU WKH LWK DFWLYLW\ SKDVH ZLWK EHOLHI ASL DQG ERWK XVH WKH ULVN\

�(�J�� 0DU[ DQG 0DWWKHZV �������

��



DUP IRU WKH OHQJWK RI WLPH DL� WKHLU EHOLHI DW WKH EHJLQQLQJ RI WKH LWK FRmHH EUHDN LV
ASL��� 7KH VHTXHQFH IASLJ GHFUHDVHV DQG LV ERXQGHG EHORZ E\ ]HUR� VR WKHUH LV D OLPLWLQJ
EHOLHI� GHQRWHG E\ AS�� 7R GHDO ZLWK SRVVLEOH GHYLDWLRQV DW EHOLHIV DERYH S

e
�� ZH ZLOO QHHG

WR LQWURGXFH WZR PRUH EHOLHIV� ASb� DQG ASb� �� 7KHVH ZLOO EH GHWHUPLQHG HQGRJHQRXVO\
RQFH WKH VHTXHQFH RI WKH DL LV JLYHQ� )RU WKH PRPHQW� DOO ZH QHHG WR NQRZ LV WKDW
ASb� ! ASb� � ! Se��

*LYHQ WKH LQWHUYDO OHQJWK c DQG VHTXHQFHV IDLJ
�
L � DQG IASLJL b��b� ��������� DV DERYH�

ZH VSHFLI\ WKH SOD\HUV
 VWUDWHJLHV DV IROORZV� $OZD\V DVVXPLQJ WKDW QR VXFFHVV KDV EHHQ
REVHUYHG VR IDU� ZH EXLOG WKHVH VWUDWHJLHV UHFXUVLYHO\ IURP D IHZ EDVLF VWHSV ODEHOOHG
>6WDUW@� >b�@� >b�'@ �'  �� ��� >b�@� >b�'@ �'  �� ��� >L@ �L  �� �� � � ��� DQG >(QG@�
7KH LGHDV EHKLQG WKHVH VWHSV DUH VLPSOH� >6WDUW@ LQLWLDOLVHV SOD\ E\ SRVLWLRQLQJ WKH FXUUHQW
FRPPRQ EHOLHI ZLWK UHVSHFW WR WKH JULG JLYHQ E\ WKH EHOLHIV IASLJ� ,I WKH FXUUHQW EHOLHI
LV VWLOO DERYH ASb�� ZH HQWHU 6WHS >b�@ ZKHUH ERWK SOD\HUV DUH VXSSRVHG WR SOD\ WKH ULVN\
DUP XQWLO WKHLU FRPPRQ EHOLHI KDV GHFD\HG WR ASb�� ,I RQH RI WKH SOD\HUV� VD\ SOD\HU '�
GHYLDWHV GXULQJ 6WHS >b�@� KH LV HYHQWXDOO\ SXQLVKHG LQ 6WHS >b�'@� EXW WKLV SXQLVKPHQW
LV GHOD\HG �6WHS >b�'@� DV ORQJ DV WKH ULVN\ DUP LV VWLOO GRPLQDQW IRU HLWKHU SOD\HU� WKLV
LV WKH FDVH DV ORQJ DV WKH FRPPRQ EHOLHI UHPDLQV DERYH ASb� �� ,I WKH FXUUHQW EHOLHI LV
EHWZHHQ ASb� DQG AS�� ZH HQWHU 6WHS >b�@ ZKHUH ERWK SOD\HUV DUH VXSSRVHG WR SOD\ WKH
ULVN\ DUP XQWLO WKHLU FRPPRQ EHOLHI KDV GHFD\HG WR AS�  Se�� ,I RQH RI WKH SOD\HUV� VD\
SOD\HU '� GHYLDWHV GXULQJ 6WHS >b�@� KH LV SXQLVKHG LQ 6WHS >b�'@� 7KLV VWHS KDV SOD\HU
' SOD\ WKH ULVN\ DUP ZKHUHDV WKH RWKHU SOD\HU IUHH�ULGHV RQ '
V HmRUW� 7KH SXQLVKPHQW
SKDVH RQO\ HQGV ZKHQ WKH FRPPRQ EHOLHI KDV UHDFKHG Se�� 2QFH EHOLHIV DUH DW RU EHORZ
WKH RQH�SOD\HU FXW�Rm� ZH JR WKURXJK 6WHSV >L@ FRUUHVSRQGLQJ WR WKH LQWHUYDOV GHVFULEHG
HDUOLHU� 3OD\HUV DUH VXSSRVHG WR SOD\ WKH ULVN\ DUP LQ WKH nUVW SDUW RI HDFK LQWHUYDO�
DQG WKH VDIH DUP LQ WKH VHFRQG SDUW� ,I D SOD\HU GHYLDWHV LQ WKH DFWLYLW\ SKDVH RI DQ
LQWHUYDO� KH LV SXQLVKHG LQ 6WHS >(QG@ ZKHUH ERWK SOD\HUV VZLWFK WR WKH VDIH DUP IRU
JRRG� 'HYLDWLRQV GXULQJ D EUHDN GR QRW WULJJHU SXQLVKPHQWV� LI RQH SOD\HU SHUIRUPV
PRUH H[SHULPHQWDWLRQ WKDQ UHTXLUHG� KLV UHVXOWV DUH HYDOXDWHG DW WKH HQG RI WKH EUHDN�
EHOLHIV DUH XSGDWHG DFFRUGLQJO\� DQG SOD\ LV UH�LQLWLDOLVHG LQ 6WHS >6WDUW@�

0RUH SUHFLVHO\� WKH VWHSV DQG WKH WUDQVLWLRQV EHWZHHQ WKHP DUH�

q >6WDUW@� ,I WKH FXUUHQW EHOLHI LV VWULFWO\ JUHDWHU WKHQ ASb�� JR WR 6WHS >b�@� ,I WKH FXUUHQW
EHOLHI LV LQ >ASb�� AS�>� JR WR 6WHS >b�@� ,I WKH FXUUHQW EHOLHI LV LQ >ASL� ASL��> ZLWK L w �� JR WR
6WHS >L@�

q >b�@� /HW WKH FXUUHQW WLPH EH W� /HW ~b� EH WKH WLPH QHHGHG IRU WKH FRPPRQ EHOLHI WR
UHDFK ASb� ZKHQ ERWK SOD\HUV XVH 5 DOO WKH ZD\� 7KH VWUDWHJ\ RI ERWK SOD\HUV SUHVFULEHV
5 RQ >W� W � ~b�>� ,I SW�~b�  ASb�� JR WR 6WHS >b�@� ,I SW�~b� ! ASb� DQG RQO\ SOD\HU '
GHYLDWHG �L�H�� SOD\HG 6 RQ D VHW RI WLPHV RI SRVLWLYH PHDVXUH GXULQJ >W� W � ~b�>�� JR WR
6WHS >b�'@� ,I SW�~b� ! ASb� DQG ERWK SOD\HUV GHYLDWHG� JR WR >6WDUW@�

q >b�'@� /HW WKH FXUUHQW WLPH EH W� /HW a~b� � EH WKH WLPH QHHGHG IRU WKH FRPPRQ
EHOLHI WR UHDFK ASb� � ZKHQ ERWK SOD\HUV XVH 5 DOO WKH ZD\� 7KH VWUDWHJ\ RI ERWK SOD\HUV
SUHVFULEHV 5 RQ >W� W � ~b� �>� ,I SW�~

b� �
 ASb� �� JR WR 6WHS >b�'@� ,I SW�~

b� �
! ASb� �

DQG RQO\ SOD\HU ' KDV HYHU GHYLDWHG� UHSHDW 6WHS >b�'@� ,I SW�~
b� �

! ASb� � DQG ERWK
SOD\HUV KDYH QRZ GHYLDWHG� JR WR >6WDUW@�

��



q >b�@� /HW WKH FXUUHQW WLPH EH W� /HW ~� EH WKH WLPH QHHGHG IRU WKH FRPPRQ EHOLHI WR
UHDFK AS� ZKHQ ERWK SOD\HUV XVH 5 DOO WKH ZD\� 7KH VWUDWHJ\ RI ERWK SOD\HUV SUHVFULEHV 5
RQ >W� W � ~�>� ,I SW�~�  AS�� JR WR 6WHS >�@� ,I SW�~� ! AS� DQG RQO\ SOD\HU ' GHYLDWHG �L�H��
SOD\HG 6 RQ D VHW RI WLPHV RI SRVLWLYH PHDVXUH GXULQJ >W� W � ~�>�� JR WR 6WHS >b�'@� ,I
SW�~� ! AS� DQG ERWK SOD\HUV GHYLDWHG� JR WR >6WDUW@�

q >b�'@� /HW WKH FXUUHQW WLPH EH W� /HW a~� EH WKH WLPH QHHGHG IRU WKH FRPPRQ EHOLHI
WR UHDFK AS� ZKHQ H[DFWO\ RQH SOD\HU XVHV 5 DOO WKH ZD\� 7KH VWUDWHJ\ RI SOD\HU ' �WKH
GHYLDWRU EHLQJ SXQLVKHG� SUHVFULEHV 5 RQ >W� W � a~�>� 7KH VWUDWHJ\ RI SOD\HU �' �WKH
RQH ZKR KDV FDUULHG RXW WKH SUHVFULEHG H[SHULPHQWDWLRQ LQ VWHS >b�@� SUHVFULEHV 6 RQ
>W� W � a~�>� ,I SW�a~�  AS�� JR WR 6WHS >�@� ,I SW�a~� ! AS�� UHSHDW 6WHS >b�'@�

q >L@� /HW WKH FXUUHQW WLPH EH W� /HW ~L EH WKH WLPH QHHGHG IRU WKH FRPPRQ EHOLHI WR UHDFK
ASL�� ZKHQ ERWK SOD\HUV XVH 5 DOO WKH ZD\� �8QOHVV WKH SUHYLRXV VWHS ZDV >6WDUW@� ~L  DL��
7KH VWUDWHJ\ RI ERWK SOD\HUV SUHVFULEHV 5 RQ >W� W� ~L> DQG 6 RQ >W�~L� W�~L�EL>� �5HFDOO
WKDW EL  c b DL LV WKH OHQJWK RI WKH LWK FRmHH EUHDN�� ,I SW�~L  ASL��� JR WR >6WDUW@ DW
WLPH W � ~L � EL� ,I SW�~L ! ASL�� DQG RQO\ RQH SOD\HU GHYLDWHG RQ >W� W � ~L> E\ SOD\LQJ 6
RQ D VXEVHW RI SRVLWLYH PHDVXUH� JR WR >(QG@ DW WLPH W� ~L � EL� ,I SW�~L ! ASL�� DQG ERWK
SOD\HUV GHYLDWHG LQ WKH DERYH VHQVH RQ >W� W� ~L>� JR WR >6WDUW@ DW WLPH W� ~L � EL�

q >(QG@� 7KH VWUDWHJ\ RI HDFK SOD\HU SUHVFULEHV 6 IRUHYHU� $OO IXUWKHU GHYLDWLRQV DUH
LJQRUHG�

7R VKRZ WKDW WKHVH VWUDWHJLHV IRUP DQ HTXLOLEULXP� LW ZLOO VXpFH WR VKRZ WKDW QR
SOD\HU KDV DQ LQFHQWLYH WR GHYLDWH LQ DQ\ JLYHQ VWHS� DVVXPLQJ WKDW WKH DERYH VWUDWHJLHV
DUH IROORZHG LQ DOO VXEVHTXHQW VWHSV �WKLV LV D YDULDQW RI WKH IDPLOLDU RQH�VWDJH�GHYLDWLRQ
SULQFLSOH�� $W EHOLHIV DERYH WKH VLQJOH�SOD\HU FXW�Rm Se�� L�H� LQ 6WHSV >b�@� >b�'@� >b�@ DQG
>b�'@� UREXVWQHVV WR GHYLDWLRQV ZLOO IROORZ IURP DUJXPHQWV WKDW EXLOG RQ WKH 0DUNRYLDQ
FDVH GHYHORSHG LQ 6HFWLRQ �� 7KH VDPH KROGV IRU 6WHS >(QG@� $V WR 6WHSV >L@� UREXVWQHVV
WR GHYLDWLRQV UHTXLUHV WKDW WKH VHTXHQFH IDLJ

