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Abstract We generalize the Bisin and Verdier (2000, 2001) model of intergener-
ational transmission to permit an arbitrary number of cultural traits. A key ob-
servation — that this model is equivalent to an evolutionary game under replicator
dynamics — allows us to exploit the extensive literature on replicator systems. For
some substantively interesting special cases, we demonstrate global stability of equi-
librium outcomes using recent results on stable games and potential games. Drawing
on mathematical biology, we also apply results on the long-term survival (perma-
nence) of traits, and highlight the analogy between catalytic networks and systems
of cultural traits.

*I am grateful to Bill Sandholm for helpful comments and suggestions, and especially for pointing
me toward the mathematical biology literature on permanence.



1 Introduction

Sociologists have long studied intergenerational (parent-to-child) transmission of cul-
tural traits such as ethnic identity or religious affiliation.! More recently, Bisin and
Verdier (2000, 2001) have developed an economic model of intergenerational cultural
transmission, incorporating the important insight that parental socialization efforts
will vary with the composition of the population. Intuitively, in a society with two
traits where each trait has some “cultural distaste” for the other, parents holding
the minority trait have greater incentive to incur socialization costs. If these par-
ents are unable to instill their own trait through “direct” socialization, their children
are likely to acquire the majority trait through “oblique” socialization (adopting the
trait of a “cultural parent” drawn randomly from the population). In contrast, ma-
jority parents have less incentive to incur socialization costs because their children
are likely to adopt the majority trait through oblique socialization even if direct
socialization fails. Moving to the population level, the Bisin-Verdier model predicts
long-run persistence of cultural minorities. Parents belonging to a minority group on
the verge of “extinction” would choose high socialization effort, thereby increasing
the fraction of the population holding the trait. Thus, against the image of a cultural
“melting pot” in which all individuals eventually adopt the majority trait, the model
suggests that ethnic enclaves or minority religions will persist indefinitely (see Bisin
and Verdier 2000 for further discussion).

While their model highlights an important aspect of intergenerational transmis-
sion, Bisin and Verdier (2000, 2001) restrict attention to the case of two cultural
traits. Recognizing that many societies have more (often many more) than two eth-
nic or religious groups, the present paper considers the general case with an arbitrary
number of traits.? Our examination of the n-trait case is facilitated by a key obser-
vation that offers a new perspective on intergenerational transmission and opens new
avenues for formal analysis. Namely, given a quadratic specification of the social-
ization cost function, the Bisin-Verdier model is equivalent to an evolutionary game
under replicator dynamics. On this view, “traits” become strategies, the “cultural
distaste” of trait ¢ for trait j becomes element 75 of the payoff matrix, and stable
long-run outcomes can be understood as Nash equilibria.

Beyond simply providing a new game-theoretic perspective, this key observation
allows us to exploit the existing literature on replicator systems, drawing on a range
of results proven by economic theorists (Sandholm 2008) and mathematical biologists
(Hofbauer and Sigmund 1998). For several special cases of the model, corresponding
to substantively meaningful restrictions on the payoff matrix, we show that global

!See Hout and Goldstein (1994) and Hout et al (2001) for recent research and references.

2In their empirical work on religious traits, Bisin et al (2004) partition the US population into
four groups (Protestant, Catholic, Jew, and other). More recently, Bisin et al (2008) have themselves
provided some theoretical analysis of the n-trait case. We indicate below where the present analysis
parallels (and goes beyond) that paper.



stability of Nash equilibria follows immediately from the observation that the game is
a stable game (Hofbauer and Sandholm 2008) or a potential game (Sandholm 2001).
Further, shifting focus from global stability to the more basic question of survival
— whether any trait will become “extinct” in the long run — we review and illus-
trate some relevant results from the mathematical biology literature on permanence
(Schuster et al 1979). Fortuitously, biologists have already studied the permanence
of replicator systems under the precise conditions on the payoff matrix imposed by
the Bisin-Verdier model (i.e., non-negative cultural distastes). We thus pay special
attention to existing results on catalytic networks (Eigen and Schuster 1979) and
highlight the analogy between these networks (which arise in the study of prebiotic
evolution) and systems of cultural traits.

The paper proceeds as follows. Section 2 generalizes the Bisin-Verdier model to
permit n > 2 traits, and reveals the equivalence of this model to a replicator sys-
tem. While this equivalence depends on a particular specification of the socialization
cost function, Section 3 shows that the framework is flexible enough to encompass
variation across traits in socialization costs and fertility rates. Section 4 examines
several special cases of the model, utilitizing results on stable and potential games
to establish global stability of Nash equilibria. Section 5 offers an analysis of the
generic 3-trait case. Section 6 reviews and illustrates results from the mathematical
biology literature on permanence. Section 7 contains some concluding remarks.

2 Model

Our specification of the model closely follows Bisin and Verdier (2001) and Bisin et al
(2008). Consider a large population (formally, a continuum) in which each individual
possesses some trait ¢ € {1,...,n}. Let ¢; denote the fraction of the population with
trait 7, so that ), ¢; = 1.

Parents reproduce asexually, and children then adopt traits through the following
two-stage process.® In the first stage, each parent attempts to instill her own trait
through “direct” socialization. Given the parent’s trait ¢, direct socialization succeeds
with probability d;. If direct socialization fails (probability 1 — d;), the child’s trait
is determined in the second stage through “oblique” socialization. That is, the child
adopts the trait of a “cultural parent” drawn randomly from the population.* Thus,
a parent with trait ¢ will have a child with trait j # ¢ with probability

P =(1- di)%’, (1)
and will have a child with trait « with probability
Py =d; + (1 — d;)q;. (2)

3See Bisin and Verdier (2000) for an extension of the model in which reproduction is sexual, and
the model thus addresses matching in the marriage market.

4My use of terminology (“direct” and “oblique” and “cultural parent”) follows Bisin and Verdier
(2000, 2001), who in turn borrowed it from Cavalli-Sforza and Feldman (1981).



It is important to note that, even if direct socialization fails, the child will still adopt
the parent’s trait if the cultural parent happens to possess that trait.

Although our analysis will focus on continuous-time population dynamics, it may
be helpful to begin with a simple overlapping-generations specification (following
Bisin and Verdier 2000). If each individual lives one period (generation ¢) and then
has one child (generation t 4 1), population dynamics are determined by the system
of n difference equations

J(t+1) Z Pjig;(t) V. (3)

Substituting (1) and (2) into (3) yields

Gt +1) = qt) + q(t Zdjq] Y i (4)

Moving to continuous time, we thus obtain
= qild; Z djq;] Vi (5)

This system of differential equations may be viewed simply as a continuous-time
approximation to (4). Alternatively, as shown in the next section, (5) may also be
derived as the limiting case given a slightly different (non-overlapping generations)
specification of population dynamics.

Regardless of the precise specification of the dynamics (discrete or continuous),
one key observation made by Bisin and Verdier (2000, 2001) is already apparent.
Inspection of (4) or (5) reveals that the proportion of the population with trait i
is rising when the probability of direct socialization by parents with this trait (d;)
exceeds the expected probability of direct socialization in the population (> ; d;q;).
Consequently, if direct socialization probabilities are exogenously given, the trait ¢
with the largest d; will continue to grow until the entire population has adopted
this trait. Because this long-run homogeneity result is difficult to reconcile with the
observed persistence of cultural diversity (e.g., ethnic enclaves or minority religions),
Bisin and Verdier (2000, 2001) suggest that the direct socialization probabilities are
endogenously determined by parents, and specify the utility maximization problem
so that the parent’s optimal effort is higher when her trait is less common.

More precisely, suppose that each parent with trait ¢ chooses the direct socializa-
tion probability d; to solve

mdzilx Z P,;Vi; — H(d;) (6)
j

where V;; is the value that a parent with trait ¢ places on a child with trait j, and
H(d) is a convex cost function. Letting

Aij = Vii = Vi (7)
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denote the “cultural distaste” of trait ¢ for trait j, we immediately obtain A; = 0

for all 7, and further assume
Ajj =20 Vi, (8)

to capture the parent’s desire for the child to adopt the parent’s own type.® The
optimal solution to (6) is determined implicitly by the first-order condition

H'(d}) = Z Ajjg; (9)

where the right-hand side may be interpreted as the parent’s “expected distaste”
of her child’s cultural parent (if direct socialization fails). Convexity of the cost
function H(d) implies that the parent’s optimal choice d} is an increasing function
of this expectation.

Recognizing that the choice variable d is a probability, we might require the cost
function H(d) to satisfy the condition H'(d) — oo as d — 1. However, for purposes
of tractibility, we (following Bisin et al 2008) adopt the functional form

1
H(d) = §d2, (10)
and further impose the conditions
Ay <1 Vi, (11)

to ensure an interior solution to the parent’s optimization problem.® Given this
specification of the cost function, (9) becomes

di =Y Aygs (12)
j

so that the parent’s optimal choice is simply a linear function of their expected
distaste of cultural parents.

Having endogenized the direct socialization probabilities, we now return to the
population dynamics. Substitution of (12) into (5) yields

Gi=ald_ Nijai—> 4 Y Apa] Vi (13)
J J k
Adopting matrix notation, this becomes

¢ = ¢i[(Aq); — q’Aq] Vi (14)

SWhile the existence of non-negative cultural distastes might simply be taken as a primitive
assumption, Bisin and Verdier (2001) suggest that these distastes arise from “imperfect emphathy”
whereby a child’s choice is assessed using the parent’s utility function.

6 Anticipating the generalization of the model in the next section, we might ensure an interior
solution by instead requiring each cost parameter ¢; to be sufficiently large.




where
q1
q=| : (15)
Gn

is an (n x 1) column vector characterizing the distribution of traits,

A11 e A1n
A= oo (16)
Anl o Ann

is an (n X n) matrix characterizing cultural distastes, (Aq); denotes the ith element
of the column vector Aq, and q' denotes the transpose of q. Equation (14) may be
written even more compactly as

q = diag(q)[Aq — q'Aq] (17)

where diag(q) is a square matrix with the elements of q along the main diagonal and
zeros elsewhere.

Evolutionary game theorists will immediately recognize (17) as the equation for
the replicator system.” Indeed, this simple observation (not made explicitly by Bisin
et al) lies at the heart of the present paper. Reinterpreting the Bisin-Verdier model
as a population game under replicator dynamics, “traits” become strategies, A be-
comes a payoff matrix (A;; is the payoff received by strategy i when matched against
strategy j), Aq represents the vector of expected payoffs (given random matching),
and q'Aq represents the average payoff for the population.® Given the specifica-
tion of the replicator dynamics, trait ¢ grows when the expected payoff for this trait
(Aq); exceeds the population average payoff @’ Aq. Adopting this game-theoretic
perspective, the key assumption of the Bisin-Verdier model emerges as a restriction
on the payoff matrix: each trait receives zero payoff when matched against itself
(A;; = 0 Vi) and receives a non-negative payoff when matched against other traits
(Ay = 0Vj #1).

This game-theoretic reinterpretation of the model is both conceptually interesting
and analytically useful. Conceptually, it suggests that we can study intergenerational
transmission without explicit attention to socialization processes. On this view,
individuals directly choose their own traits to maximize their own expected payoffs,

"This framework was first introduced by Taylor and Jonker (1978); see Hofbauer and Sigmund
(1998) or Sandholm (2008) for textbook treatments.