�
L � �RU� HTXLYDOHQWO\� IASLJ

�
L �� EH FKRVHQ LQ

D SDUWLFXODU ZD\� *LYHQ xD� LQ IDFW� ZH ZLOO nQG D QDWXUDO QXPEHU , VXFK WKDW DL  xD
IRU L � ,� DQG DL � xD RWKHUZLVH� 7KXV� LQ WKH HDUO\ LQWHUYDOV� WKH DERYH VWUDWHJLHV
KDYH ERWK SOD\HUV H[SHULPHQW DV PXFK DV SRVVLEOH� DQG WKH\ ZLOO VWULFWO\ SUHIHU IROORZLQJ
WKHLU VWUDWHJ\ WR GHYLDWLQJ� )RU DOO LQWHUYDOV L ! , � WKH SOD\HUV H[SHULPHQW OHVV WKDQ WKH
PD[LPXP DPRXQW� DQG WKH\ ZLOO EH MXVW LQGLmHUHQW EHWZHHQ IROORZLQJ WKHLU VWUDWHJ\ DQG
WKH PRVW DGYDQWDJHRXV GHYLDWLRQ� 7KLV LQGLmHUHQFH LPSRVHV D UHVWULFWLRQ RQ WKH EHOLHIV
IASLJ

�
L ,�� LQ IRUP RI D VHFRQG�RUGHU GLmHUHQFH HTXDWLRQ� :H FDQ XVH WKLV HTXDWLRQ WR

DQFKRU WKH VHTXHQFH ?DW LQnQLW\�� L�H� VKRZ H[LVWHQFH RI D VWDEOH VROXWLRQ DQG SURYLGH
ERXQGV RQ WKH OLPLW EHOLHI AS�� DQG WKHQ ZRUN EDFNZDUGV WRZDUGV WKH HQGRJHQRXVO\
GHWHUPLQHG ,�

7KH ERXQGV RQ AS� ZLOO VKRZ WKDW� DV c WHQGV WR ]HUR DQG WKH ?PD[LPDO DFWLYLW\ UDWLR�
xD c WHQGV WR RQH� WKH OLPLW EHOLHI WHQGV WR WKH HpFLHQW FXW�Rm Se�� 7KLV LV TXLWH LQWXLWLYH�
$V WKH LQWHUYDOV EHFRPH VKRUWHU DQG WKH LQWHQVLW\ RI H[SHULPHQWDWLRQ LQ WKH HDUO\ VWDJHV
EHFRPHV KLJKHU� WKH SOD\HUV FDQ DFKLHYH DQ DPRXQW RI H[SHULPHQWDWLRQ� PHDVXUHG E\ WKH
VXP RI WKH OHQJWKV RI WLPH WKDW WKH SOD\HUV DUH XVLQJ WKH ULVN\ DUP� DUELWUDULO\ FORVH WR WKH
HpFLHQW DPRXQW� ZKLFK LV WZLFH WKH WLPH QHHGHG IRU WKH LQLWLDO EHOLHI WR GHFD\ WR Se� ZKHQ
ERWK SOD\HUV XVH WKH ULVN\ DUP DOO WKH ZD\ WKURXJK� ,Q WKH HDUO\ VWDJHV RI WKH HTXLOLEULXP�
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PRUHRYHU� WKH SOD\HUV FDQ DFKLHYH DQ LQWHQVLW\ RI H[SHULPHQWDWLRQ DUELWUDULO\ FORVH WR WKH
HpFLHQW UDWH� ZKLFK LV �� 7DNHQ WRJHWKHU� WKHVH WZR IDFWV LPSO\ WKDW DV LQWHUYDOV DQG FRmHH
EUHDNV EHFRPH VKRUWHU� WKH SOD\HUV
 HTXLOLEULXP SD\RmV FRQYHUJH WR WKH WHDP VROXWLRQ�

:H KDYH WKH IROORZLQJ UHVXOW�

3URSRVLWLRQ ��� )RU DQ\ c DQG xD ZLWK � � xD � c� WKHUH H[LVWV D QRQ�LQFUHDVLQJ
VHTXHQFH RI SRVLWLYH UHDO QXPEHUV IDLJ

�
L � VXFK WKDW WKH VWUDWHJLHV GHnQHG LQ 6WHSV >6WDUW@�

>b�@� >b�'@� >b�@� >b�'@ �'  �� ��� >L@ �L  �� �� ����� DQG >(QG@ FRQVWLWXWH D SHUIHFW
%D\HVLDQ HTXLOLEULXP RI WKH H[SHULPHQWDWLRQ JDPH ZLWK SXEOLF LQIRUPDWLRQ� 7KH RXWFRPH
RI WKLV HTXLOLEULXP LV WKDW WKH SOD\HUV ERWK XVH WKH ULVN\ DUP ZKHQHYHU WKHLU FRPPRQ EHOLHI
LV DERYH RU DW WKH VLQJOH�SOD\HU FXW�Rm Se�� RWKHUZLVH� WKH\ DOWHUQDWH MRLQWO\ EHWZHHQ DFWLYLW\
SKDVHV �ZKHUH ERWK XVH WKH ULVN\ DUP� RI GLPLQLVKLQJ OHQJWK � xD DQG FRmHH EUHDNV �ZKHUH
ERWK XVH WKH VDIH DUP� RI LQFUHDVLQJ OHQJWK w cb xD� 3URYLGHG QR VXFFHVV LV REVHUYHG� WKH
FRPPRQ EHOLHI LQ WKLV HTXLOLEULXP FRQYHUJHV WR D OLPLW AS�� DV �c� xD

c
�� ��� ��� WKH OLPLW

EHOLHI AS� WHQGV WR Se� DQG WKH SOD\HUV
 HTXLOLEULXP SD\RmV FRQYHUJH WR WKH WZR�SOD\HU WHDP
SD\RmV�

3URRI� 6HH WKH $SSHQGL[� ZKHUH ZH HVWDEOLVK WKH VHTXHQFH IDLJ
�
L � DQG VKRZ WKDW
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ZKHQ c DQG xD DUH FORVH WR �� 7KLV FOHDUO\ LPSOLHV WKDW AS� � Se� DV �c� xD
c
�� ��� ���

7KH IDFW WKDW WKHVH QRQ�0DUNRYLDQ HTXLOLEULD RI WKH JDPH ZLWK SXEOLF LQIRUPDWLRQ
DUH DUELWUDULO\ FORVH WR HpFLHQW� VWDQGV LQ VKDUS FRQWUDVW WR WKH LQHpFLHQW 0DUNRYLDQ
HTXLOLEULD RI WKH SUHYLRXV VHFWLRQ� 7KLV UHVXOW LV GXH WR WKH LQWURGXFWLRQ RI �LQnQLWHO\
PDQ\� FRmHH EUHDNV� ZKLFK SURPRWH FRRSHUDWLRQ� ,Q IDFW WKH EUHDNV DUH DUUDQJHG VR
WKDW WKH VKRUW�UXQ EHQHnW RI IUHH�ULGLQJ QHYHU H[FHHGV WKH ORQJ�UXQ FRVW� 7KDW LV� WKH
LQIRUPDWLRQ WR EH JDLQHG IURP IUHH�ULGLQJ WRGD\ LV OHVV LPSRUWDQW WKDQ WKH LQIRUPDWLRQ
D SOD\HU NQRZV VKH ZLOO JHW LQ WKH IXWXUH LI KHU RSSRQHQW FRQWLQXHV WR SOD\ RXW WKH
HTXLOLEULXP� ,Q SDUWLFXODU� WKH FXUUHQW SD\Rm IURP D GHYLDWLRQ LV VPDOO EHFDXVH WKH XVH
RI 5 ZLWKLQ HDFK LQWHUYDO LV VKULQNLQJ VXpFLHQWO\ IDVW UHODWLYH WR WKH UHPDLQLQJ DPRXQW
RI H[SHULPHQWDWLRQ�

� (TXLOLEULD ZLWK 3ULYDWH ,QIRUPDWLRQ

,Q WKLV VHFWLRQ WKH SOD\HUV
 H[SHULPHQWDO RXWFRPHV DUH SULYDWH LQIRUPDWLRQ� 1HYHUWKHOHVV�
ZH VKRZ WKDW WKHUH LV DQ HTXLOLEULXP ZKHUH WKH SOD\HUV
 VWUDWHJLHV DUH VLPLODU WR WKRVH
GHVFULEHG LQ WKH SUHYLRXV VHFWLRQ� $JDLQ� WKH HTXLOLEULXP SD\RmV FDQ EH PDGH DUELWUDULO\
FORVH WR WKH HpFLHQW RQHV�

:KHQ WKH SOD\HUV
 H[SHULPHQWDO RXWFRPHV DUH SULYDWH� EXW WKHLU DFWLRQV DUH REVHUY�
DEOH� WKH LQIHUHQFH SUREOHP IDFHG E\ SOD\HUV LV VHYHUH DQG LQWULFDWH� ,Q JHQHUDO DOO RUGHUV
RI EHOLHI ZLOO EH LPSRUWDQW LQ VROYLQJ WKLV LQIHUHQFH SUREOHP� )LUVW� FRQVLGHU RQH SOD\HU
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REVHUYLQJ KHU RSSRQHQW
V DFWLRQV� ,Q JHQHUDO� WKH ORQJHU KH LV REVHUYHG WR XVH WKH ULVN\
DFWLRQ� 5� WKH PRUH OLNHO\ LW LV WKDW KH KDV UHFHLYHG D SUL]H K� 7KXV ZLWKRXW NQRZLQJ KLV
H[SHULPHQWDO UHVXOWV� VKH ZLOO WHQG WR UHYLVH KHU EHOLHI DERXW WKH VWDWH XSZDUGV DV KH XVHV
5 IRU ORQJHU� ,I WKH REVHUYHU LV XVLQJ 5 DW WKH VDPH WLPH DV PDNLQJ WKHVH REVHUYDWLRQV�
KRZHYHU� WKH IDFW WKDW VKH LV XVLQJ 5 LWVHOI HQFRXUDJHV KHU RSSRQHQW WR XVH 5 DQG WR
GLVUHJDUG KLV RZQ LQIRUPDWLRQ� ,I VKH LV WR LQIHU WKH SUREDELOLW\ RI D VXFFHVV FRUUHFWO\�
VKH PXVW UHFRJQLVH WKDW KHU RZQ DFWLRQV ZLOO KDYH DQ HQFRXUDJLQJ HmHFW RQ KHU RSSRQHQW
DQG UHGXFH WKH LPSRUWDQFH KH DWWDFKHV WR KLV RZQ LQIRUPDWLRQ� 7KLV VHFRQG�RUGHU HmHFW
FDQ OHDG WR H[WUHPH LQIHUHQFHV� ,Q VRPH FDVHV VKH ZLOO JHW QR LQIRUPDWLRQ DW DOO IURP KLV
XVH RI 5� EHFDXVH KH LV EDVLQJ KLV DFWLRQV VROHO\ RQ KHU EHKDYLRXU� $W WKH VDPH WLPH� KH
LV FKRRVLQJ WR LJQRUH KLV RZQ LQIRUPDWLRQ DW WKH H[SHQVH RI WKH LQIRUPDWLRQ KH EHOLHYHV
KH LV JHWWLQJ IURP KLV RSSRQHQW� 7KLV LV D IRUP RI KHUGLQJ�

7KHUH DUH WZR NH\ LQWXLWLRQV DERXW KRZ WKH SOD\HUV XVH DFWLRQV WR VLJQDO� ZKLFK DUH
H[WHQVLYHO\ XVHG LQ WKH HTXLOLEULXP FRQVWUXFWHG EHORZ� %RWK RI WKHVH LQWXLWLRQV DJDLQ
DULVH RXW RI WKH FRmHH EUHDNV� )LUVW� LI RQH SOD\HU FKRRVHV WR XVH 5 IRU D n[HG DPRXQW
RI WLPH LQGHSHQGHQW RI WKH H[SHULPHQWDO RXWFRPHV� WKHQ KHU RSSRQHQW FDQQRW GHGXFH
DQ\WKLQJ IURP KLV REVHUYDWLRQV RI KHU DFWLRQV� %\ %D\HV
 7KHRUHP� LI D SOD\HU
V DFWLRQV
DUH LQGHSHQGHQW RI D UDQGRP YDULDEOH WKHQ KLV DFWLRQV PXVW EH XQLQIRUPDWLYH DERXW WKDW
UDQGRP YDULDEOH� 7KXV� D n[HG WLPH VSHQW XVLQJ 5 LQ HTXLOLEULXP ZLOO IRUFH D SOD\HU
WR GLVUHJDUG WKH DFWLRQV RI KLV RSSRQHQW DQG WR REWDLQ LQIRUPDWLRQ RQO\ IURP KLV RZQ
H[SHULPHQWDO RXWFRPHV� 7KH FRmHH EUHDNV GLYLGH WKH SOD\HUV
 XVH RI 5 LQWR n[HG WLPH
FKXQNV WKDW DUH LQGHSHQGHQW RI WKHLU LPPHGLDWH H[SHULPHQWDO UHVXOWV� ZKLFK JLYHV SOD\HUV
DQ LQFHQWLYH WR FROOHFW REVHUYDWLRQV RQ WKHLU RZQ DFFRXQW� 7KH VHFRQG UROH WKH\ SOD\ LV WR
FRRUGLQDWH WKH VLJQDOOLQJ� $W WKH HQG RI D n[HG WLPH DL XVLQJ 5 WKH SOD\HUV HLWKHU VZLWFK
WR 6 IRU DQ DPRXQW RI WLPH EL RU WKH\ FRQWLQXH WR XVH 5 LI WKH\ KDG D SUL]H K� 7KXV�
DW WKH VWDUW RI D FRmHH EUHDN D SOD\HU
V DFWLRQ ZLOO VLJQDO KLV H[SHULPHQWDO RXWFRPHV WR
KLV RSSRQHQW� 7KH H[SHULPHQWDO RXWFRPHV RI WKH SOD\HUV DUH VLJQDOOHG LQ D VLPXOWDQHRXV
EXUVW RI LQIRUPDWLRQ ^ HLWKHU QR VXFFHVV WKXV IDU� RU D VXFFHVV� 7KH EUHDNV DUH WKH
SRLQWV DW ZKLFK WKH SOD\HUV
 DFFXPXODWHG LQIRUPDWLRQ LV H[FKDQJHG� 7KH H[FKDQJH RI
LQIRUPDWLRQ DW WKH HQG RI WKH n[HG SHULRG RI H[SHULPHQWDWLRQ GHOD\V WKH LQIHUHQFHV WKH
SOD\HUV PDNH DERXW WKH LQIRUPDWLRQ RI WKHLU RSSRQHQW DQG WKHUHE\ GHOD\V WKHLU DELOLW\ WR
IUHH�ULGH RQ WKH LQIRUPDWLRQ DFTXLUHG E\ WKHLU RSSRQHQW� 7KH\ PXVW ZDLW XQWLO WKH QH[W
FRmHH EUHDN XQWLO WKH\ FDQ LQIHU ZKDW WKHLU RSSRQHQW KDV REVHUYHG�

2QH LPSRUWDQW TXHVWLRQ WKDW PXVW EH DGGUHVVHG LV� GR WKH SOD\HUV KDYH DQ LQFHQWLYH
WR VLJQDO FRUUHFWO\ ZKHQ D FRmHH EUHDN DULVHV" )LUVW� GRHV D SOD\HU KDYH DQ LQFHQWLYH WR
XVH 6 GXULQJ WKH EUHDN ZKHQ KH KDV UHFHLYHG D SUL]H K" &HUWDLQO\ QRW� EHFDXVH RQFH D
SUL]H KDV EHHQ UHFHLYHG LW LV D VWULFWO\ GRPLQDQW VWUDWHJ\ WR XVH 5 DW HYHU\ LQVWDQW RI
WLPH� %HOLHIV LQ WKH HTXLOLEULXP EHORZ ZLOO LQGHHG EH VXFK WKDW D GHYLDWLRQ IURP 5 WR 6
ZLOO EH FRQVLGHUHG HYLGHQFH RI IDLOXUH VR IDU� 6HFRQG� GRHV D SOD\HU KDYH DQ LQFHQWLYH WR
FRQWLQXH WR XVH 5 GXULQJ WKH EUHDN HYHQ ZKHQ KH KDV QRW UHFHLYHG D SUL]H K GXULQJ WKH
SUHYLRXV DL SHULRGV" 7KH DQVZHU WR WKLV TXHVWLRQ LV DOVR QR� EHFDXVH RI WKH KHUGLQJ HmHFW
GHVFULEHG LQ WKH HDUOLHU SDUDJUDSK� ,Q IDFW� WKH HTXLOLEULXP WKDW ZH FRQVWUXFW ZLOO EH
VXSSRUWHG E\ WKH EHOLHI WKDW ZKRHYHU GHYLDWHV LQ WKLV SDUWLFXODU ZD\ PXVW KDYH UHFHLYHG
D SUL]H LQ WKH SUHFHGLQJ DFWLYLW\ SKDVH� ,Q RWKHU ZRUGV� LI D SOD\HU PLVUHSUHVHQWV KLV
LQIRUPDWLRQ LQ WKLV ZD\ KLV RSSRQHQW ZLOO LQIHU WKDW WKH VWDWH LV JRRG DQG WKHQ XVH 5
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IRUHYHU �GLVUHJDUGLQJ KHU RZQ REVHUYDWLRQV WR WKH FRQWUDU\�� 7KLV KDUPV WKH GHYLDWRU�
EHFDXVH KLV RSSRQHQW
V VLJQDOV DUH QRZ HQWLUHO\ XQLQIRUPDWLYH DQG KH FDQQRW REWDLQ DQ\
IXUWKHU LQIRUPDWLRQ IURP KHU DFWLRQV�

7KH PDLQ UHVXOW LQ WKLV VHFWLRQ LV 3URSRVLWLRQ ���� ,W VKRZV WKDW WKH HTXLOLEULXP
GHVFULEHG LQ 3URSRVLWLRQ ��� HVVHQWLDOO\ FDUULHV RYHU WR WKH FDVH ZKHUH H[SHULPHQWDO RXW�
FRPHV DUH SULYDWH LQIRUPDWLRQ� DOWKRXJK WKHUH DUH GLmHUHQW FRQVWUDLQWV RQ WKH VHTXHQFH
IDLJ� ,Q WKH HDUO\ VWDJHV RI SOD\ ERWK SOD\HUV XVH 5 XQWLO WKHLU CSRROHG
 EHOLHI �ZKLFK
HDFK SOD\HU FDOFXODWHV DVVXPLQJ WKDW WKH RWKHU KDV QRW KDG D SUL]H VR IDU� DSSURDFKHV WKH
WKUHVKROG Se�� WKHQ WKH\ XVH 5 IRU SUH�GHWHUPLQHG VKRUW SHULRGV RI WLPH IROORZHG E\ FRmHH
EUHDNV LI QR VXFFHVV KDV EHHQ REVHUYHG� :H ZLOO VHH WKDW JLYHQ D VHTXHQFH IDLJ RI OHQJWKV
RI WKH DFWLYLW\ SKDVHV� WKH SD\Rm IURP D GHYLDWLRQ LV ORZHU LQ WKH JDPH ZLWK SULYDWH
LQIRUPDWLRQ WKDQ LQ WKH JDPH ZLWK SXEOLF LQIRUPDWLRQ� :KHQ D SOD\HU GHYLDWHV LQ WKH
JDPH ZLWK SXEOLF LQIRUPDWLRQ KH FDQ FRQWLQXH WR REVHUYH KLV RSSRQHQW
V H[SHULPHQWDO
RXWFRPHV� +RZHYHU� XQGHU SULYDWH LQIRUPDWLRQ WKH SOD\HU FDQQRW LPPHGLDWHO\ REVHUYH
ZKDW KLV RSSRQHQW
V RXWFRPHV DUH� ,QVWHDG KH PXVW ZDLW XQWLO WKH QH[W FRmHH EUHDN WR VHH
ZKHWKHU KLV RSSRQHQW FRQWLQXHV WR XVH 5 RU DEDQGRQV WKLV HQWLUHO\� 7KXV WKHUH LV D GHOD\
LQ KLV DELOLW\ WR IUHH�ULGH RQ KHU LQIRUPDWLRQ DFTXLVLWLRQ� 7KLV GHOD\ PDNHV GHYLDWLRQ OHVV
DWWUDFWLYH XQGHU SULYDWH LQIRUPDWLRQ� $V WKH SD\Rm WR D GHYLDWLRQ IURP WKH HTXLOLEULXP
ZLWK SULYDWH LQIRUPDWLRQ LV ORZHU� WKH SOD\HUV VKRXOG EH ZLOOLQJ WR H[SHULPHQW PRUH LQ
WKH VKRUW UXQ DW WKLV HTXLOLEULXP� 7KLV VXJJHVWV WKDW IRU JLYHQ c DQG xD� WKH HTXLOLEULD
ZLWK SULYDWH LQIRUPDWLRQ VKRXOG KDYH D KLJKHU LQWHQVLW\ RI H[SHULPHQWDWLRQ� DQG KHQFH
EH PRUH HpFLHQW� WKDQ WKH HTXLOLEULD ZLWK SXEOLF LQIRUPDWLRQ�

7KH FRQVWUXFWLRQ RI HTXLOLEULXP VWUDWHJLHV IROORZV WKDW LQ WKH SXEOLF LQIRUPDWLRQ FDVH
YHU\ FORVHO\� ZLWK FRPPRQ EHOLHIV UHSODFHG E\ SRROHG EHOLHIV ZKHQ LW FRPHV WR WKH GHFLVLRQ
ZKHQ WR VWRS IRU D EUHDN� 2QH GLmHUHQFH LV WKDW D GHYLDWLRQ IURP 6 WR 5 GXULQJ D EUHDN
LV QRW VLPSO\ LJQRUHG� UDWKHU� LW WULJJHUV D UHDFWLRQ ZKHUHE\ WKH RWKHU SOD\HU UHYLVHV KLV
EHOLHI WR FHUWDLQW\ WKDW WKH VWDWH LV JRRG DQG FRQVHTXHQWO\ VZLWFKHV WR 5 IRUHYHU�

3URSRVLWLRQ ��� )RU DQ\ c DQG xD ZLWK � � xD � c� WKHUH H[LVWV D QRQ�LQFUHDVLQJ
VHTXHQFH RI SRVLWLYH UHDO QXPEHUV IDLJ

�
L � VXFK WKDW WKH IROORZLQJ LV WKH RXWFRPH RI D

SHUIHFW %D\HVLDQ HTXLOLEULXP RI WKH JDPH ZLWK SULYDWH LQIRUPDWLRQ� 7KH SOD\HUV ERWK
XVH WKH ULVN\ DUP ZKHQHYHU WKHLU SRROHG EHOLHI LV DERYH RU DW WKH VLQJOH�SOD\HU FXW�Rm Se��
RWKHUZLVH� WKH\ DOWHUQDWH MRLQWO\ EHWZHHQ DFWLYLW\ SKDVHV �ZKHUH ERWK XVH WKH ULVN\ DUP�
RI GLPLQLVKLQJ OHQJWK � xD DQG FRmHH EUHDNV �ZKHUH ERWK XVH WKH VDIH DUP� RI LQFUHDVLQJ
OHQJWK w c b xD� 3URYLGHG QR VXFFHVV LV REVHUYHG� WKH FRPPRQ EHOLHI LQ WKLV HTXLOLEULXP
FRQYHUJHV WR D OLPLW AS�� DV �c� xD

c
� � ��� ��� WKH OLPLW EHOLHI AS� WHQGV WR Se� DQG WKH

SOD\HUV
 HTXLOLEULXP SD\RmV FRQYHUJH WR WKH WZR�SOD\HU WHDP SD\RmV�

3URRI� 6HH WKH $SSHQGL[� ZKHUH ZH DJDLQ HVWDEOLVK WKH VHTXHQFH IDLJ
�
L � DQG VKRZ

WKDW
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2QH LVVXH WKDW DULVHV LQ JDPHV RI SULYDWH LQIRUPDWLRQ LV WKH IRUPDWLRQ RI EHOLHIV Rm WKH
HTXLOLEULXP SDWK� ,I SOD\HU � GHYLDWHV IURP WKH DERYH HTXLOLEULXP E\ XVLQJ 6 LQVWHDG RI 5�
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SOD\HU � LQIHUV WKDW SOD\HU �
V H[SHULPHQWDWLRQ EHIRUH WKH GHYLDWLRQ KDG EHHQ XQVXFFHVVIXO�
$OWKRXJK� WKLV LQIHUHQFH VHHPV LQWXLWLYHO\ DSSHDOLQJ LW PD\ EH WKDW WKH HTXLOLEULXP LV QRW
UREXVW WR D GLmHUHQW LQIHUHQFH IURP VXFK D GHYLDWLRQ� ,I EHOLHIV ZHUH UHYLVHG VR WKDW VXFK
D GHYLDWLRQ OHDGV SOD\HU � WR FRQFOXGH WKDW SOD\HU �
V H[SHULPHQWV ZHUH VXFFHVVIXO� WKHQ
SOD\HU � ZRXOG SOD\ 5 IRUHYHU EHOLHYLQJ WKDW LW ZDV JRRG� 3OD\HU � WKHQ GHULYHV QR IXUWKHU
EHQHnW IURP WKH SUHVHQFH RI SOD\HU � DQG FDQQRW VHH SOD\HU �
V H[SHULPHQWDO UHVXOWV� 7KH
GHYLDWLRQ ZRXOG EH YHU\ KDUPIXO WR SOD\HU � DQG WKH HTXLOLEULXP ZRXOG EH UREXVW WR WKLV
DOWHUQDWLYH LQIHUHQFH� 7KH ZRUVW EHOLHI SOD\HU � FDQ KDYH �IURP SOD\HU �
V SHUVSHFWLYH� LV
WR EH FRQYLQFHG WKH VWDWH LV JRRG� EHFDXVH WKHQ SOD\HU � JHWV QR PRUH LQIRUPDWLRQ IURP
SOD\HU �� 8VLQJ WKHVH EHOLHIV Rm WKH HTXLOLEULXP SDWK PDNHV EXLOGLQJ HTXLOLEULD PXFK
HDVLHU� EXW LW LV FRXQWHU�LQWXLWLYH� LI SOD\HU � UHDOO\ KDG KDG D VXFFHVV WKHQ VKH FRXOG QHYHU
EHQHnW E\ GHYLDWLQJ� KRZHYHU� LI KHU H[SHULPHQWDWLRQ KDG EHHQ XQVXFFHVVIXO VKH FRXOG
FRQFHLYDEO\ EHQHnW� 7KLV DUJXPHQW VXJJHVWV WKDW WKH DOWHUQDWLYH EHOLHIV UHYLVLRQ SURFHVV
LV LQFRQVLVWHQW ZLWK WKH VSLULW RI D QXPEHU RI HTXLOLEULXP UHnQHPHQWV� &RQVHTXHQWO\� ZH
GR QRW FRQVLGHU HTXLOLEULD WKDW XVH WKLV W\SH RI EHOLHI UHYLVLRQ�

2Q WKH RWKHU KDQG� LQ WKH DERYH HTXLOLEULXP D SOD\HU ZLWQHVVLQJ D GHYLDWLRQ IURP 6
WR 5 LV VXSSRVHG WR FRQFOXGH WKDW WKH GHYLDWRU KDV KDG D VXFFHVV LQ WKH SUHYLRXV DFWLYLW\
SKDVH� $ MXPS LQ EHOLHIV WR IXOO VXEMHFWLYH FHUWDLQW\ VHHPV DQ H[WUHPH DVVXPSWLRQ WR
PDNH� ,Q IDFW� WKLV DVVXPSWLRQ LV QRW QHFHVVDU\� D EHOLHI MXPSLQJ VXpFLHQWO\ FORVH� EXW
QRW DOO WKH ZD\� WR FHUWDLQW\ ZLOO GR DV ZHOO� $ GHYLDWLRQ IURP 6 WR 5 ZLOO WKHQ LPSO\
WKDW WKH RWKHU SOD\HU VZLWFKHV WR 5 IRU D nQLWH SHULRG RI WLPH� $OO ZH KDYH WR HQVXUH LV
WKDW WKLV SHULRG LV VXpFLHQWO\ ORQJ WR GHWHU WKLV W\SH RI GHYLDWLRQ�

� +RZ *HQHUDO DUH WKHVH 5HVXOWV"

7KHUH DUH VRPH WULYLDO DQG REYLRXV JHQHUDOLVDWLRQV RI WKH PRGHO WKDW IROORZ ZLWK YHU\ OLWWOH
DGGLWLRQDO ZRUN� )LUVW� QRQH RI WKH DUJXPHQWV UHTXLUHV RQO\ WZR SOD\HUV VR WKH UHVXOWV
DUH UREXVW WR PDQ\ SOD\HUV� 6HFRQGO\� WKH UHVXOWV DSSO\ WR EDQGLW SUREOHPV ZKHUH WKH
NQRZQ DUP JHQHUDWHV D VWDWLRQDU\ QRQ�GHWHUPLQLVWLF VWUHDP RI SD\RmV ^ ZH FDQ VLPSO\
UHLQWHUSUHW V DV WKH H[SHFWHG oRZ SD\Rm�

$W nUVW VLJKW WKH UHVXOWV DSSHDU WR EH YHU\ GHSHQGHQW RQ WKH VSHFLnFDWLRQ RI WKH
SURFHVV IRU WKH ULVN\ DUP� +RZHYHU� D PRUH FDUHIXO LQYHVWLJDWLRQ UHYHDOV WKDW VXLWDEO\
DPHQGHG YHUVLRQV RI WKH SURSRVLWLRQV DSSO\ WR RWKHU EDQGLW SUREOHPV WRR� 6XSSRVH WKDW
WKH ULVN\ DUP LV LQ RQH RI WZR VWDWHV ERWK RI ZKLFK JHQHUDWH 3RLVVRQ UHZDUGV� DQG WKDW
LQ WKH JRRG VWDWH WKH 3RLVVRQ UHZDUGV DUULYH PRUH IUHTXHQWO\ WKDQ LQ WKH EDG VWDWH�
,Q WKLV FDVH� ZKHQHYHU D UHZDUG DUULYHV WKH EHOLHI MXPSV XSZDUGV EXW QHYHU KLWV XQLW\�
ZKHQ D UHZDUG GRHV QRW DUULYH WKH EHOLHI GHFD\V� DV EHIRUH� :LWK SXEOLF LQIRUPDWLRQ D
YHUVLRQ RI WKH FRmHH�EUHDN HTXLOLEULXP FDQ EH EXLOW� IRU KLJK EHOLHIV ERWK SOD\HUV XVH 5
DQG IRU ORZHU EHOLHIV WKH\ XVH WKH ULVN\ DUP LQWHUPLWWHQWO\� WKH SD\Rm IURP GRLQJ WKLV
DJDLQ EHLQJ WKH IXWXUH H[SHULPHQWDO LQSXW IURP WKHLU RSSRQHQW DQG WKH SRVVLELOLW\ RI DQ
XSZDUG MXPS LQ WKH EHOLHI� $ GLUHFW WUDQVODWLRQ RI WKH HTXLOLEULXP FDQ EH FRQVWUXFWHG
SURYLGHG WKH DUULYDO RI D UHZDUG OHDGV WKH EHOLHI WR MXPS DERYH WKH RQH�SOD\HU WKUHVKROG
Se�� LI WKLV IDLOV LW LV QHFHVVDU\ WR GHnQH D QHZ FRmHH�EUHDN HTXLOLEULXP WKDW LV SOD\HG RXW
DIWHU HDFK XSZDUG MXPS� :LWK SULYDWH LQIRUPDWLRQ LW LV KDUGHU WR JHQHUDOLVH WKH UHVXOWV