8More generally, a population game is characterized by an (n x 1) payoff vector F(q) =
[Fi(q)...Fn(q)]. In the present context, the population game is linear so that F(q) = Agq.
Following the standard interpretation in evolutionary game theory, payoffs result from pairwise
random matching within a single population given a two-player normal-form game that is symmet-
ric (in the sense that there is no distinction between the row and column players). See Sandholm
(2008, Chap 1) for further discussion of population games.



and the expected payoff for each trait is given by its expected distaste of a trait drawn
randomly from the population.” We thus obtain an interesting new perspective on
intergenerational transmission by viewing cultural distastes as the payoffs to traits.
Analytically, this reinterpretation of the model allows us to draw upon existing results
concerning global stability and permanence in population games. While Bisin et al
(2008) have already analyzed one special case of the n-trait model, we show below
that their global stability result follows immediately from the observation that, in
this special case, the game is stable (in the sense defined by Hofbauer and Sandholm
2008). Moving beyond Bisin et al (2008), we further show how analysis of several
other special cases is facilitated by existing results on classes of population games.
Finally, shifting focus from global stability to the long-run survival of traits, we
can make use of results from the mathematical biology literature on permanence
(Schuster et al 1979), especially in catalytic networks (Eigen and Schuster 1979).

3 Generalizing the model

Before moving to the analysis, it is useful to consider how far the Bisin-Verdier
model can be generalized without breaking the tight link between this model and
the replicator dynamics. Reflection suggests that the linearity of the parent’s optimal
choice in their expected distaste of cultural parents (see equation 12) is crucial. While
this severely restricts the functional form of the cost function, it is trivial to introduce
heterogeneity by respecifying (10) as

Hi(d;) = 5 d? (18)
so that the optimal solution for parents with trait ¢ becomes

Ay
di = Z ~ ;. (19)

—
J

Given heterogeneity of this form, (17) becomes

¢ = diag(q)[Aq — 'Aq] (20)
where
Au ... A
A=| :+ - | (21)
Anl e Ann

Thus, a change in the socialization cost for trait i essentially rescales the cultural
distastes of this trait (characterized by row i of the A matrix) without otherwise
affecting the population dynamics.

90f course, as we will see in the analysis below, the growth of even the most “intolerant” trait
is self-limiting given that traits receive zero payoff when matched against themselves.



Perhaps more interestingly, the model can also accommodate differential fertility
(i.e., differences in exogenous reproduction rates) across traits.!® Let r; denote the
reproduction rate (i.e., the expected number of children) for a parent with trait 7. To
incorporate variation in the number of children into parent’s utility function in the
simplest possible way, suppose that both costs and benefits are scaled by the realized
number of children, so that the parent’s optimal choice (19) does not depend on the
number of children.!* Moving to the population dynamics, it is convenient to replace
the overlapping generations specification above with a modified version of the non-
overlapping generations specification suggested by Bisin et al (2008). Suppose that
period length is h, that a fraction h of the population dies in the period between time
t and t + h, and that fertility and socialization of children occur in the last period of
life. Population dynamics are then given by

¢i(t)(L—h)+h) i riPiq;(t)

Substituting (1) and (2) into (22), some algebra yields
g(t+h) —q(t)  a(®)lridi — >, 7;d;q;(t)] (23)

h N l—h+h2j7“]q](t>

and thus, in the limit as A — 0, we obtain

Gi = qilrid; Zr] 105 (24)

Note that, if each parent has one child (r; = 1 for all i), equation (23) reduces to
(4) when h = 1, while (24) reduces to (5), and thus we have provided a stronger
justification of the continuous-time specification.!? Further substituting the parent’s
optimal decision (19) into (24), population dynamics are given by

¢ = diag(q)[Aq — q'Aq] (25)
where
r1d1n ., T1lin
A= S . (26)

10See Bisin and Verdier (2001) for discussion of endogenous fertility.

HWe could further introduce economies of scale in socialization, specifying the parent’s cost
function as g;(k)d? where k is the realized number of children and g;(k) is a concave function.
However, given this non-linearity, the optimal choice d} would depend on k, and the average d; for
parents with trait ¢ would depend on the probability distribution for k& (not merely its mean, r;).
For simplicity, we thus retain the linear specification g;(k) = § & which yields (19).

2More generally, if 7; = r for all i, we obtain ¢; = r¢;[d; Z d;q;], and observe that a change
in the (common) reproduction rate merely affects the “velocity” of the system without affecting its
trajectories (see Hofbauer and Sigmund 1998, p 32).



Thus, differential fertility also rescales the rows of the A matrix without otherwise
affecting the population dynamics.

For simplicity, we revert to equation (17) for the remainder of this paper. Nev-
ertheless, readers might keep in mind that cultural distastes characterized by the A
matrix may reflect not only “pure” distastes but also heterogeneity in socialization
costs and reproduction rates.

4 Analysis of some special cases

Moving now to the analysis, we consider several special cases obtained by imposing
substantively meaningful restrictions on the payoff matrix. For each case, we show
how global stability of Nash equilibria can be easy established using recent results
from evolutionary game theory. To streamline the analysis, we adopt (in both this
section and the next) the simplifying assumption that all cultural distastes are strictly
positive (A;; > 0V j # 7). Recognizing that the A;;’s may be arbitrarily close to zero,
this assumption has essentially no substantive implication, but simplifies statements
concerning the dynamics and equilibrium of the model.*?

4.1 Stable games

In their analysis of the n-trait model, Bisin et al (2008) maintain two strong assump-
tions. First, they adopt the specification of the cost function in (10), which we also
retain throughout this paper. Second, they assume that the cultural distastes satisfy
the condition

Ay=0; Vj#i (27)
so that each trait ¢ is “equally intolerant” of every other trait j # ¢. Under this
condition, we may (without loss of generality) index traits so that

A >Ay > > A, (28)

That is, trait 1 is the most intolerant trait (with the greatest cultural distaste for
other traits), while trait n is the least intolerant trait.

While Bisin et al (2008) do not recognize it as a Nash equilibrium, they do provide
their own characterization of the following equilibrium.