��



KHUH LQ D VLPSOH ZD\� 7KH LQWXLWLRQ WKDW WKH n[HG SHULRG VSHQW XVLQJ WKH ULVN\ DUP LV
XQLQIRUPDWLYH VWLOO KROGV WUXH� EXW LQ WKLV FDVH WKH SOD\HUV LQ JHQHUDO QHHG WR VLJQDO QRW
RQO\ ZKHWKHU D UHZDUG KDV DUULYHG EXW DOVR WKH QXPEHU RI UHZDUGV� DQG LW LV KDUGHU WR
VHH KRZ WKH SOD\HUV FDQ VLJQDO WKH QXPEHU RI UHZDUGV ZKHQ WKH\ KDYH RQO\ WZR DFWLRQV
^ RQH UHVROXWLRQ LV WR PDNH WKH LQWHUYDOV VPDOO� LQ ZKLFK FDVH WKH SUREDELOLW\ RI WZR
RU PRUH DUULYDOV LQ DQ\ DFWLYLW\ SKDVH LV QHJOLJLEOH UHODWLYH WR WKH SUREDELOLW\ RI WKHUH
EHLQJ MXVW RQH DUULYDO� 7KH QH[W LVVXH LV WKH LQFHQWLYH�FRPSDWLELOLW\ RI WKH VLJQDOOLQJ�
ZRXOG D SOD\HU QHFHVVDULO\ ZDQW WR WXUQ XS IRU D FRmHH EUHDN" %\ VLJQDOOLQJ DQ DUULYDO D
SOD\HU ZLOO LQ JHQHUDO OHDG KHU RSSRQHQW WR XVH 5 IRU D ORQJHU WLPH ZLWKRXW SRROLQJ DQ\
LQIRUPDWLRQ� 7KLV ZLOO EH KDUPIXO WR WKH VLJQDOOHU DQG PD\ ZHOO GHWHU IDOVH DUULYDO VLJQDOV
SURYLGHG WKH VLJQDOOHU FDQQRW KHUVHOI IUHH�ULGH RQ WKLV H[WUD H[SHULPHQWDO HmRUW IURP KHU
RSSRQHQW� 7DNLQJ D EUHDN ZKHQ DQ DUULYDO RFFXUUHG LV DOVR KDUPIXO EHFDXVH WKH EUHDN
UHTXLUHV WKH SOD\HU WR WDNH D VXE�RSWLPDO DFWLRQ� 7KXV DW OHDVW LQ WKH GRPDLQ RI 3RLVVRQ
EDQGLWV WKH UHVXOWV GR VHHP WR JHQHUDOLVH�

7KH nQDO JHQHUDOLVDWLRQ ZH FRQVLGHU LV WR D PXOWL�DUPHG EDQGLW� ,Q WKLV FDVH WKH
SOD\HUV FDQ WDNH WKH HTXLOLEULXP VWUDWHJLHV DERYH DQG DSSO\ WKHP WR WKH VDIH DUP DQG
RQH RI WKH ULVN\ DUPV DW D WLPH� XVLQJ WKH VDIH DUP IRU WKH FRmHH EUHDNV� ,QVWHDG RI
VZLWFKLQJ WR WKH VDIH DUP DW WKH HQG RI WKH WULDOV ZLWK WKH VROH ULVN\ DUP� WKH\ MXVW
VZLWFK WR WKH QH[W ULVN\ DUP WKDW QHHGV WR EH LQYHVWLJDWHG DFFRUGLQJ WR WKH IDPLOLDU
*LWWLQV LQGH[ UXOH�

��



$SSHQGL[

3URRI�V� IURP 6HFWLRQ �

3URRI RI 3URSRVLWLRQ ���� )LUVW QRWH WKDW HDFK SOD\HU
V YDOXH IXQFWLRQ LV FRQWLQXRXV DV
D IXQFWLRQ RI S DQG WDNHV WKH YDOXH wK DW S  � DQG V DW S  �� PRUHRYHU LW LV GLmHUHQWLDEOH
ZKHUHYHU KH�VKH FKRRVHV RSWLPDOO\ WR VZLWFK �IURP SOD\LQJ 5 WR SOD\LQJ 6� RU YLFH YHUVD� DQG
WKH RWKHU SOD\HU GRHV QRW VZLWFK ^ LI WKH ULJKW GHULYDWLYH LV VPDOOHU� WKH SOD\HU VKRXOG VZLWFK DW
D ODUJHU S� LI WKH ULJKW GHULYDWLYH LV ODUJHU� WKH SOD\HU VKRXOG VZLWFK DW D VPDOOHU S�
2XU DLP LV WR VKRZ WKDW WKH UHJLRQ ERXQGHG EHORZ E\ WKH P\RSLF SD\Rm LQ WKH �S� X��SODQH

FRQWDLQV WKUHH UHJLRQV� DV LQ )LJXUH �� ,Q RQH UHJLRQ �ZKHQ WKH SOD\HUV DUH RSWLPLVWLF� LW LV
GRPLQDQW IRU HDFK RI WKHP WR SOD\ 5 DQG LQ DQRWKHU UHJLRQ �ZKHQ WKH SOD\HUV DUH SHVVLPLVWLF
DQG X  V� LW LV GRPLQDQW IRU HDFK RI WKHP WR SOD\ 6� LQ EHWZHHQ� 6 DQG 5 DUH PXWXDO EHVW
UHVSRQVHV�

%HOLHI

� �Se� SP

9DOXH

V

wK

V
V
V
V
V
V
V
V
V
V
VV

'�

6 GRPLQDQW

5 GRPLQDQW6�5
PXWXDO
EHVW UHVSRQVHV

)LJXUH �� 7KUHH UHJLRQV

7KH VROLG NLQNHG OLQH LV WKH SD\Rm IURP WKH P\RSLF VWUDWHJ\�

$VVXPH WKDW SOD\HU Q
V FRQWLQXDWLRQ YDOXH LV JLYHQ E\ XQ�S��

q $VVXPH WKDW SOD\HU $ �VKH� LV SOD\LQJ 5 ZKHQ WKH EHOLHI LV LQ VRPH LQWHUYDO >SC� SU@� DQG
FRQVLGHU WKH EHVW UHVSRQVH RI SOD\HU % �KH� RQ >SC� SF@ t >SC� SU@� ,I LW LV DOVR 5 WKHQ KLV YDOXH
IXQFWLRQ RQ >SC� SF@ LV JLYHQ E\ 9� IURP HTXDWLRQ ���� ZLWK 9��SC�  X%�SC�� LI KLV EHVW UHVSRQVH
LV 6 WKHQ KLV YDOXH IXQFWLRQ RQ >SC� SF@ LV JLYHQ E\ )� IURP HTXDWLRQ ���� ZLWK )��SC�  X%�SC��
1RZ� LI 9��S�  )��S�  X� VD\� WKHQ 9 �

��S� ! ) �
��S� LI X ! �V b wKS� DQG 9 �

��S� � ) �
��S� LI

X � �VbwKS� 7KXV� LI X%�SC� ! �VbwKSC� WKHQ KLV EHVW UHVSRQVH WR 5 LV WR ?MRLQ LQ� E\ SOD\LQJ
5 RQ >SC� SU@� LI X% �SC� � �Vb wKSC� WKHQ KLV EHVW UHVSRQVH WR 5 LV WR IUHH�ULGH E\ SOD\LQJ 6 RQ

��



>SC� SF@ IRU DQ\ SF VXFK WKDW )��SF� � �V b wKSF� DQG KH FDQ RQO\ VZLWFK RSWLPDOO\ DW D EHOLHI
SF � >SC� SU@ ZKHUH �SF� X%�SF�� � '��

q 1RZ� DVVXPH WKDW SOD\HU $ �VKH� LV SOD\LQJ 6 ZKHQ WKH EHOLHI LV LQ VRPH LQWHUYDO >SC� SU@�
DQG FRQVLGHU WKH EHVW UHVSRQVH RI SOD\HU % �KH� RQ >SC� SF@ t >SC� SU@� ,I LW LV 5 WKHQ KLV YDOXH
IXQFWLRQ RQ >SC� SF@ LV JLYHQ E\ 9� IURP HTXDWLRQ ��� ZLWK 9��SC�  X% �SC�� LI KLV EHVW UHVSRQVH
LV DOVR 6 WKHQ WKH EHOLHI QR ORQJHU FKDQJHV� VR LW PXVW EH WKH FDVH WKDW X%�SC�  V DQG KLV YDOXH
IXQFWLRQ RQ >SC� SF@ LV VLPSO\ V� 1RZ� LI 9��S�  V� WKHQ 9 �

��S� ! � LI S ! Se�� DQG 9 �
��S� � �

LI S � Se�� 7KXV� LI X%�SC�  V� WKHQ KLV EHVW UHVSRQVH WR 6 LV WR DFW XQLODWHUDOO\� LI SC ! Se�
WKHQ SOD\ 5 RQ >SC� SU@� LI SC � Se� WKHQ SOD\ 6 RQ >SC� SF@ IRU DQ\ SF VXFK WKDW SF � Se�� DQG KH
FDQ RQO\ VZLWFK RSWLPDOO\ DW WKH EHOLHI Se�� +RZHYHU� LI X%�SC� ! V� WKHQ KLV EHVW UHVSRQVH WR 6
PXVW EH WR SOD\ 5 RQ >SC� SU@ �EXW QRWH WKDW 9

�
��S� � � LI �U � wS�9��S� ! �U � w�wKS��

/HW xSU GHQRWH WKH VPDOOHVW EHOLHI ZKHUH HDFK SOD\HU
V FRQWLQXDWLRQ YDOXH LV �ZHDNO\� DERYH '��
DQG OHW xSC GHQRWH WKH ODUJHVW EHOLHI ZKHUH HDFK SOD\HU
V FRQWLQXDWLRQ YDOXH LV �ZHDNO\� EHORZ
'�� QHFHVVDULO\� S

e
� � xSC � xSU � SP �

)RU D EHOLHI LQ D QHLJKERXUKRRG RI �� VSHFLnFDOO\ S � �xSU� �@� 5 LV WKH GRPLQDQW VWUDWHJ\�
DQG IRU D EHOLHI LQ D QHLJKERXUKRRG RI �� VSHFLnFDOO\ S � >�� Se�@� 6 LV WKH GRPLQDQW VWUDWHJ\�
�:H NQRZ WKDW XQ���  V� DQG VR 6 LV D GRPLQDQW UHVSRQVH RQ DQ\ LQWHUYDO >�� SF@ t >�� S

e
�@��

)RU EHOLHIV S � �Se�� xSC@� WKH EHVW UHVSRQVH WR 6 LV WR SOD\ 5 �DFW XQLODWHUDOO\�� DQG WKH EHVW
UHVSRQVH WR 5 LV WR SOD\ 6 �IUHH�ULGH�� 1RZ FRQVLGHU EHOLHIV S � �xSC� xSU@� OHW $ EH WKH SOD\HU
ZKRVH FRQWLQXDWLRQ YDOXH FURVVHV '� DW xSC DQG OHW % EH WKH SOD\HU ZKRVH FRQWLQXDWLRQ YDOXH
FURVVHV '� DW xSU� ,I % SOD\V 6� WKHQ $
V EHVW UHVSRQVH LV WR SOD\ 5 �DFW XQLODWHUDOO\�� DQG LI %
SOD\V 5� WKHQ $
V EHVW UHVSRQVH LV WR SOD\ 5 �?MRLQ LQ��� WKXV 5 LV WKH GRPLQDQW UHVSRQVH IRU
$� 6R� JLYHQ $ SOD\V 5� %
V EHVW UHVSRQVH LV WR SOD\ 6 �IUHH�ULGH�� 7R VXPPDULVH�

%HOLHI S � Se� xSC xSU �
$
V VWUDWHJ\ 6 6 5 5 5
%
V VWUDWHJ\ 6 5 6 6 5
$
V FRQWLQXDWLRQ YDOXH V )��$ 9��$ 9��$ 9��$
%
V FRQWLQXDWLRQ YDOXH V 9��% )��% )��% 9��%

DQG WKH VWUDWHJLHV RQ �Se�� xSC@ GHWHUPLQH xSC HQGRJHQRXVO\� ZKLFK SOD\HU SOD\V 5 DQG ZKLFK SOD\HU
SOD\V 6 RQ �xSC� xSU@� DQG xSU HQGRJHQRXVO\� ,I WKH SOD\HUV KDYH WKH DERYH FRQWLQXDWLRQ YDOXHV� WKHQ
WKH DERYH VWUDWHJLHV DUH EHVW UHVSRQVHV WR HDFK RWKHU� DQG LI WKH SOD\HUV DUH XVLQJ WKH DERYH
VWUDWHJLHV� WKHQ WKH FRQWLQXDWLRQ YDOXHV DUH LQGHHG WKRVH JLYHQ DERYH� 7KXV WKH DERYH VWUDWHJLHV
FRQVWLWXWH DQ HTXLOLEULXP ZLWK WKH HTXLOLEULXP YDOXH IXQFWLRQV JLYHQ E\ WKH FRQWLQXDWLRQ YDOXHV�
7KH CVLPSOHVW
 HTXLOLEULXP LV ZKHUH RQH SOD\HU� VD\ SOD\HU �� SOD\V 6 RQ �Se�� aSC@� DQG WKH

RWKHU SOD\HU� SOD\HU �� SOD\V 5 RQ WKLV LQWHUYDO� 7KHQ SOD\HU �
V YDOXH IXQFWLRQ )� VDWLVnHV
HTXDWLRQ ���� DQG SOD\HU �
V YDOXH IXQFWLRQ 9� VDWLVnHV HTXDWLRQ ���� ZLWK )��S

e
��  9��S

e
��  V�

6R ) �
��S

e
�� ! 9 �

��S
e
��� VLQFH ZKHQHYHU )��S�  9��S�  X� VD\� ) �

��S� ! 9 �
��S� Lm wKS � V� L�H� Lm

S � SP� )XUWKHUPRUH� LW FDQ EH VKRZQ WKDW )� LV FRQFDYH DQG 9� LV FRQYH[
� DQG VR LI )� DQG 9�

WDNH WKH VDPH YDOXH DJDLQ� VD\ DW SF ! Se�� WKHQ ) �
��SF� � 9 �

��SF�� ZKLFK LPSOLHV WKDW SF w SP�
7KLV VKRZV WKDW )� PHHWV '� DW D VPDOOHU EHOLHI WKDQ GRHV 9�� DQG WKDW )� ! 9� RQ �S

e
�� aSC@�

WKDW LV� SOD\HU � PXVW EH $ DQG VZLWFK IURP SOD\LQJ 5 RQ �aSC� aSU@� DQG SOD\HU � PXVW EH % DQG

�,W WUDQVSLUHV WKDW WKH VHFRQG GHULYDWLYH RI WKH IXQFWLRQV )�� 9� DQG 9� KDV WKH VDPH VLJQ DV WKH
FRQVWDQW RI LQWHJUDWLRQ �LQ ����� ��� DQG ���� UHVSHFWLYHO\� DQG WKXV WKH FRQYH[LW\�FRQFDYLW\ RI WKH
VROXWLRQ LV GHWHUPLQHG E\ WKDW VLJQ�

��



VZLWFK IURP SOD\LQJ 6 RQ �aSC� aSU@� 7KLV HTXLOLEULXP LV WKXV JLYHQ E\�

%HOLHI S � Se� aSC aSU �
$
V VWUDWHJ\ 6 6 5 5
%
V VWUDWHJ\ 6 5 6 5
$
V YDOXH IXQFWLRQ V )��$ 9��$ 9��$
%
V YDOXH IXQFWLRQ V 9��% )��% 9��%

DQG WKH FRPSRQHQWV RI WKH YDOXH IXQFWLRQV� DQG WKH VZLWFK�SRLQWV� DUH GHWHUPLQHG DV IROORZV�

��� & LQ )��$ IURP )��$�S
e
��  V

��� & LQ 9��% IURP 9��%�S
e
��  V

��� aSC IURP )��$�aSC�  �Vb wKaSC

��� & LQ 9��$ IURP 9��$�aSC�  )��$�aSC�  �Vb wKaSC

��� & LQ )��% IURP )��%�aSC�  9��%�aSC�

��� aSU IURP )��%�aSU�  �Vb wKaSU

��� & LQ 9��$ IURP 9��$�aSU�  9��$�aSU�

��� & LQ 9��% IURP 9��%�aSU�  )��% �aSU�  �Vb wKaSU

1RWH WKDW WKH ERXQGDU\ FRQGLWLRQ DW S  � LV DXWRPDWLFDOO\ VDWLVnHG EHFDXVH 9��$���  
9��%���  wK UHJDUGOHVV RI WKH FRQVWDQWV RI LQWHJUDWLRQ�
1RWLQJ WKDW ZKHQ 9��S�  9��S�  X� VD\� 9 �

��S� ! 9 �
��S� Lm X ! wKS �WKH SD\Rm IURP DOZD\V

SOD\LQJ 5�� ZH VHH WKDW

q � � ) �
��$�S

e
��� ) �

��$�aSC� ! 9 �
��$�aSC�� 9 �

��$�aSU� � 9 �
��$�aSU��

q �  9 �
��%�S

e
��� 9 �

��%�aSC� � ) �
��% �aSC�� ) �

��%�aSU�  9 �
��%�aSU��

7KXV� DV WKH FRPPRQ EHOLHI GHFD\V� % VZLWFKHV VPRRWKO\ IURP 5 WR 6 DJDLQVW 5 DW aSU �ZKHUH
$ KDV D NLQN�� ERWK $ DQG % VZLWFK DW aSC �HDFK ZLWK D NLQN�� DQG % VZLWFKHV VPRRWKO\ DJDLQ
IURP 5 WR 6 DJDLQVW 6 DW Se� �ZKHUH $ DJDLQ KDV D NLQN��
)ROORZLQJ VWHSV ��� DQG ��� GHWHUPLQHV WKH HTXDWLRQ IRU aSC JLYHQ LQ WKH VWDWHPHQW RI WKH

SURSRVLWLRQ� IROORZLQJ VWHSV ���� ��� DQG ��� GHWHUPLQHV WKH HTXDWLRQ IRU aSU JLYHQ LQ WKH VWDWH�
PHQW RI WKH SURSRVLWLRQ� WKH UHPDLQLQJ VWHSV DUH IRU FRPSOHWHQHVV RQO\��

2WKHU HTXLOLEULD IRU WKH WZR�SOD\HU VWUDWHJLF SUREOHP

$Q\ nQLWH SDUWLWLRQ RI WKH LQWHUYDO WR WKH ULJKW RI Se� FDQ EH XVHG WR FRQVWUXFW D SXUH VWUDWHJ\
HTXLOLEULXP RI WKH WZR�SOD\HU VWUDWHJLF SUREOHP�
7DNH DQ\ nQLWH �PHDVXUDEOH� SDUWLWLRQ RI �Se�� S

P@ DQG GLYLGH WKLV LQWR WZR VXEVHWV ,Q�
Q  �� �� %XLOG WKH FRQWLQXRXV IXQFWLRQV ;Q RQ >S

e
�� S

P @ DV IROORZV� ;Q�S
e
��  V� ;Q VDWLV�

nHV HTXDWLRQ ���� RQ ,Q �IUHH�ULGHU�� ;Q VDWLVnHV HTXDWLRQ ��� RQ ,�Q �ORQH UDQJHU��
'HnQH xSC  PLQ IS � >S

e
�� S

P@ � ;��S� B;��S�  �Vb wKSJ� ,I ;Q�xSC� w ;�Q�xSC� WKHQ $  
Q� HOVH $  �Q� %  �$�
'HnQH xSU E\ ;%�xSU�  �Vb wKxSU� VR xSC � xSU�

1RZ WDNH WKH SDUWLWLRQ -� >-� RI �S
e
�� xSC@� ZKHUH -Q  IS � xSC � S � ,QJ� L�H� -Q DQG ,Q DJUHH RQ

�Se�� xSC@�

�'HWDLOV DUH DYDLODEOH IURP WKH DXWKRUV RQ UHTXHVW�

��



/HW $
V VWUDWHJ\ EH DV IROORZV�
SOD\ 6 RQ >�� Se�@� SOD\ 6 RQ -$ DQG 5 RQ -% � SOD\ 5 RQ �xSC� xSU@� SOD\ 5 RQ �xSU� �@�
/HW %
V VWUDWHJ\ EH DV IROORZV�

SOD\ 6 RQ >�� Se�@� SOD\ 5 RQ -$ DQG 6 RQ -% � SOD\ 6 RQ �xSC� xSU@� SOD\ 5 RQ �xSU� �@�

%XLOG WKH FRQWLQXRXV IXQFWLRQV <Q RQ >�� �@ DV IROORZV�
<$�S�  V RQ >�� Se�@� <$ VDWLVnHV HTXDWLRQ ���� RQ -$ �IUHH�ULGHU� DQG VDWLVnHV HTXDWLRQ ���

RQ -% �ORQH UDQJHU�� <$ VDWLVnHV HTXDWLRQ ��� RQ �xSC� xSU@ �ORQH UDQJHU�� <$ VDWLVnHV HTXDWLRQ ����
RQ �xSU� �@�

<% �S�  V RQ >�� Se�@� <% VDWLVnHV HTXDWLRQ ��� RQ -$ �ORQH UDQJHU� DQG VDWLVnHV HTXDWLRQ ����
RQ -% �IUHH�ULGHU�� <% VDWLVnHV HTXDWLRQ ���� RQ �xSC� xSU@ �IUHH�ULGHU�� <% VDWLVnHV HTXDWLRQ ����
RQ �xSU� �@�
,I WKH FRQWLQXDWLRQ YDOXHV DUH JLYHQ E\ <Q� WKHQ WKH DERYH VWUDWHJLHV DUH EHVW UHVSRQVHV WR

HDFK RWKHU� DQG LI WKH SOD\HUV DUH XVLQJ WKH DERYH VWUDWHJLHV� WKHQ WKH FRQWLQXDWLRQ YDOXHV DUH
LQGHHG JLYHQ E\ <Q� 7KXV WKH DERYH VWUDWHJLHV FRQVWLWXWH DQ HTXLOLEULXP ZLWK WKH HTXLOLEULXP
YDOXH IXQFWLRQV JLYHQ E\ <Q�

<$ DQG <% OLH EHWZHHQ )��$ DQG 9��% > )��% EHORZ DQG WR WKH OHIW RI '�� 7KXV aSC � xSC �
xSU � aSU� DQG VR WKH CVLPSOHVW
 HTXLOLEULXP H[KLELWV WKH OHDVW H[SHULPHQWDWLRQ�

3URRI�V� IURP 6HFWLRQ �

3URRI RI 3URSRVLWLRQ ���� :H IRFXV RQ WKH FDVH ZKHUH WKH EHOLHI KDV UHDFKHG Se� DQG
FRQVLGHU 6WHSV >L@ �L  �� �� � � ���
'HnQH [�S�  l�S� l�SP�� WKH QRUPDOLVHG RGGV UDWLR ZKHQ WKH EHOLHI LV S� :H ZLOO HVWDEOLVK

DQ LQFUHDVLQJ FRQYHUJHQW VHTXHQFH I[LJ
�
L � IURP ZKLFK ZH FDQ UHWULHYH WKH GHFUHDVLQJ VHTXHQFH

RI EHOLHIV E\ LQYHUWLQJ [L  [�ASL�� VR [�  l�S
e
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SKDVH�� 7KH UHVWULFWLRQV DL � xD � c REYLRXVO\ FDVFDGH RQWR UHVWULFWLRQV RQ [L�
/HW p  HbUc � � EH WKH GLVFRXQW IDFWRU IRU DQ LQWHUYDO RI OHQJWK c� OHW n  HbUxD ! p EH

WKH GLVFRXQW IDFWRU IRU D VXELQWHUYDO RI OHQJWK xD� DQG OHW o  U �w� WKH H[SRQHQW RI WKH RGGV
UDWLR LQ WKH SD\Rm IXQFWLRQ RI DQ DJHQW ZKHQ WKHUH DUH � SOD\HUV H[SHULPHQWLQJ�
/HW WKH FRPPRQ EHOLHI EH ASL� $VVXPH WKDW SOD\HU � �KH� ZLOO SOD\ 5 IRU WKH QH[W DL SHULRGV�

IROORZHG E\ 6 IRU WKH VXEVHTXHQW EL SHULRGV LI QR OXPS�VXP DUULYHV� �,I WKH RWKHU SOD\HU KDV
GRQH OLNHZLVH� KH ZLOO FRQWLQXH� EXW LI WKH RWKHU SOD\HU KDV GHYLDWHG� KH ZLOO VWRS DQG SOD\ 6
IRUHYHU�� 7KH nUVW VWHS LV WR FDOFXODWH WKH SD\Rm (L RI SOD\HU � �VKH� ZKHQ VKH XVHV WKH VDPH
VWUDWHJ\� DQG WKHQ KHU SD\Rm 'L ZKHQ VKH GHYLDWHV E\ SOD\LQJ 6 IRU WKH nUVW DL SHULRGV�
:KHQ ERWK SOD\HUV SOD\ 5� WKH FRPPRQ EHOLHI DW WKH HQG RI DL SHULRGV ZLOO EH ASL��� DQG

KHU SD\Rm GXULQJ WKLV WLPH LV JLYHQ E\ ����� WKDW LV
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:KHQ ERWK SOD\HUV VZLWFK WR 6� WKH FRPPRQ EHOLHI DW WKH HQG RI EL SHULRGV ZLOO VWLOO EH ASL���
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,I SOD\HU � GHYLDWHV E\ SOD\LQJ 6 �IUHH�ULGLQJ� IRU WKH nUVW DL SHULRGV DQG LI QR OXPS�
VXP DUULYHV� WKHQ SOD\HU � ZLOO VWRS� ERWK SOD\HUV ZLOO SOD\ 6 IRUHYHU DQG JHW D SD\Rm RI
V� %HFDXVH RQO\ RQH SOD\HU KDV EHHQ XVLQJ 5� WKH SOD\HUV
 EHOLHI KDV GHFD\HG WR SL�� �  

ASLH
bw DL ��b ASL� ASLH
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IRU DOO L� ZKHUH WKH WHUP RQ WKH 5+6 GHQRWHV WKH nQDO WHUP LQ HTXDWLRQ �$���� 7KH FRQGL�
WLRQ �$��� LV VXpFLHQW WR VKRZ WKDW QR GHYLDWLRQ LV RSWLPDO� EHFDXVH DQ\ GHYLDWLRQ WKDW RFFXUV
ODWHU WKDQ WKH VWDUW RI DQ LQWHUYDO \LHOGV WKH GHYLDWRU D ORZHU SD\Rm IURP GHYLDWLRQ�
&OHDUO\ WKH VHTXHQFH [L  [� �VR \L  �� IRU DOO L VDWLVnHV FRQGLWLRQ �$���� EXW ZH VKDOO

JHQHUDWH DQ LQFUHDVLQJ VHTXHQFH VXFK WKDW [L �DQG WKXV DL� LV DV ODUJH DV SRVVLEOH� ,W PD\ EH WKDW
IRU ORZ YDOXHV RI L FRQGLWLRQ �$��� LV D VWULFW LQHTXDOLW\�� �ZKHQ DL ZLOO EH DW LWV PD[LPXP��
DQG IRU L ODUJHU WKDQ VRPH FULWLFDO YDOXH ,� FRQGLWLRQ �$��� KROGV ZLWK HTXDOLW\ �ZKHQ DL ZLOO
EH OHVV WKDQ LWV PD[LPXP��
7KH /+6 RI FRQGLWLRQ �$��� LV � ZKHQ [L��  [L� DQG LWV nUVW GHULYDWLYH ZLWK UHVSHFW WR

[L�� KDV WKH VDPH VLJQ DV w�[L�� [L�
�

� b �U��w�� U[L��� :KHQ [L��  [L� WKLV LV JUHDWHU WKDQ
RU HTXDO WR � Lm U[L w U� w� DQG WKH VHFRQG GHULYDWLYH ZLWK UHVSHFW WR [L�� LV VWULFWO\ SRVLWLYH�
6LQFH U[�  U � w� LW IROORZV E\ LQGXFWLRQ WKDW WKH /+6 RI FRQGLWLRQ �$��� LV LQFUHDVLQJ LQ
[L��� 7KLV HQDEOHV XV WR GHnQH [L�� UHFXUVLYHO\ DV IROORZV� 6HW [L��  nb� o[L �FRUUHVSRQGLQJ
WR DL  xD� LI WKLV GRHV QRW YLRODWH FRQGLWLRQ �$���� HOVH VHW [L�� � nb� o[L �FRUUHVSRQGLQJ WR
DL � xD� VR WKDW FRQGLWLRQ �$��� KROGV ZLWK HTXDOLW\�
'HnQH , DV WKH VPDOOHVW LQWHJHU VXFK WKDW LW KROGV ZLWK HTXDOLW\� )RU L � , GHYLDWLRQ

LV VWULFWO\ VXERSWLPDO� ZKHUHDV IRU L w , VKH LV LQGLmHUHQW DQG VR ZH FDQ XVH WKH SD\Rm WR

��,W VKRXOG KROG VWULFWO\ IRU L  � LI ZH WDNH p DQG n XQLIRUPO\ FORVHU WR ��
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+DYLQJ FRQVWUXFWHG WKH LQFUHDVLQJ VHTXHQFH I[LJ
,
L �� ZH KDYH WR VKRZ WKDW WKHUH H[LVWV DQ

LQFUHDVLQJ VHTXHQFH I[LJ
�
L ,�� WKDW VDWLVnHV FRQGLWLRQ �$��� DQG FRQYHUJHV WR D nQLWH OLPLW z�

:H KDYH DOUHDG\ VHHQ WKDW WKH /+6 RI WKH FRQGLWLRQ LV SRVLWLYH ZKHQ [L�� ! [L ! [�� LPSO\LQJ
WKDW WKH 5+6 LV DOVR SRVLWLYH DQG VR [L�� ! [L��� %\ LQGXFWLRQ� DQ\ VHTXHQFH WKDW VDWLVnHV
FRQGLWLRQ �$��� ZLOO EH LQFUHDVLQJ LI [,�� ! [, �
:H FDQ ZULWH FRQGLWLRQ �$��� DV WKH WZR�YDULDEOH� nUVW�RUGHU V\VWHP�
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7KH SRLQW �z� �� LV D QRQ�K\SHUEROLF VWHDG\ VWDWH �'HYDQH\ ������ VLQFH RQH RI WKH HLJHQYDOXHV
RI WKLV OLQHDU DSSUR[LPDWLRQ LV XQLW\� :H VKRZ WKDW WKHUH H[LVWV D VHTXHQFH I�[L� \L�J FRQYHUJLQJ
WR �z� �� SURYLGHG WKDW WKH RWKHU HLJHQYDOXH RI WKLV V\VWHP LV VWULFWO\ EHWZHHQ � DQG �� 7KLV LV
HTXLYDOHQW WR WKH FRQGLWLRQ�
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7KH ORZHU ERXQG LV VLPSO\ [�� DQG LV VDWLVnHG EHFDXVH [L LV LQFUHDVLQJ� 7KH XSSHU ERXQG LV
HTXDO WR [�Se��b ��b p�w U�
,I FRQGLWLRQ �$��� KROGV� WKHQ WKH 0HDQ 9DOXH 7KHRUHP DQG WKH DERYH OLQHDU DSSUR[LPDWLRQ

WR \L�� LPSO\ WKDW WKHUH H[LVWV q ! � DQG � � m � � VXFK WKDW ��b\L��� � m��b\L� IRU DOO �[L� \L�
IRU ZKLFK N�[L� \L�b�z� ��N � q� 7KH VHTXHQFH I\LJ LV FRQYHUJLQJ WR XQLW\ DV ORQJ DV �[L� \L� LV LQ
WKLV QHLJKERXUKRRG� EXW LW PD\ EH WKDW DW VRPH SRLQW WKH [L FRRUGLQDWH EHFRPHV IXUWKHU WKDQ
q DZD\ IURP z DQG VR WKH VHTXHQFH OHDYHV WKH QHLJKERXUKRRG� :H ZLOO XVH LQGXFWLRQ WR VKRZ
WKDW WKLV FDQQRW KDSSHQ� &KRRVH �[L� \L� VR WKDW N�[L� \L�b�z� ��N � &q��bm� DQG DVVXPH WKDW

��,Q JHQHUDO� LW ZLOO EH VWULFW� KRZHYHU� LW ZLOO EH ZHDN LQ WKH NQLIH�HGJH FDVH ZKHUH [,��  nb� o[, �
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VKRZ WKDW �[M � \M� DOVR OLHV LQ WKH QHLJKERXUKRRG�
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�7KH nUVW OLQH DSSOLHV WKH GHnQLWLRQ RI \L� WKH VHFRQG OLQH XVHV WKH IDFW WKDW ��b\L��� � m��b\L�
LQ WKH QHLJKERXUKRRG� WKH WKLUG OLQH XVHV OQ�� � [� � [� WKH nQDO OLQH DSSOLHV �� b \L�P� �
mP��b\L� DQG WKHQ XVHV WKH LQLWLDO DVVHUWLRQ�� ,I & � � z� WKH LQHTXDOLW\ OQ�[M [L� � &q LPSOLHV
WKDW [M � z� q IRU VPDOO q� 7KXV \L FRQYHUJHV WR XQLW\� [L LV LQFUHDVLQJ DQG WKXV DOVR FRQYHUJHV
WR z� %\ ZRUNLQJ EDFNZDUGV IURP D QHLJKERXUKRRG RI WKH VWHDG\ VWDWH WR WKH LQLWLDO FRQGLWLRQ
[,�� ! nb, o[�� ZH KDYH VKRZQ WKDW WKHUH LV DQ LQFUHDVLQJ VROXWLRQ WR FRQGLWLRQ �$��� VXFK
WKDW OLPL�� [L  z IRU DQ\ z VDWLVI\LQJ FRQGLWLRQ �$����

3URRI�V� IURP 6HFWLRQ �

3URRI RI 3URSRVLWLRQ ���� :H DJDLQ IRFXV RQ WKH FDVH ZKHUH WKH EHOLHI KDV UHDFKHG Se� DQG
FRQVLGHU 6WHSV >L@ �L  �� �� � � ���
)RU WKH FDVH RI SULYDWH LQIRUPDWLRQ �XQREVHUYDEOH RXWFRPHV�� ZH UHWDLQ WKH GHnQLWLRQ RI

[�S� DQG ZLOO HVWDEOLVK D �GLmHUHQW� LQFUHDVLQJ FRQYHUJHQW VHTXHQFH I[LJ
�
L �� $V EHIRUH [�  

l�Se�� l�S
P�  �U � w� w� \L  [L [L��� DQG WKH SURRI KDV D VLPLODU VWUXFWXUH�

/HW WKH FRPPRQ EHOLHI EH ASL� $VVXPH WKDW SOD\HU � �KH� ZLOO SOD\ 5 IRU WKH QH[W DL SHULRGV�
IROORZHG E\ 6 IRU WKH VXEVHTXHQW EL SHULRGV LI QR OXPS�VXP DUULYHV� �,I WKH RWKHU SOD\HU KDV
GRQH OLNHZLVH� KH ZLOO FRQWLQXH� EXW LI WKH RWKHU SOD\HU KDV GHYLDWHG� KH ZLOO VWRS DQG SOD\ 6
IRUHYHU�� 7KH nUVW VWHS LV WR FDOFXODWH WKH SD\Rm (L RI SOD\HU � �VKH� ZKHQ VKH XVHV WKH VDPH
VWUDWHJ\� DQG WKHQ KHU SD\Rm 'L ZKHQ VKH GHYLDWHV E\ SOD\LQJ 6 IRU WKH nUVW DL SHULRGV�
:KHQ ERWK SOD\HUV SOD\ 5 IRU WKH nUVW DL SHULRGV DQG WKHQ QHLWKHU FRQWLQXHV WR SOD\ 5

�WKHUHE\ VLJQDOOLQJ QR VXFFHVV�� WKH FRPPRQ EHOLHI ZLOO EHFRPH ASL��� 7KH H[SHFWHG SD\Rm IURP
SOD\LQJ WKLV VWUDWHJ\� (L�ASL�� LV WKH VDPH DV WKDW FDOFXODWHG LQ 3URSRVLWLRQ ����
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7KLV LV EHFDXVH WKH SOD\HUV DUH LQ HmHFW SOD\LQJ WKH VDPH VWUDWHJ\ DV EHIRUH� LI HLWKHU KDV D
VXFFHVV� WKH\ NHHS RQ SOD\LQJ 5� LI QHLWKHU KDV D VXFFHVV� WKH\ WDNH D EUHDN E\ SOD\LQJ 6� ,Q WKH
SULYDWH LQIRUPDWLRQ FDVH ZKHUH RQH RI WKHP KDV D VXFFHVV� WKH RWKHU RQH WDNHV DQ LQVWDQWDQHRXV
EUHDN EXW UHYHUWV LPPHGLDWHO\ DQG ZDV SOD\LQJ WKH DSSURSULDWH DUP LQ WKH SHULRGV SUHFHGLQJ
WKH SUHVFULEHG EUHDN���

��$ PRUH IRUPDO DUJXPHQW LV DV IROORZV� :KHQ SOD\HU � SOD\V 5� KHU EHOLHI DW WKH HQG RI DL SHULRGV
ZLOO EH SL�� �  ASLH
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bwDL�� DQG KHU SD\Rm GXULQJ WKLV WLPH LV JLYHQ E\ ���� WKDW LV
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,I SOD\HU � GHYLDWHV E\ SOD\LQJ 6 IRU WKH nUVW DL SHULRGV DQG LI QR OXPS�VXP DUULYHV �IRU
SOD\HU ��� WKHQ SOD\HU � ZLOO VWRS� ERWK SOD\HUV ZLOO SOD\ 6 IRUHYHU DQG JHW D SD\Rm RI V� KRZHYHU�
LI D OXPS�VXP DUULYHV �IRU SOD\HU ��� WKHQ SOD\HU � ZLOO FRQWLQXH WR SOD\ 5 �WKHUHE\ VLJQDOOLQJ
VXFFHVV�� ERWK SOD\HUV ZLOO SOD\ 5 IRUHYHU DQG JHW D SD\Rm RI wK� 3OD\HU �
V H[SHFWHG SD\Rm
IURP WKLV GHYLDWLRQ� 'L�ASL�� LV
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RU HTXLYDOHQWO\ �'L�ASL� b V� V  HbU DL {Ll�S
P�� ZKHUH {L LV WKH VXEMHFWLYH SUREDELOLW\ WKDW

SOD\HU � DWWDFKHV WR D VXFFHVV IRU SOD\HU � KDYLQJ RFFXUUHG GXULQJ DL SHULRGV JLYHQ KHU FXUUHQW
�XQFKDQJHG� EHOLHI ASL� 1RZ {L  ASL��b Hbw DL� DQG XVLQJ WKH IDFW WKDW \L  Hb�w DL OHDGV WR WKH
SD\Rm IURP WKH GHYLDWLRQ
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LV OHVV WKDQ WKH SD\Rm WR GHYLDWLRQ ZLWK SXEOLF LQIRUPDWLRQ��
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IRU DOO L� ZKHUH WKH WHUP RQ WKH 5+6 GHQRWHV WKH nQDO WHUP LQ HTXDWLRQ �$����
$V EHIRUH� WKH VHTXHQFH [L  [� �VR \L  �� IRU DOO L VDWLVnHV FRQGLWLRQ �$����� EXW ZH VKDOO

JHQHUDWH DQ LQFUHDVLQJ VHTXHQFH VXFK WKDW [L �DQG WKXV DL� LV DV ODUJH DV SRVVLEOH� IRU ORZ YDOXHV
RI L FRQGLWLRQ �$���� LV D VWULFW LQHTXDOLW\ �ZKHQ DL ZLOO EH DW LWV PD[LPXP�� DQG IRU L ODUJHU
WKDQ VRPH FULWLFDO YDOXH -� FRQGLWLRQ �$���� KROGV ZLWK HTXDOLW\ �ZKHQ DL ZLOO EH OHVV WKDQ LWV
PD[LPXP��
7KH /+6 RI FRQGLWLRQ �$���� LV � ZKHQ [L��  [L� DQG LWV nUVW GHULYDWLYH ZLWK UHVSHFW

WR [L�� KDV WKH VDPH VLJQ DV bU�[L�� [L� � �U � w��[L�� [L�
�

� b �U � �w� � U[L��� :KHQ
[L��  [L� WKLV LV JUHDWHU WKDQ RU HTXDO WR � Lm U[L w U � w� DQG WKH VHFRQG GHULYDWLYH ZLWK
UHVSHFW WR [L�� LV VWULFWO\ SRVLWLYH� $V EHIRUH� VLQFH U[�  U � w� LW IROORZV E\ LQGXFWLRQ WKDW
WKH /+6 RI FRQGLWLRQ �$���� LV LQFUHDVLQJ LQ [L��� ZKLFK HQDEOHV XV WR GHnQH [L�� UHFXUVLYHO\
ZLWK [L��  nb� o[L �FRUUHVSRQGLQJ WR DL  xD� LI WKLV GRHV QRW YLRODWH FRQGLWLRQ �$����� RU HOVH
[L�� � nb� o[L �FRUUHVSRQGLQJ WR DL � xD� VR WKDW FRQGLWLRQ �$���� KROGV ZLWK HTXDOLW\�

RU HTXLYDOHQWO\

(L�S�b V

V��b S�
 

�

[�S�

�
�b

t
[�S�

[L�� �

u�o��
�
b

�
�b

t
[�S�

[L�� �

u�o
�
�

t
[�S�

[L�� �

u�o (L�SL�� ��b V

V��b SL�� ��
�

ZKHUH [L�� �  [�SL�� ��� $W WKH EUHDN WLPH� WKH FRPPRQ EHOLHI HLWKHU MXPSV WR � ZLWK D FRQWLQXDWLRQ
YDOXH RI wK� RU LV UHYLVHG GRZQ WR ASL�� ZLWK D FRQWLQXDWLRQ YDOXH ULVLQJ WR XL���ASL��� E\ WKH HQG RI WKH
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'HnQH - DV WKH VPDOOHVW LQWHJHU VXFK WKDW LW KROGV ZLWK HTXDOLW\� )RU L � - GHYLDWLRQ
LV VWULFWO\ VXERSWLPDO� ZKHUHDV IRU L w - VKH LV LQGLmHUHQW DQG VR ZH FDQ XVH WKH SD\Rm WR
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$GPDWL� $�5� DQG 0� 3HUU\ ������� ?-RLQW 3URMHFWV ZLWKRXW &RPPLWPHQW�� 5HYLHZ
RI (FRQRPLF 6WXGLHV� ��� ���^����

%HUU\� '�$� DQG %� )ULVWHGW ������� %DQGLW 3UREOHPV �1HZ <RUN� &KDSPDQ DQG
+DOO��

%ROWRQ� 3� DQG&� +DUULV ������� ?6WUDWHJLF ([SHULPHQWDWLRQ� �67,&(5''LVFXVVLRQ
3DSHU 1R� 7(�������� /RQGRQ 6FKRRO RI (FRQRPLFV��

%ROWRQ� 3� DQG &� +DUULV ������� ?6WUDWHJLF ([SHULPHQWDWLRQ�� (FRQRPHWULFD� ���
���^����

'HYDQH\� 5�/� ������� $Q ,QWURGXFWLRQ WR &KDRWLF '\QDPLFDO 6\VWHPV �5HGZRRG &LW\�
&DOLIRUQLD� $GGLVRQ :HVOH\��

/RFNZRRG� %� DQG -�3� 7KRPDV ������� ?*UDGXDO &RRSHUDWLRQ LQ 5HSHDWHG *DPHV
ZLWK 5HYHUVLELOLWLHV� �PLPHR��

0DU[� /� DQG 6� 0DWWKHZV ������� ?'\QDPLF &RQWULEXWLRQ WR D 3XEOLF 3URMHFW�
�PLPHR��

5RWKVFKLOG� 0� ������� ?$ 7ZR�$UPHG %DQGLW 7KHRU\ RI 0DUNHW 3ULFLQJ�� -RXUQDO
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