Proposition 1 Given (27), the population game Aq has a unique Nash equilibrium.
In this equilibrium, at least two traits are active (i.e., played by a positive fraction of
the population). Defining the function

T

At

13This assumption allows us to ignore some types of outcomes (e.g., a continuum of rest points)
that are structurally unstable (i.e., not robust to an arbitrarily small respecification of the dynamical
system) and hence non-generic.

6;(m) = min{0,1 — (29)




this equilibrium is characterized by the system of (n + 1) equations

g =0;(") Vi (30)
Zymw:1 (31)

where qF is the fraction of the population choosing trait i, and = € (0,Ay) is the
expected payoff of active traits.

Proof Given (27), the expected payoff to trait i is (1 — ¢;)4;. In equilibrium, all
active traits generate the same expected payoff 7%, and any inactive traits would gen-
erate an expected payoff below 7*. These conditions are equivalent to (30) because

*

>0 = ¢=1-+ < (1-gA=r (32)
and i
=0 < 1—%<0 — A, <7 (33)

To establish the uniqueness of this equilibrium, note that 6;(0) = 1 and that 6;(7) is
weakly decreasing in 7 for all ¢. Consequently, ). 0;(0) =n and ), 6;(7) is weakly
decreasing in 7. Given m = Ay, we obtain §;(Ay) = 0 for all ¢ € {2,...,n} while
01(Ag) =1 — ﬁ—j. Thus, >, 0:(As) =1 — ﬁ—f, which is less than 1. Consequently,
there must be a unique value 7* € (0, As) such that condition (31) holds. Finally,
because A; > Ay > 7%, we obtain ¢f > g3 > 0. That is, at least two traits are active

in equilibrium. [

Thus, in the unique Nash equilibrium, the fraction of the population adopting trait
i is directly related to trait ¢’s distaste for other traits. The m most intolerant traits
are active (for some m € {2,...,n}), while the remaining traits are inactive, being
“too tolerant” to remain viable.

While any Nash equilibrium is a rest point of the replicator dynamics, there
may be many rest points beyond the one identified in Proposition 1. In particular,
given the m traits that are active in the Nash equilibrium, there is a rest point of
the replicator dynamics with the set of active traits M for every non-empty subset
M C {1,...,m}. Intuitively, any trait that is “zeroed out” will never be revived
by the replicator dynamics. Although we could attempt to directly assess the local
stability of these rest points on the boundary of the n-dimensional simplex, it is easy
to see that they cannot be stable. If one of these rest points was stable, then it must
be a Nash equilibrium (see Samuelson 2002, p 58), but this would contradict the
uniqueness result from Proposition 1.

Still, we have not yet established local (or global) stability of the Nash equi-
librium. In their analysis of the present case, Bisin et al (2008) prove that the
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equilibrium described in Proposition 1 is locally stable, and then offer simulation
analysis which suggests global stability. That is, for every initial condition q(0) in
the interior of the n-dimensional simplex, their simulation analysis suggests that the
trajectory {q(t) }>0 will converge to the Nash equilibrium as t — oc.

Condition (27) does, in fact, imply global stability. Indeed, having recast the
Bisin-Verdier model as an evolutionary game, it is simple to prove this result (with-
out recourse to simulation analysis) by applying a recent result from that literature.
Following Hofbauer and Sandholm (2008), a population game is stable when it ex-
hibits “self-defeating externalities.” Formally, a linear population game with payoff
matrix A is stable when

(y —x)(Ay —Ax) <0 Vxy (34)

where x and y are probability vectors (i.e., distributions). To interpret this condition,
note that a change in the distribution from x to y causes the expected payoft for
strategy ¢ to change by (Ay — Ax);. Multiplying by the change in the fraction of
population playing this strategy, we obtain (y — x);(Ay — Ax);. Summing over all
strategies, the game is stable when this sum is not positive (and is strictly stable
when this sum is negative). Condition (34) may be written more compactly as

ZAz<0 Vz (35)

where z is a displacement vector (satisfying >, 2, = 0). Thus, a linear game is stable
when its payoff matrix A is negative semi-definite with respect to all displacement
vectors. Stable games are of interest in the present context because of

Theorem 1 (Sandholm 2008) Consider a population game that is strictly stable
and has a unique Nash equilibrium. Under the replicator dynamics, every trajectory
in the interior of the n-dimensional simplex converges to the Nash equilibrium.

See Sandolm (2008, Theorem 6.2.4) for a more precise statement and proof.

Returning to the present model, it is straightforward to verify that the game is
stable under condition (27). Applying condition (35) with an arbitrary displacement
vector z, we obtain

0 A .. A A % —Aiz
Ay 0 ... Ay A % — Aoz
Az=| P : = : (36)
A1 A .. 0 ALy Zn—1 — Ay 12n-1
A A A 0| [ mE | | Al

7z Az = —ZAz‘Z?—An(Z%‘)2 = _ZAiZ? < 0 (37)



for all displacement vectors z. Having already established the existence of a unique
Nash equilibrium in Proposition 1, Sandholm’s result thus guarantees global stability
of this equilibrium.

We have so far restricted attention to the special case of the Bisin-Verdier model in
which the payoff matrix satisfies condition (27), though I have allowed an arbitrary
number of traits. In contrast, Bisin and Verdier (2001) consider the general case
(with no restriction on the payoff matrix) where n = 2. But given that the payoff

matrix A
_ |0 A
[0 8] -

is generic for the 2-trait case, results for the general 2-trait case are a simple corollary
to the results just established. That is, there is a unique Nash equilibrium where
Al Ag A1A2

=, @6=——— and 7" = ———, 39
DA A BT AT A, AL+ B (89)
and this equilibrium is globally stable.*

Moving beyond Bisin et al (2008), analysis of another special case also follows
immediately. Given any matrix A that satisfies (35), its transpose A’ will also satisfy
this condition.'® Thus, if the population game A’q has a unique Nash equilibrium,
the global stability of this equilibrium is already established. In particular, we may
transpose (27) to obtain the condition

Ay=0; Vij (40)

so that we now assume common payoffs in each column (not row) of the payoff
matrix. Substantively, every trait ¢ # j has the same distaste for trait j.

Proposition 2 Given (40), the population game Aq has a unique Nash equilibrium.
In this equilibrium, all traits are active, and the fraction of the population choosing
trait v 1s given by

. 1
4= ="
A Y2 (1/A)
Proof Given (40), the expected payoff for trait i is given by

J

J#i

(41)

In equilibrium, all active traits generate the same expected payoff 7*, and any inactive
trait generates an expected payoff below 7*. Assuming that all traits are active, we
thus obtain

G = Vi (43)

1Of course, this result also presumes the cost function (10), while Bisin and Verider (2001)
permit more general cost functions.
15We simply transpose both sides of (35) to obtain (z'Az) = z'A’z <0 = 0.
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where

V==Y Ajg. (44)
J
Given that the ¢/’s must sum to unity, we obtain
1
V= ————— (45)

2(1/4y)

and substitution into (43) yields (41). To show that all traits are active in equilibrium
(and thus establish uniqueness), note that any inactive trait ¢ (with ¢f = 0) would
generate expected payoff

Zqu;‘ > 7t (46)
J

Because any inactive trait would generate a higher expected payoff than active traits,
all traits must be active in equilibrium. [J

Thus, in the unique Nash equilibrium, all traits are active, and the fraction of the
population adopting trait ¢ is inversely related to the distaste of other traits for .
As already discussed, global stability of this equilibrium is guaranteed by (37).

4.2 Potential games
Moving to another special case, suppose that the payoff matrix is symmetric, so that

Substantively, trait ¢’s distaste for trait j is equal to j’s distaste for i for all pairs of
traits {7, 7}. Unlike the special cases considered above, multiple Nash equilibria are
now possible. For instance, given

0 1 € €
1 0 € €
A= e € 0 1|7 (48)
e ¢ 10
where € is small, it is easy to see that the Nash equilibria are
1/2 0 1/4
0 1/2 1/4

Focusing on this example, we might proceed to directly verify local stability of q*
and g™ as well as instability of q***. But analysis is again facilitated by another
recent result from evolutionary game theory.

13



Following Sandholm (2001), a population game Aq is a potential game when all
relevant information about payoffs can be summarized by a single-valued (potential)
function f(q). More precisely, the potential function must satisfy

df(a)
dq;

— (Aq) Vi (50)

It can be shown that a potential function exists if and only if A is symmetric, and
in this case, the potential function is simply

1
fla) = 5d'Aq. (51)
The existence of a potential function greatly simplifies analysis of global stability.
Any local maximum of the potential function is a Nash equilibrium. Further, under
the replicator dynamics, potential rises along every trajectory. Together, these results

imply

Theorem 2 (Sandholm 2008) Given a potential game under replicator dynamics,
every trajectory converges to some Nash equilibrium.

See again Sandholm (2008, Theorem 6.1.3) for a more precise statement and proof.

At first glance, this result might seem rather weak, since it is well known that any

stable rest point of the replicator dynamics is a Nash equilibrium (Samuelson 2002).

But note that Theorem 2 guarantees local stability of at least one Nash equilibrium,

and also rules out the possibility of more complicated (cyclical or chaotic) attractors.
Returning to the example in equation (48), the potential function is

fa) = g2 + q3qa + (g1 + @2)(q3 + @), (52)

and it is evident that (for small €) both q* and g™ are local maxima of the poten-
tial function, while q*** is a local minimum. Consequently, every trajectory must
converge either to q* or q**.

While a potential function may have more than one local maximum, a unique
maximum is guaranteed when the potential function is concave. In this case, the
payoff matrix must A satisfy not only symmetry (47) but also stability (35). In
particular, for n = 3, the stability condition becomes

Ajpz125 + Ayz2123 + Agzzp23 <0, (53)
and the potential function is concave under the conditions

P = A+ A3 —Ay >0
Yo = App+Agg— A3 >0 (54)
Yy = A3+ Aoy — Ajp > 0.

14



To see this, note that the equation

(Y121 + Y222 + P323) (21 + 22 + 23) =0 (55)

must hold for any displacement vector z = [z1 29 z3)'. Expanding and rearranging,
we obtain

wlzf + 1/’225 + ¢3Z§ = —2[A92129 + A132123 + Agz2923], (56)

and thus (53) holds because the left-hand side of (56) must be positive. Loosely,
condition (54) requires that the cultural distastes Ajg, Ajz, and Ayz not be “too
far” apart. But anticipating our more general analysis of the n = 3 case in the
next section, we can also interpret (54) as the “invasion conditions” (see equation 58
below) in the special case where A is symmetric.

5 The general three-trait case

In this section, we consider the three-trait case where the payoff matrix is generically

0 A A
A=| Ay 0 Ay, (57)
Az Agy 0

and we continue to assume that all cultural distastes are strictly positive. In this
case, the outcome hinges on the signs of the following expressions:

U = ApAos+ A1zAgy — AggAgy
Uy = ApAjs+ AgzAgy — AjzAsy (58)
Vs = Ag1Ajo+ AseAg — Ay

To motivate these expressions, suppose that trait 3 has been “zeroed out” (g3 = 0)
and the population game has converged to the unique Nash equilibrium in which
traits 1 and 2 are active. Drawing upon our analysis of the two-trait case above (cf
equation 39), this equilibrium entails

JANP! Ay
¥ and 7" =

- = = 59
h Ajg + Ay & Ajg + Ay Aqg + Ay (59)

This equilibrium always constitutes a rest point of the replicator dynamics. However,
trait 3 can successfully “invade” if its expected payoff exceeds the population average
payoff, so that

As1 gy + Ase g5 > 7. (60)

Substituting (59) into (60), we obtain W3 > 0, which may thus be interpreted as
the “invasion condition” for trait 3. We obtain the other invasion conditions ¥; > 0
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(under which trait 1 can invade traits 2 and 3) and Uy > 0 (under which 2 can invade
1 and 3) analogously.
To characterize the Nash equilibrium, it is first useful to establish the following

Lemma The invasion conditions must hold for at least two traits.

Proof The definitions (58) imply

Alg\ljg + A13\I’3 = T
AoV + Ags¥s = 7 (61)
Ag1 Uy + AgpUy = 7

where

T = A12A23A31+A13A32A21 > 0. (62)

If any pair of invasion conditions did not hold, the left-hand side of one of the equa-
tions in (61) would be non-positive, contradicting the inequality (62). O

Consequently, we may restrict attention to two cases, corresponding to the number
of invasion conditions satisfied given the payoff matrix A.

Proposition 3 For the general case where n = 3, there are two subcases:

(1) Suppose all three invasion conditions hold. There is a unique Nash equilibrium

mn which
v, Wy W,
= g =———— and s = —————, 63
Oy T U, + U 2T U 1w, Uy Gy w0, (0%
and the expected payoff to each trait is given by
T = A1pAg3Ag + A13As9A9. (64)

(2) Suppose only two invasion conditions hold. Without loss of generality, assume
Uy > 0,¥y > 0, and V3 < 0. There 1s a unique Nash equilibrium in which
trait 3 is inactive (¢5 = 0) and the equilibrium outcomes for the active traits
are given by (59).

Proof (1) The non-existence of Nash equilibria with two active traits follows directly
from the three invasion conditions, and equations (63-64) characterize the unique
solution to the system of equations (Aq*); = 7* for i € {1,2,3} and ) . ¢ = 1.

(2) Given V3 < 0, the point (63) lies outside the 3-dimensional simplex, and thus
there is no Nash equilibrium with 3 active traits. Given that the other two invasion
conditions are satisfied, there are no other Nash equilibria with two active traits. [J
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Thus, in the case where all traits are active, the W’s also reflect the fraction of the
population adopting each trait in equilibrium.

Given the existence of a unique Nash equilibrium in each case, we now establish
the local stability of this equilibrium under the replicator dynamics. Because the
population is characterized by the probability vector

q1
q= a0 : (65)
l—q1— ¢
equation (17) becomes a two-dimensional dynamical system {qi(q1,¢2), G2(q1,92)},
which may be written in matrix form as

Q1 @ 0 0 Ap A /
. = —qAq]. 66
l‘h} {0 QZ}H:AE 0 Ay 1-924 (66)
To assess local stability of a rest point q* using the standard approach, we first
compute the Jacobian matrix

[ 0di/oa 94:/9
Ja) = {83‘2/831 s/ } (67)

and then evaluate this matrix at g* to obtain J(q*). If both eigenvalues of J(q*) are
negative, then q* is locally stable. For any square matrix, the sum of its eigenvalues
equals its trace, and the product of its eigenvalues equals its determinant. To estab-
lish local stability of the Nash equilibrium in case (1), where g* is given by (63), it
thus suffices to show that

_A12A23A31 + A13A50A9

t J(q*)) =
race(J(q")) U, 0, <0 (68)
and TVl

det(J(q")) = ———>"— > 0. 69
A@)) = g (69)

For case (2), where q* is given by (59), the two eigenvalues of J(q*) are

ApAg Vs

AN = —— d A = ————. 70
' Ay + Ay o ’ Ajp + Ay (70)

Thus, local stability of the Nash equilibrium is strict when W3 < 0, while this equi-
librium is borderline stable when W3 = 0.

For each case, it is possible to establish global stability of the Nash equilibrium
graphically using phase diagrams. But this is unnecessary because global stability
follows immediately from more general results on replicator systems.!® Consider

16Zeeman (1980) and Bomze (1983) provide exhaustive classifications of phase diagrams for repli-
cator systems when n = 3. These analyses show that, for every robust (structurally stable) class
with a unique locally stable rest point, this rest point is also globally stable. Cases (1) and (2)
correspond to the phase diagrams labeled 7 and 35 in Bomze (1983), and to the phase diagrams
labeled 10; and —102 (with flows reversed) in Zeeman (1980).

17



case (1). We have just shown that the Nash equilibrium (which lies in the interior
of the 3-dimensional simplex) is locally stable. It is straightforward (using the same
approach) to show that the other 6 rest points of the replicator dynamics (which
lie on the boundary of the simplex) are locally unstable. Further, given n = 3,
the replicator dynamics admit no isolated periodic orbits (Hofbauer and Sigmund
1998, Theorem 4.2.1).1" Non-isolated periodic orbits (like those generated by the
rock-paper-scissors payoff matrix!®) cannot arise when local stability of the interior
rest point is strict. Given a unique locally stable rest point which lies in the interior
of the simplex, and having eliminated the possibility of limit cycles, this rest point
must be globally stable.!® Now consider case (2). The Nash equilibrium (which lies
on one edge of the simplex) is locally stable, and it is easily verified that other 5 rest
points of the replicator dynamics (which also lie on the boundary of the simplex) are
locally unstable. Given there is no interior rest point, all trajectories must converge
to the boundary of the simplex (Hutson and Moran 1982), and the Nash equilibrium
must be globally stable.

6 Permanence

Increasing the number of traits beyond n = 3, the dynamics and equilibria of the
Bisin-Verdier model become more complicated. For instance, it is possible to have
multiple stable rest points when n = 4 (recall the example in 48) and stable limit
cycles when n = 5.2° Thus, when n is large, it appears impractical to attempt a full
characterization of the stable attractors. However, for substantive purposes, perhaps
the interesting question is whether any traits will become “extinct.” That is, given
an initial condition in the interior of the n-dimensional simplex (so that ¢;(0) > 0
for all 7), will any trait ever “die out” in the long run (so that ¢ = 0 for at least one

17This result is proven for the generalized Lotka-Volterra model, but see Hofbauer and Sigmund
(1998, Chap 7.5) on the equivalence between the Lotka-Volterra and replicator models.

18See, e.g., Hofbauer and Sigmund (1998, Chap 7) or Sandholm (2008, Chap 4).

90ne might conjecture that, for case (1), the population game is stable, thus establishing global
stability in this manner. However, this conjecture is false. For instance, given the payoff matrix

1
€
0

where € is small (e.g., ¢ = 1/8), all three invasion conditions hold, and there is a unique, globally
stable Nash equilibrium with ¢f = 1/(1 + 2¢) and ¢5 = ¢5 = ¢/(1 + 2¢). However, the stability
condition (35) is not satisfied.

20For example, consider the hypercycle system where the payoff matrix A is specified so that
Njiy1=1forie{l,...,n—1}, A,; =1, and A;; = 0 otherwise (Hofbauer and Sigmund 1998,
Chap 12; Sandholm 2008, Chap 8). This payoff matrix generates a unique interior rest point
(gF = 1/n for all 4) which is locally stable for n < 4 but locally unstable for n > 5. In the latter
case, there is a stable limit cycle around the rest point.

0
A= ¢
€

a O m
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i)? Recognizing that this question has already received considerable attention from
mathematical biologists (see Hofbauer and Sigmund 1998, Chaps 12-14), the present
section reviews and illustrates some key results.

Following Schuster et al (1979), the replicator system (17) is permanent when
the boundary of the n-dimensional simplex is repelling.2! A sufficient condition for
permanence is given by the following

Theorem 3 (Jansen 1987) The replicator system is permanent if there exists some
p in the interior of the n-dimensional simplex such that

p'Ax > x'Ax (71)
for all rest points x on the boundary of the simplex.

See also Hofbauer and Sigmund (1998, Theorem 13.6.1). Rewriting (71) as

> pil(Ax); - X'Ax] > 0, (72)

;=0

the scalar [(Ax); — X’ Ax] may be interpreted as a “tranversal” eigenvalue which
is positive when the replicator system “calls for” the missing trait i (Hofbauer and
Sigmund 1998, Chap 13.4).

To illustrate the application of this theorem, consider again the case where n = 3.
Because there are three rest points on the edges of the simplex and three more at
the corners, (71) is a system of 6 inequalities. For the rest point in (59), where

Ay Agy }
- 0, 73
{Aw + A9 A+ Ay (73)
we obtain the inequality
p3[(Ax); —x'Ax] = p (L) > 0 (74)
’ ’ ’ A+ Ay

which (for any choice of p3) reduces to the invasion condition U3 > 0.2 In a similar
way, given each of the other two rest points on the edges of the simplex, we obtain
the invasion conditions W, > 0 and ¥, > 0. Turning to the rest points at the corners
of the simplex, x = [1 0 0]’ is associated with the inequality

pa(Ax)y — xX'Ax] + p3[(Ax); — X'AX] = paAg; + p3Az; > 0. (75)

This inequality, along with the analogous inequalities for the other two corners, is
obviously satisfied for any choice of p. Thus, for the n = 3 case, permanence is

21Somewhat more formally, the system is permanent when there exists a compact set K in the
interior of the simplex such that all trajectories in the interior end up in K.
Z2Note that the tranversal eigenvalue in (74) corresponds to the eigenvalue labeled Ay in (70).
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guaranteed by Jansen’s Theorem when the three invasion conditions hold.?® Moving
beyond the 3-trait case, the number of “Jansen’s inequalities” expands rapidly in n.
For instance, for n = 4, there are inequalities corresponding to each of the 4 corners
of the 3-dimensional simplex, each of the 6 edges, and up to 4 faces (depending
whether there is a rest point in the interior of the face).

Mathematical biologists have also established an important necessary condition
for permanence, given by the following

Theorem 4 (Hutson and Moran 1982) The replicator system is permanent only
if the interior of the n-dimensional simplex contains a unique rest point q*.

See also Hofbauer and Sigmund (1998, Theorem 13.5.1). Recognizing that any inte-
rior rest point of the replicator dynamics must be a Nash equilibrium, the rest point
q* must be the unique solution to the system of (n + 1) equations

(Aq')i=7" Vi and > ¢ =1 (76)

Thus, if the solution to this system of equations lies outside the n-dimensional sim-
plex, the replicator system is not permanent. Given n = 3, the solution to (76) is
given by (63), and hence the three invasion conditions are also necessary for perma-
nence.

While Theorems 3 and 4 hold for any payoff matrix A, mathematical biologists
have also considered permanence under the precise restrictions imposed by the Bisin-
Verdier model (A;; =0V ¢, and A;; > 0V j # i). Biologists refer to the replicator
system (17) under this restriction as a “catalytic network” and have studied these
networks in the context of prebiotic evolution (Eigen and Schuster 1979). On this
view, “traits” are types of macromolecules, A;; is positive when molecules of type
J serve as catalysts for molecules of type ¢, and permanence is a property of self-
sustaining (i.e., autocatalytic) networks.?*

Because catalytic networks are sparse (in the sense that A;; = 0 for most pairs
{i,7}), it is natural to adopt a graph-theoretic perspective. That is, we may construct
a directed graph I'(A) in which the nodes are types of molecules (traits) and there
is a directed edge from j to ¢ when A;; > 0. Much of the theoretical analysis of
catalytic networks has thus addressed whether permanence can be determined by
properties of this graph. For instance,

Theorem 5 (Sigmund and Schuster 1984) If the catalytic network is perma-
nent, then its graph I'(A) is strongly connected. That is, the matriz A is irreducible.

Z0f course, this was already apparent from our finding that the (interior) Nash equilibrium in
case (1) of Proposition 3 is globally stable.
24The simplest instance of a catalytic network is the hypercycle system discussed in footnote 20.
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See also Stadler and Schuster (1996, Theorem 6). To illustrate, consider the replicator
system with payoff matrix (48) where ¢ = 0. This system satisfies the necessary
condition for permanence in Theorem 4 (recall the interior Nash equilibrium given in
footnote 11), but can be shown to fail the sufficiency condition (Jansen’s inequalities)
given in Theorem 3. Nevertheless, given Theorem 5, we can immediately see that
this system is not permanent because its graph (shown below) has more than one
component.

While irreducibility is necessary for permanence, mathematical biologists have
established an even stronger condition when n is small.

Theorem 6 (Amann 1989) If n < 5, then the graph of a permanent catalytic
network is Hamiltonian. That is, the graph contains a closed circuit that visits every
node exactly once.

See also Hofbauer and Sigmund (1998, Theorem 14.4.1). To illustrate, consider the
catalytic network depicted below.

Although this network is strongly connected, it does not contain a Hamiltonian cir-
cuit, and hence it is not permanent.?® Given n = 3, the necessity of a Hamiltonian
circuit is evident from the population average payoff (64) when the system is per-
manent (case 1 of Proposition 3). The two terms in this expression, Aj3A93A3; and
A13A39A51, correspond to the two Hamiltonian circuits possible on the set of three
nodes. If there is no Hamiltonian circuit, then both of these terms are zero, and
hence the population average payoff is zero. But this contradicts permanence.?
Given our focus on intergenerational cultural transmission, the applicability of
these last two theorems on catalytic networks may be limited because the payoff
matrix A is unlikely to be sparse. Indeed, given our maintained assumption in
Sections 4 and 5 that all cultural distastes are strictly positive, the graph I'(A) is

Z5More generally, we may define a plait as a catalytic network with A; ;11 > 0 and A1, > 0 for
all i€ {1,...,n—1}, and A;; = 0 otherwise. Stadler and Schuster (1996, Theorem 9) show that a
plait is never permanent for n > 2.

26For n = 6, it is possible to construct examples of catalytic networks that are permanent but
not Hamiltonian. See, e.g., Hofbauer and Sigmund (1998, Exercise 14.4.2).
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complete. Moreover, as concluded by Stadler and Schuster (1996, p 131), there is
only so much we can reasonably expect to learn about the dynamics of a replicator
system from this (binary) graph-theoretic representation. Nevertheless, the analogy
to catalytic networks offers some useful insight into the permanence of cultural traits.
Consider traits ¢ and j where A;; is large, so that ¢ has a strong cultural distaste
for j. Given the opportunity, parents with trait ¢ might prefer to eliminate trait j
from the population, thereby removing this pool of potential cultural parents. But
adopting the biological perspective, trait j is a “catalyst” that may well be crucial
for the long-run survival of trait i.2” Of course, to maintain equilibrium, trait j must
itself be catalyzed either directly by trait ¢ or indirectly through some longer chain
involving ¢, since the set of traits is permanent (“autocatalytic”) only if every trait
indirectly catalyzes every other trait.

7 Concluding remarks

Generalizing the Bisin and Verdier (2000, 2001) model to permit more than two
cultural traits, we have shown that the equilibrium outcome can change qualitatively
as the number of traits rises. Given only two traits, the population converges to a
unique limiting distribution, with a positive fraction of the population holding each
trait. But given three traits, it is possible that one of the traits is “too tolerant” to
remain viable. Thus, while minorities do “try harder” to socialize their children as
their population share falls (as emphasized by Bisin and Verdier 2000, 2001), they
may not try “hard enough” for their trait to survive if its cultural distaste for the
other traits is weak. Increasing further the number of traits, the model can generate
multiple equilibria when n = 4 and limit cycles when n = 5. Thus, the n-trait model
permits a much wider range of long-run outcomes than might have been anticipated
from prior analyses of the 2-trait case.

But beyond providing these insights into the n-trait case, the present paper also
makes a more foundational contribution to the economic analysis of intergenerational
cultural transmission. Recasting the Bisin-Verdier model as an evolutionary game,
our analysis illustrates a novel approach to studying intergenerational transmission
which proceeds as if individuals choose traits directly, and the payoffs to traits corre-
spond to cultural distastes. Perhaps more importantly, this new perspective allows
research on intergenerational transmission to exploit the extensive literature on evo-
lutionary game theory. In part, that literature provides elegant methods for address-
ing existing concerns, such as the global stability of long-run outcomes. But that
literature may also suggest new questions, as illustrated by our focus on the long-
run survival (permanence) of a set of traits. Given the analogy between catalytic

2TMore concretely, consider the title of Christian Smith’s (1998) book, American Evangelicalism:
Embattled and Thriving. The current model suggests that evangelicals are thriving precisely because
they feel besieged (and hence are “catalyzed”) by mainstream culture.
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networks and systems of cultural traits, further engagement with the mathematical
biology literature may prove especially fruitful.

The present analysis suggests a variety of questions for future research. For
instance, given the apparent evolutionary benefits of strong cultural distastes, what
limits the strength of these distastes? Casual empiricism indicates that, for many
societies, the most “intolerant” traits are not always the most prominent. Reflection
on this question might suggest the need to modify the simple two-stage socialization
process assumed in the Bisin-Verdier model. If oblique socialization involves drawing
multiple cultural parents from the population, and children adopt the trait of the
cultural parent who is least hostile toward their biological parent, this might limit
the advantages of strong distastes. Of course, many other generalizations of the
two-stage process are possible (see Bisin and Verdier 2001 for other examples), and
formal specification and analysis of these alternatives presents an interesting task for
future research. Such extensions may well sever the tight link between the Bisin-
Verdier model and the replicator dynamics. But as long as our current specification
of the socialization process remains a special case, perhaps the literature on replicator
systems will continue to provide some guidance.?®

280ur key observation in this paper — that the Bisin-Verdier model is equivalent to a replicator
system — is important primarily because much is already known about replicator systems. Even if
future extensions break this link, researchers may still be able to draw upon existing results and
the theoretical methods used to prove those results.
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